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Abstract

Shape optimization via the method of mappings is investigated for unsteady fluid-structure interaction
(FSI) problems that couple the Navier-Stokes equations and the Lamé system. Building on recent existence
and regularity theory we prove Fréchet differentiability results for the state with respect to domain variations.
These results form an analytical foundation for optimization und inverse problems governed by FSI systems.
Our analysis develops a general framework for deriving local-in-time continuity and differentiability results
for parameter dependent nonlinear systems of partial differential equations. The main part of the paper
is devoted to conducting this analysis for the FSI problem, transformed to a shape reference domain. The
underlying shape transformation — actually we work with the corresponding shape displacement instead
— represents the shape and the main result proves the Fréchet differentiability of the solution of the FSI
system with respect to the shape transformation.

Keywords: Fluid-structure interaction, shape optimization, shape identification, Fréchet differentiability,
method of mappings, method of successive approximations, Navier-Stokes equations, Lamé system, local-in-
time analysis.

1 Introduction

Shape optimization for fluid-structure interaction (FSI) has many important applications in engineering and
other fields. So far, most of the research devoted to this challenging class of optimization problems mainly
targeted at numerical approaches, e.g., for biomedical applications [39], naval architecture [38] or wind engi-
neering [28, 46], using direct differentiation [40] or adjoint based gradient computation [26], while a rigorous
supporting theory is scarce. In this paper, we build on recent work by Raymond and Vanninathan [44] on the
existence and regularity of solutions to an unsteady FSI problem. We extend these results and prove continuity
and Fréchet differentiability of the solution of an unsteady Navier-Stokes-Lamé-system with respect to domain
variations. Existence and regularity theory for FSI is challenging due to the hyperbolic nature of the elasticity
equation, which leads to a lack of regularity that needs to be compensated by hidden regularity results. To the
authors’ knowledge, analytical results for unsteady FSI models that consider elastic structures in fluids are so
far restricted to cases with stationary interfaces [16, 3], a priori known time-dependency of the domain [9], very
smooth data [13, 14] or geometrical constraints on the interface [34, 29, 44], whereas differentiability results are
only available for steady FSI models [42, 53].

The fluid-structure interaction model that is considered in this paper couples the transient Navier-Stokes equa-
tions with the Lamé system and is formulated in a fully Lagrangian framework: Denote by £(t) and Q. (1),
respectively, the domains occupied by the fluid and the solid, respectively, at time t. Further, let Q(t) denote
the interior of Qf(t) U Q(t) and Ty(t) := Qs (t) N 0Q4(t) the fluid-solid interface. In the considered setting,
Q(t) = 2 is time-independent, while Q(t), Q,(t), and T';(t) change with time. The Lagrangian framework uses
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the displacement field induced by the velocity field to obtain a transformation between the reference domain
2y and the physical domain Q/(t). For the solid, the Lagrangian formulation provides the standard framework
and the displacement field induces a transformation between the reference domain Q, and Q4(t). Let T > 0,
I = &’Qf N oy, f‘f c 6f2f\f‘,;, I, c aQs\f‘i and the space-time cylinders be denoted by Q7 := ) x (0,7), A?,
AST, XA)lT =1 x (0,7), XA)? and f]f for all 0 < T" < T}. A coupled Navier-Stokes-Lamé system in Lagrangian
coordinates can be written in the form
AT
) m Qf7
divy (V) =G(¥) in Q?,

¥(-,0) = %o in Qy,

v=0 oni]T,

v=odw on¥l (1)
Jf,y({/aﬁ)ﬁf = Us,y(w)ﬁf + ﬁ(A,ﬁ) on 231,
O W — divy (04, (W) =0 in QF,
w =0 on 2ST,

w(-,0) =0, & w(-,0)=w; in,.
The fluid and solid stress tensors oy, and o, are given by
ory(V,p) :=2ve,(V) —pI, and o,y (W) = Atr(e,(W))I + 2pue, (W),

where €,(-) := 3(Dy - +(Dy-)7) and A, p are Lamé coefficients with ¢ > 0 and A + p > 0. Here, D, - denotes
the Jacobian and ny is the unit outer normal vector of Q ¢. The variables v, p denote the fluid velocity and
pressure, w the solid displacement, and v as well as w, appropriate initial conditions. We define the underlying
transformation by

t

X(:tla, Q= (1), yHerLV(y,S)dS, Fy=Dyx=(Vyx)'

for any t € (0,7) and its inverse Y(-,t) := (x(-,t))~! as well as Fy = f‘;l, which exist if 7' > 0 is sufficiently
small and the initial data are smooth enough, cf. [44]. Then the right hand side terms read

H(¥,p) = —v(Dy By + FL(Dy)7) cof (Fy) Ay + peof (Fy )ty + v(Dy v + (Dy9)T) fiy — piry,
G(¥) = divy v — det(Fy) D, v : F3 = Dy v : (I — det(Fy) F1),

where cof denotes the cofactor matrix. We define g(v) := (I — det(f‘x)f‘—r)\?, such that div, (&(¥)) = G(¥) due
to Piola’s identity.

Shape optimization problems can be analyzed with different, yet closely related, techniques. On the one
hand, shape calculus can be used to investigate functionals J (Q) that depend on the domain Q). The Eulerian
derivative d.J (Q, f/) can be represented by the Hadamard-Zolésio shape gradient, which is the representation
of the shape gradient as a distribution that is supported on the design boundary and only acts on the normal
boundary variation V. ny [15, 43, 49]. If a state equation is involved, then the Eulerian derivative depends on
the shape derivative of the state and can also be expressed using an adjoint state. An alternative approach is
the method of mappings [4, 22, 33, 19, 41, 47], also called perturbation of identity, which parametrizes the shape
by a bi-Lipschitz homeomorphism 7 : R — R% via Q = 7(€2), where Q ¢ R? is a nominal domain (or shape
reference domain). Optimization can be performed based on the function J : # — J(7(Q)). An underlying
state equation is then transformed to € and derivatives of J can be obtained via sensitivities or adjoints. The
Hadamard-Zolésio shape gradient representation can be derived from this approach essentially by an integration
by parts. The method of mappings directly yields an optimal control setting in Banach spaces. Further, it fits
well in the theoretical setting of the FSI model that was introduced above since it also employs the idea of



domain transformations. In this paper we use the method of mappings to transform the fully Lagrangian FSI
system to a shape reference domain. The major part of the paper is devoted to the study of existence, uniqueness
and especially continuity and Fréchet differentiability of solutions to the transformed FSI system with respect
to transformations of the domain.

The investigations in this paper have several important connections to inverse problems. Shape identification
and other inverse problems for FSI systems have many interesting applications in engineering, e.g., wind turbines
[28] and naval structures [52], in hemodynamics [7, 8], i.e., blood flows, and in other fields. Since shape variations
belong to the most challenging types of parametric dependencies that can arise in PDEs, our differentiability
results for the state with respect to shape variations can be transferred to many other parametric dependencies
in FSI systems and often the analysis then would become less complex. The theory and methods of nonlinear
inverse problems often make use of Fréchet derivatives of the underlying operator, e.g., in the formulation of
(generalized) source conditions [17, 31, 32], in iteratively regularized (Gauf-) Newton methods [31, 32], and
in Landweber iterations [17, 23]. This makes the differentiability of the parameter-to-state operator a crucial
ingredient. Further, shape optimization problems can be ill-posed without a suitable regularization [24]. For the
method of mappings considered here, Tikhonov-type regularizations are often employed to enforce the required
smoothness of the transformation. Without additional measures, the shape representation by transformations
is not unique, which requires special care when applying optimization methods. One possibility is to prepend an
(often linear) smooth injective mapping from a space of unique shape parametrization to the space of domain
variations. For instance, shapes can be represented by normal displacements of the design boundary, which
then can be extended to corresponding domain displacements by solving a suitable linear elliptic equation.

The outline of the paper is as follows. Section 2 recalls the basic definitions and properties of the function

spaces that are used in the analysis. Further, it presents the ideas for proving existence, uniqueness, continuity,
and differentiability in a general setting. In Section 3 the main results and analytical tools of [44] are recalled
and presented in a suitably adjusted way. Section 4 constitutes the main part of the paper, where the plan
developed in Section 2 is carried out and the continuity and differentiability of the solution of the FSI problem
with respect to domain transformations are proved.
Throughout the paper the superscripts over the functions correspond to the superscripts of the domains on
which they are defined. Furthermore, the spatial coordinates on the physical domain © are denoted by x, on
0,0 by vy, z, respectively. If a result is valid for a general domain the notation €2 is used and the coordinates
are denoted by &.

2 Preliminaries

We now introduce the required function spaces and their properties and sketch the main ideas used in [44].

2.1 Fractional Sobolev and Sobolev-type spaces

Let s,7 € [0,00), 6 € (0,1), X,X,Y,Y, Z be separable Hilbert spaces. The analysis is carried out in fractional
order Sobolev spaces H*((0,T), H"(£2)) and in anisotropic Sobolev spaces H"*(Q™). The vector-valued versions
are denoted by H*((0,T), H"(Q)%) and H™*(QT)?. For more details on these spaces the reader is referred to
[36, Ch. 1, Sec. 9], [37, Ch. 4, Sec. 2] and [20, Sec. 2]. These references assume 2 to be a bounded, open
domain Q < R¢, d € N, with smooth boundary dQ = I of class C*. However, these results adapt to the setting
in [44].

The fractional order Sobolev spaces H*((0,7), X) can be endowed with the norm

|+ L= (0,m),x) = (|- ”%‘-Im((O,T),X) + o 3,(0,T),X)§7 (2)

where m, o are chosen such that s = m + ¢, m € Ny and for 0 < o < 1 the semi-norm | - |5, o, 1),x is defined by
T T 2
2 |- () —-()lx

. = ——t "= dsdt. 3

R R e e ®)

The choice of the norm on the spaces H*((0,T"), X) is crucial for the theoretical analysis which requires the
knowledge of the T-dependency of appearing constants. More precisely, for —o0 < Ty <15 < o0 and Ty > T,



the spaces H*((T1,T»), X) and the recursively defined subspaces

{ue H*((Ty, Ts), X)} if se[0,3),
Y ) = {ue H*((Th,T2), X) = w(T1) = 0} if se (1,1],
{ue H*((T1,T2),X) : w(Th) =0, dueYy, TQ)} if se (1,2)\{3}},

are endowed with a norm | - || gs((7, 1), x) such that

P1 for all s > 1 such that s + = ¢ N,
1
| e cr ) = (1 Doy oy x0) + 10 Ol () x0) -

and H . HH"((T1,T2),X) = H . HLZ((Tl,Tz),X); where H . HL2((T1,T2),X) denotes the standard Lz((Tl, TQ), X)—HOI‘ID.

P2 for all s > 0 such that s + % ¢ N, there exist constants ca7, Car > 0 depending on AT = T, — T} such
that

ear| - las(rm).x) < - las (o m).x) < Catl a1 1), x)-

P3 for all s > 0 such that s + = ¢ N, the extension operator Ext defined by

ut)  ifte (0,T),

Ext(u)(t) := {0 ifte (T —1Ty,0),

is continuous as a mapping Y(f) )~ Y(S‘Tfo ) with a continuity constant that does not depend on T'.
P4 for all s > 0 such that s + 5 ¢ N, we have

lulles0,1),x) < Clull s ((r—1;,1,%)
for all we H*((T — Ty, T), X) such that u|(T,Tf70) = (0 with a constant C' independent of T'.

P5 for all s > 0 such that s + 3 ¢ N, the restriction operator R defined by

is continuous as a mapping H*((0,7f), X) — H*((0,T7),X) with a continuity constant that does not
depend on T.

P6 for s € [0,1)\{2} and € > 0 such that s + € € (0,1]\{3}, we have

Il zrs (0,7y,x) < CT|u] grsse 0,1, %)

forallueY?

(0.7 with a constant C' that does not depend on 7.

P7 for s € [0,1]\{3}, real, separable Hilbert spaces X1, X, and a linear operator K that is continuous as a
mapping from X; to X5, we have

1K ()l (0,7, x5) < Cllullz=(0,1),x1)
for all we H*((0,T), X;) with a constant C' that does not depend on T'.

P8 for all s > 0 such that s + = ¢N T <15,

lulles (1), %) = Nl Es (0,111, %)

for all w e H*((Th,T»), X), where @(t) := u(t + T1) for (a.e.) te (0,72 — T1).



The equivalence of the norm to standard norms stated in P2 and the T-independent norms of extension, see
P3, and restriction operators according to P4, P5 are needed to show that the norm of solution operators
for the considered partial differential equations are independent of 7. Explict time dependencies are obtained
by estimating right hand side terms using properties P1, P6 and P7. Translation invariance of the norm
(P8) is another desirable property that we will exploit. The case s + % e N is excluded since the choice

Y(% ) = Hz((Ty,Ty), X) violates P3 due to [36, p.60, Thm. 11.4] and an analogous choice as for s € (3,1]is

not possible since the trace operator is not continuous for s = %, see [36, p.41, Thm. 9.4].

Lemma 1. Let X be a separable Hilbert space, —c0 < Ty < Ty < c0. There exists a norm || - | g= (1, 1), x) on
Hs((Ty,Ty), X) that fulfills P1-P8.

Proof. Let
I lzor ),x) = | - Iz 12),%)
and, for o € (0,1)\{3},
T 9 1 .
N B mmyx) o Sn €= T0) 72 - ()] dt) if o€ (0,3),
|| : HH“((T Ty),X) = (T, T2),X) 1 T 1
1,T2), —95 1 .
(I Froqry ) + 5 30 @ =T = LO))(©)[5d)z ifoe(s,1),
(T1,T2),X) 1

where, for o € (%, 1) and Ty > 0, L is chosen as the linear operator defined by

wT)T; Ty + Ty —t)  forte (Th, T + Ty),

L(u)(t) = {0 for t e [Th + Ty, 0).

The norm is constructed such that for any 7' > 0 and w € H§((0,7),X) there holds |u]go(o0,1),x) =
|Ext(u)| go((—w0,1),x). For s = m + o, m > 0, the norm is chosen such that P1 holds. [36, Thm. 9.4,
11.2-11.5] and their proofs imply P2. P3-P8 can be shown with standard estimates, see Appendix. O

Let sg,s1 € [0,00), sg > s1, and let X,Y and XY, respectively, be continuously embedded in Hausdorff
topological vector spaces V' and V', respectively. By [2, (3.5)—(3.7), Thm. 3.1, Cor. 4.3], [12, Rem. 3.6], and [6,
Thm. 3.4.1] there holds

[HSO((O’ T)7 X)’ H* ((Ov T)v Y)]9 = H(179)80+951 ((07 T)? [X7 Y]g),

where [-,-]g denotes the complex interpolation space, cf. [11], [51], [5, p.166], [35, Sec. 0.2.1], and the interpo-
lation inequality, see, e.g., [36, p.19, Prop. 2.3], yields

|- Nzza-orsorees (0.1, 1x.v10) < Cl - lizeo oy 30|+ o1 (0,10, (4)
for a constant C' that might depend on T If, in addition, 8 € (0,1) and
Ae LIH*((0,T), X), H*((0,T),X)) n LIH*((0,T),Y), H**((0,T),Y)),

then A e L(H=D=0t051((0,T),[X,Y]p), HI=D%+051((0,7),[X,Y]p)) and
”“4”£<H<1*9>so+951((o,mx Y1o), HO=9)%0+631 ((0,7),[%,¥]0)
< C|AlL;

[:(HSO (0,T),X),H%0 ((0,T) X))”-AH/;(HH OT),Y),Hgl((O,T),f/))’

for a constant C' that might depend on T, cf., e.g., [11, p.115, 4.].
The spaces H™*(QT) are defined by

H™(Q") = L*((0,T), H"()) n H*((0,T), L*(2))
and endowed with the norm

1
| Nare@ry = (- 122 .2y, 170y + 1 o). 22 () -



For 0 <’ <r, s = s(r —r')/r, the inequality

I HHS’((O,T),HT'(Q)) <Cl-urs@r

holds true for a constant C' > 0 that might depend on T, cf. [20, (2.9)] or [21, (2.7)], which implies
I N a-oso,m),m0m )y < Cl - | mre@r) (6)

for 6 € (0,1). Trace theorems for the Sobolev-type spaces H™*(QT) imply
I |z$ HHr%s’(ziT) < C| - |are(gry, (7)

where C' > 0 is dependent on T, 7 > 2

5,8=20,1"=r— Land s’ = (r — 1)%, cf. [37, Chap. 4, Thm. 2.1], [21,
Prop. 2.2] or [18, Thm. 3].

2 2

2.2 Method of successive approximations

The method of successive approximations is a well known approach for establishing existence and uniqueness
results for nonlinear partial differential equations. On an abstract level, the FSI system can be considered as a
nonlinear partial differential equation of the form

Aly) =0, (8)

where y € Y and Y is a Banach space. As in [44] we write this in the form By = F(y), where F(y) := By — A(y)
and B is a linear operator that represents the principal part of the FSI system, i.e., the PDE operator in a
linear FSI system. For our setting we will show that the system By = f has a unique solution y = Sf, where
S e LW,Y), with W being a Banach space. Existence and uniqueness of solutions is now studied via the fixed
point equation

y = SF(y). 9)

Unique solvability of (9) on a closed subset Y c Y can be shown if y — SF(y) maps Y into itself and is a
contraction on Y. This, e.g., is the case if |S|zw,y) < Ls and if F : Y — W is Lipschitz continuous with a
constant Lr < i Uniqueness on Y then also follows.

2.3 Framework for continuity and differentiability results

One can extend the considerations of the previous section to an equation
Ay,z) =0 (10)
with parameter or control z in a Banach space Z. As before, we consider solutions of the fixed point equation
y=SF(y2) (11)
where F(y, z) := By — A(y, z), B is as in section sec. 2.2 and S € L(W,Y) is the solution operator of By = f.

Theorem 1. Let W7 W,Y, Z be Banach spaces, W continuously embedded in W, S € E(VNV7 Y), and Lg >0 a
constant such that |Sf|y < Ls|f|w for all f e W. Let Z = Z be open, Y < Y be closed and F : Y x Z — W
be an operator. Let there exist constants Lx € (0, =) and C > 0 such that, for all y,y1,y2 €Y, 2,21,20 € Z,

’Ls
there hold
|F(y2, 22) = F(y1, 21)|lw < Lrly2 — p1lly + Cllz2 — 21z, (12)
SF(y,z)eY. (13)

Then, for all z € Z, the system (11) has a unique solution y(z) and z — y(2) is Lipschitz continuous on Z:

CLg

m“zg_zﬂ‘z VZ],ZQEZ. (14)

ly(z2) —y(z1)lly <



In addition, let y(z) lie in the relative interior off/ and denote by Y, the linear subspace parallel to the affine
hull aff(Y'). Assume that F is Fréchet differentiable at (y(z), z), where (y, z)-variations are taken in Y7, x Z.
Then y(-) is Fréchet differentiable at z. The derivative is given by y'(2)(h) = dpy(2), where h € Z and
ony(z) € Yp € Y solves the formally linearized equation

ony(z) = S0F(y(2), 2)(0ny(2), h), (15)
where 6 F (y(2), 2)(0ny(2), h) := Fy(y(2), 2)0ny(2) + F=(y(2), 2)h.

Proof. For any fixed z € Z, (12) implies the Lipschitz continuity of the mapping F(-,2) : ¥ — W. Using (12),
(13), and the properties of F, Lz and Lg shows that the map y € Y — SF(y, z) € Y is a well-defined contraction.
The existence of a unique solution y(z) € Y is thus ensured by the method of successive approximations. Now
(14) follows from [y(z2) — y(z1)ly = IS(F(y(z2), 22) — Fly(1), 2)lly < Ls|F(y(z2), 22) — F(y(z1), 21) wr and
(12). For showing differentiability, we fix z € Z and assume that F is differentiable at (y(z), z) in the way stated
in the theorem. Let h € Z be arbitrarily fixed. Since y(z) is a relative interior point of ¥, we obtain from (12)
that, for all dy, d» € Y7, there holds:

[0F (y(2), 2)(d2, h) = 6F (y(2), 2)(dv, h) |w = | Fy(y(2), 2)(d2 — dr)|w < Lr|d2 — duy. (16)

Thus, since Ly < the method of successive approximations applied to the fixed point equation dpy(z) =

1
Ls> N N
S0F (y(2),2)(0ny(z), h) posed in Yz, see (15), yields a unique solution d5y(z) € Yz, € Y which by linearity of
(15) depends linearly on h. Let ||z be sufficiently small. Then z + h € Z and, as h — 0,

IF(y(z+ h),z+ h) = Fy(2), 2) = 6F(y(2), 2)(0ny(2), h) [w
< [0F(y(2), 2)(y(z + h) —y(2), h) = 6F (y(2), 2) (6ny(2), W) lw + o([y(z + h) —y(2) |y + |h]z)
< Lrly(z + h) = y(2) = dny(2)lly + o([h] 2),

where (16) is used. Now
ly(z +h) =y(2) = ny(2)lly = [SF(y(z + h), 2 + h) = SF(y(2), 2) = S6F(y(2), 2)ony(2) [y
< Ls|[F(y(z + h), 2+ h) = F(y(2), 2) = 6F(y(2), 2)dny(2) [w
< LsLrly(z + h) = y(2) = 0ny(2)(2)|y + Lso([[h]z) ([h]z — 0).

Therefore,
Ls
ly(z +h) = y(2) = oy (2) |y < ——F—7—o(lhlz) = o([h|z) (Ihlz — 0),
1— LsLy
which proves the Fréchet differentiability of z — y(z) at z with y/'(2)h = dry(2). O

The rest of the paper is dedicated to the application of this argumentation to shape optimization for the
FSI problem via the method of mappings. The parameter z then corresponds to a domain transformation that
represents a variation of a reference shape domain.

3 Existence and uniqueness results for Navier-Stokes-Lamé system

In order to have the theoretical tools at hand that will be used for showing differentiability of the state with
respect to domain variations the main results of [44] are recalled. Since, in contrast, the analysis will be carried
out on a nominal domain € instead of Q, the statements are presented for a general domain €2 € {Q, Q} We
will work under the following Assumption 1 on the unique solvability of the Stokes equations and the elastic
wave equation. We will see in Lemma 2 that according to [44] Assumption 1 is satisfied for particular boundary
conditions and geometrical settings.

Assumption 1. Let /€ (%, 1), Ty > 0. In addition, let 5 > 0,
o O, Qy, Qy be open domains with Q = Qp U Qy, QpnQy = F, T 1= 00,1000, Ty < 0\, Ty < 0Q\Iy,

e D c C®(Q) be a closed linear subspace, for which the following holds true: If f € D, then Vf € D?; If
f.ge D, then fge D; If fe D, f >0, then f~1 € D,



e D=D% D=D> Dr=C%(0,T],D), Dr = C*([0,7],D), Dy = C*([0,T], D),
242,14 Tyd 72 1+¢ A
B, - D" s 7 Gp = DFE @D @) HE((0,1),H @)

Fr _D—TH2 é(Qf) 7 Py :D—{pGLQ(Qf) v peHt s 5(QT) ,p\ETeHZH 1 2(2T)}

i+ ACL 34+L 0 d
Gy — DTH 2((0.1).L2 ()" )’ W, = DTC ([0.T)LH T3 Q)"0 ([0.T],H 5 (0,) )’

H, — D—THW T 2<2T>d’ N, = D (O, H3 (D, 0Ty) >mH%*“ﬁ<<o,T>,H1<rsumd)mH%*%<<o,T>,L2(rsuri)d>,

Vo = ﬁHlﬂ(Qf)d W, = ﬁHEHM(Qs)d

)

where, for a Banach space X, D~ denotes the closure of D w.r.t. X,
e vg€ Vp, wi € Wy,
such that
o Lemma A.4, (6) and (7) are valid.
e volr, =0, div(vo) = 0, vo|r, = Wi|r, and 2v(e(vo)ny) -7 =0 on I'; for any unit vector T tangent to T';.
o forallfe Fr, he Hy, ge Gr n HY((0,7), H (Q24)?) and g € Gr for which the compatibility conditions
g\zf =0, g(0)=0, and h(0) =0,
are satisfied the system

v—VvAv+Vp=~f inQC;,
div(v) = g =div(g) in Q?,
v(0) =vo inQy,

v=0 onXx%,

or(v,p)ny =h on X7,
admits a unique solution (v,p) € V x P and there exists a constant C' > 0 for which

¥ govans s gy + 19 Pl gy + P15t Lo cory < CMOlisseqaps + 18] et o
el et 0.1y 22000 19N ie 0.y mve@ams oy, T IRl et g o))
e for arbitrary m € N for which the compatibility conditions
n(0) =0, and &n(0) = wi[gr sr,

are satisfied the system

O w — divy (0g,(W)) =0 in QF,
w=n onXluxTl,
w(0) =0, &w(0)=w; inQ

admits a unique solution w € W and there ezists a constant C > 0 for which

10 o 0,1, 15+ @y nor o+ @aay T 1Ty 0 oy mrb e oy 46 (1) 220y

C(le HH%+€+B(QS)d + HTIHHB((O,T),H%+Z(FSuFi)d)ﬁH%+€+ﬁ((0,T),Hl(FSUFi)d)ﬁH%+% ((O,T)yLz(FSUFi)d))'



Remark 1. The main difficulty in finding a setting that fulfills Assumption 1 is the improved regularity for the
normal stress of the Lamé system on the boundary XT. [/4] provides a setting that fulfills the assumption, see
Lemma 2. Another restriction is the validity of the requirements for the fluid system. Existing results require,
e.g., that T; n Ty = &, see [21, Def. 7.2, Thm. 7.5].

Lemma 2. Let
Q={yeR® : 0<y; <L;,0<yy < Ly,0<y3< L3},
Qp={yeR® : 0<y; <L;,0<ys<Ly,0<y3<L, orLy<ys< L3}, (17)
Q,={yeR® : 0<y; <L1,0<vys < Lo, Ly <y3 <Ly},

where 0 < L, < Ly, < L. Furthermore, let the interface be defined by I'; = 0Qp N 0, Ty :={yeQ : y3 =
0 orys = L3} and periodic boundary conditions be imposed on 0S\I'y by setting

D =CZ(Q):={veC®( ) : I3ve CPR*x [0,Ls]) s.t. vlg = v,
v(y1,y2,y3) = 0(y1 + L1,y2,y3), 0(y1,y2,¥3) = 0(y1,y2 + L2,y3)}.
Then, 8 > 0, vo and wy can be chosen such that Assumption 1 is fulfilled.
Proof. cf. [44, Sec. 3-4]. O

Remark 2. As we will see, any geometrical configuration satisfying Assumption 1, for example the one in
Lemma 2, can be used as shape reference domain Q for shape optimization. The shape reference domain is
mapped by a C-diffeomorphism to the ALE reference domain ) for the FSI system. We will show in Theorem
3 that there exists a suitable open neighborhood in H2+€((~2)d of C-diffeomorphisms containing the identity, see
(30) and Lemma 4, such that the solution of the corresponding FSI-system pulled-back to the reference shape
domain depends continuously differentiable on the transformation.

For ¢ e (%, 1), the function spaces

Hp o Dy EOD) i DR O @0 (01) 12y)
G- D—Hl((o,T),H1+f(Qf)d)mH%+§((o,T),L2(Qf)d) S D—Hl((0,T),H1+Z(Qf)dXd)mH%‘*’%((O,T),Lz(Qf)dXd)
T =D )y  Dr = Ur )
_ m2+He0ond
T.=D" @ ; (18)
the norms

(12 12 2 ) 2
H . HET = (H ||(H2+e’1+%(Q}"))d + H HHI((O,T),HZ(Qf)d)) + H ”H%(( + H |EIT HH%+

NEN

O’T)>H2(Qf)d)

1
-1 +1- 12 )%,

2
Jr .
I-Isrl, HE+5((0,1),H1(2)4) HEFE((0,1), H1+4(9,)4)

$+5 (0L m)h T

| lsz = (- 2

. 2 . 2 l
HL((0,T), H\*£(2,)) nH 345 ((0,T),L2(25)) + - O)faeeqay) + 10 - 0)z2(0)))*, (19)

with analogous definitions on the spaces St and S;, and, for vy € V5, the metric spaces

ET,M@,VQ = {V € ET : V(-’O) = Vo, HVHET < 1\40}7 (20)

Pratovo ={p€Pr « [Vplrr < Mo, [plsrliveses gry < Mo, Plrixqoy = 2ve(vo)ny - nyfr.}
are defined. Due to trace theorems and interpolation theorems the modified norms on Er and St,Sr, Sy
are equivalent to the standard norms on these function spaces. However, the appearing equivalence constant
might depend on T without further knowledge about this dependency. Since the dependency of the appearing
constants on T is a key point in the theoretical analysis it is therefore necessary to work with the modified
norms defined above.

Remark 3. The following adaptions have been made compared to [44]:



e the Ex-norm does not contain the term | - HH which is not needed for estimating the right

2((0,7), HI+(2;))
hand side terms and is not compatible to our choice of the norm, but other norms of interpolation and
trace spaces.

e In the theoretical setting considered here, it is not guaranteed that g € C([0,T], H**(Q)?) which is
required in [44, Thm. 5.1] to use a trace theorem and give a meaning to g|2? = 0. However, the proof of

44, Lem. 4.2] is the only point where g € C([0,T], H'**(Q)%) is used. A reinspection of the proof shows
f
that g € HY((0,7), H (Qy)?) is actually sufficient.

The following continuity result that is also part of the proof of Theorem 2 corresponds to [44, Thm. 5.1]
with the modification that only g € H'((0,7), H*(Qf)?) is required instead of g € C([0,T], H'**(Qf)?), which
is possible by Remark 3. It will be needed for showing the Fréchet-differentiability of the state with respect to
domain variations.

Lemma 3. Let Assumption 1 be fulfilled. Assume that
feFpr, heHy, geGr, geGrnH'Y((0,T),H Q).
Furthermore, let
g|2? =0, g(-0)=0, and h(,0)=0.
Then, the system

Gv—vAv+Vp=f inQ?,
div(v) = g =div(g) in Q?,
v(-,0) =vo in Qy,
v=0 on E?,
v=0ow onXl, (21)
or(v,p)ns = os(w)ny +h on X7,
duw —div (os(w)) =0 in Q7
w=0 onXl,
w(-,0) =0, ow(,0)=w; inQs,

admits a unique solution (v,p,w) € Er x Pr x W and the states depend continuously on the initial data and
the right hand sides, more precisely,

IVler + 1V pler + loW)nglu, + [plsr[mr + [wlw,

< Cs([vollaree(ape + [wi jo TlEler +lgler +lgler + [hlnz),

H%+Z+B(Qs
for all0 <T <Ty. The constant Cs depends on Ty but is independent of T'.

For obtaining time independent continuity estimates for the Stokes equations and the Lamé system with
respect to the right hand sides, the partial differential equations are split into several systems that have either
zero initial conditions or the right hand sides are obtained by lifting initial values to the interval (0,0c0) [44,
Sections 3, 4]. The systems are extended to the time-interval (" — T, T) or (0,Tf) of length Ty. In the
first case, the temporal fractional order of the right hand side terms is smaller than % or with additional zero
initial conditions. Property P3 of the norm yields continuity of the extension-by-zero-operator Ext : Y(%’T) —
Hs((T — Ty, T), X) with HExtHﬁ(y(%’T)1Hs((T_Tf,T)1X)) = C, where s € [0,5)\{3, 2}, X is a Hilbert space and
C' is independent of T. Now, the solution theory for the equations can be applied on this extended systems
yielding constants C'r, that might depend on T but do not depend on T'. Due to property P2 of the norm the

equivalence constants of | - | zs((r—7;1),x) to an equivalent norm on H*((T' — Ty, T), X) might depend on T}

but not on 7' (using (6) with 7 =2+ ¢, s = 1 + £ and (7) explains why we can add norms in the definition of
the norm on E7). Now, by property P4 of the norm we obtain the estimates on the time interval (0,7T) with

10



constants independent of T'. In the second case, the right hand sides can be bounded above by a constant times
the norm of the initial values [36, p.22, Remark 3.3], where the appearing constant does not depend on T" and
we use property P5 of the norm. In order to obtain an existence and regularity result for the coupled system,
a fixed point argument is used [44, Thm. 5.1], which requires property P6 of the norm. The extension of the
local-in-time result to arbitrary time intervals requires P8.

The main result of [44] is given by the following theorem (with the same adaptions as in Lemma 3), which shows
existence and uniqueness of solutions to the FSI problem if some additional requirements are met.

Theorem 2. Let Assumption 1 be fulfilled. Denote by Ty > 0 a fized terminal time, let C's be the constant

from Lemma 3, and Ko := Cs(|vo| g1+e(q;ye + w1 ||H%+e+;s(9 )d). Assume that one can find some 0 < T* < Ty

such that for all 0 < T < T* the following estimates hold for arbitrary My > Ko, v,v',v? € Eg v, and
p?p17p2 € PT,MO,VO N

F(v,p)eFr, H(v,p)eHr, G(v)eGr, g(v)eGrnH'((0,T),H (Qy)"),

and
1)l < OX(Mo), 1. )i, < OX(Mo), .
IG(V)ller < Cx(Mo), lge(v)lar < Cx(Mo),
and
|F(v?,p%) = F(v',pY) e, < CTX(Mo)(IV? = V' |&r + [VD* = VD' e,
|H(v?,p%) = H(vE, p) [, < CTX(Mo)([v? = V&, + [psr = PPler |a2), (23)
I6(v?) = G(vY)|ar < CTX(Mo)(|v? = v'|E,),
lg(v?) —g(v)lar < CT*X(Mo)(|v? = v'|&,),

for some a > 0, a positive constant C' that does not depend on T but only on Ty and a polynomial x. Further-
more, let

g(v)‘E? = Oa g(V)(,O) = Ov and H(va)(70) = 0.
Then, there exists T > 0 and My < o0 such that the system

ov—vAv+Vp=F(v,p) inQ?,
div (v) = G(v) = div (g(v)) in @,
v(-,0) = vy n Qy,
v=0 onX%,
v=0ow onXl, (24)
or (v, )y = ou(wing + H(v,p) on 3T
Ouw —div (o,(w)) =0 in QT,
w=0 onXl,
w(-,0) =0, dw(-,0)=wy inQ;,

admits a unique solution

(Vapv W) € ET,MO,VO X PT,MO,VO X WT-

Proof. This theorem corresponds to a large extent to [44, Thm. 2.1}, where the requirements (22) and (23)
replace [44, Prop. 6.1]. As a first step the system (24) is reformulated as a fixed point system that can be

11



started with homogeneous F, G and H. To this end, (v, p°, w?) is introduced as the solution of the system

0v —vAV? +Vp’ =0 inQF,
div(v®) =0 in Q7,

vP(-,0) = vy in Qy,

v =0 on E?,

vi=0w onXl, (25)

or(v",p")n; = o,(w")n; on X7,
O w? —div (o,(w?)) =0 in QT
w’=0 on EST,

w’(-,0) =0, aw(,0)=w; inQ,

that due to Lemma 3 admits for 0 < T < T a solution that fulfills

IVoler + IV 2w + [Pl sr e + WO lwe < Cs(Ivollmerpye + [Willygeen g 1) = Ko,

where C's > 0 is a constant that does not depend on T but on Ty. The solution (v,p,w) of the system (24)
then fulfills v =u+ v’ p= ¢+ p’ and w = z + w°, where (u, ¢, z) is the solution to

dhu—vAu+Vg=Fu+v’ q+p°)
div (u) = G(u + v°) = div (g(u + v?))

u(,0) =0
u=20
u= oz

or(u,q)ny = os(z)ny + H(u + v, g +p°)
ﬁtt z — div (US(Z)) =0
z=20

z(,0) =0, 3z(-,0)=0

in Q?,
in Q}F,
in Qf,
on %,
on X7
on X7,
in Q7.
on X7

in Q.

(26)

To prove the existence of solutions to the system (24) or the equivalent system (26), the method of successive

approximations is used.

Therefore, we show that there exists some My > K such that the mapping

M

is well-defined and a contraction with respect to the norm

” (u’q?z)HETXPTXWT = HuHET + quHFT + Hq

Er mo,vo X Provigve X Wr = Erag ve X Provgve X Wr,

»T

(u,q,2) — (u,q,2),

Hr T HZHWT7

if we choose T < Ty small enough. Here, (u, ¢,z) is defined as the solution of

atg—z/AngVg:}'(quvo,qupO)
div (u) = G(u + v°) = div (g(u + v?))
u(-0) =0

u=20

or(u,q)ny = o (z)nf + H(u+v% g +p°)
0tt z — div (O’s(g))

in Q??
in Q??
in Qf,
on X%,
on ©7,
on X7
in Q.
on ©7

in Q.



In order to show the contraction property we consider arbitrary (ul, ql, zl)7 (u2, q2, z2) € Er amo.vo X Proag,ve X
Wr. Due to Lemma 3 and the inequalities (23) we know that

[M(u?, 62, 2%) — M(u', ¢',2") [Br x Prxwir
< Cs(|F(® +v0,¢° +p°) = F(u' +v°,¢" + ") |r, + [g(0® + v°) —g(u' +Vv)|ar
+[G(u? +v°) = G(u' + V) |ar + |H(u® +v°,¢* +p°) = H(u' +v°, ¢' +p°)m,)
< CsCT X (Mo)[[(u® +v°, ¢* +p%,0) — (' +v°,¢" +1°,0)|Erx Prxwr
< CsCT*x(Mo)[(u?,¢*,0) — (u',¢", 0)[&r x Prx Wi
where C'is a constant independent of T'. If we define K7 > 0 such that
|M(0,0,0)|Er x Prxwr < K1,
and choose My > K7, then there exists T' > 0 such that CsCT*x(Mp) < 1 and

||M(u7q7Z)HET><PTXWT < HM(07070)HET><PT xWp t CSCT@X(MO)H(uaQ70)HET><PT XWr
< Ki+ 3CSCTQX(M0)M0 < My

for any (u,q,2) € Er ayvy X Py, ve X Wr. Thus, M is a well-defined contraction and we can apply the fixed
point theorem of Banach in order to show existence and uniqueness of the solution to the fixed point equation
M(ll, qu) = (ll, qu) in ET,Mo,vo X PT.,MO,VO x Wr. O

4 Shape optimization via the method of mappings approach

We consider shape optimization problems governed by the FSI model (1). This results in an optimization
problem

 omin J(,p,w,Q), st E(F,pw,Q) =0.
(‘A/,ﬁ,VAV,Q)EETXPT XWTXOad
Here, @ad Eienotes the set of admissible domains, E ET X ]5T X WT X @ad — R is an objective function, and
E®,p,w,Q) =0 if and only if v, p, w fulfill (1), where

E: ETXPTXVAVTX@MZ_’ZT,

and Zr is a suitable Banach space. There exist different approaches to shape optimization that are closely related
to each other. In particular, one can use shape derivatives in the Hadamard-Zolésio sense or one can apply the
method of mappings (also called perturbation of identity method) [41]. In this paper, we use the method of
mappings for a couple of reasons. It is based on domain transformations of a nominal domain € to represent
shapes and thus fits very well to the arbitrary Lagrangian-Eulerian (ALE) approach of which the fully Lagrangian
formulation (1) is a special case. Moreover, the method of mappings transforms the shape optimization problem
to a nonlinear optimal control problem in a Banach space setting, which is attractive from a theoretical as well
as a numerical perspective. The set of admissible domains Ouq := {Q c R¥ Q = #(Q), 7 € Taq} comprises
all domains that can be obtained by transformation of the shape reference domain Q via 7 € T4, where
Taa © T(Q) is a suitable subset of the Banach space T(€) of bicontinuous transformations of Q. It is
convenient to define 4, := ¥ — id, and

Uy = {0, : R* SR, sit. id, + 0, € Taq},
and to optimize over u, € U, instead of 7 € T oa. Thus, we obtain the optimization problem

min __ J@,p,Ww,0,), st. E(¥,pw, ) =0,

(\7,}_), W 7fl-,—)G]‘ET XPrxWrxUgq
which yields an optimal control setting with the control u,. R
Here, v:=voT, p:=poT,w:=wo T, which already requires u, € Hf;’e(Qf)d in order to maintain the

regularity. Further, E is chosen such that E(v,p, w,,) = 0 if and only if E(¥ o7, poF,woF, 7(Q)) = 0. 3
Since the analysis will be carried out on the nominal domain (2, the geometric assumptions are needed on 2
instead of 2. We require that two transformations with the same normal displacement of the design boundary

part result in the same ALE domains and that the support of the transformation is disjoint from the support
of the initial velocity vy.
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4.1 Navier-Stokes-Lamé system on the nominal domain

We apply the method of mappings approach to the FSI problem. In order to maintain the structure required
by Theorem 2 we have to ensure that the right hand side of the transformed elasticity equation remains 0. For
this purpose, the set of admissible transformations is chosen such that ﬂfls =1id, for all 7 € T 44, i.c. ﬁT\QS =0

for all u, € fJad. The trapsformation of the Navier-Stokes-Lamé system (1) from the reference domain Q) to the
shape reference domain €2 via 7 yields the system

&V —vAV+ VY, 5 =F(V,58,) inQf,
in Q?,
v(-,0) =vo in Qy,

v=0 onf]T,

Vv=0dw onXxl, (28)
02V, P)iiy = 0o (W)hy + H(V,p,10,) on 5],
O W — div, (052(%)) =0 in Q7
w=0 on iz,

w(-,0) =0, & w(-,0)=w; inQ,,
where

01 2(,5) 1= e (V) — L, a0 (W) 1= Atr(e(W)I + 26,(W), (W) i= %(Dz€v+(Dzvv)T),

Vo = Voo 7, Wi = Wy o7 and the nonlinear terms F, G and H are defined by

f({’,ﬁ, ﬁr) =V Z (aX]‘Xka' o )21')(&}/1@ (7:71)l o %)621‘7 +v Z ((2 ax_jYiax_ij) o XT)(aYiYk (%71)l o %)azl{’
gkl ikl g

+v Y Ea Y0, Ti) 0 Xr) (O (F71)10), (F7H)m) 0 F) 0212, v — VA,

ik,l,m
+(I- FaTr((DyT‘l)T o 7))V P,
H(V,p,0,) = —v(D, (D7) 'Fy + Fp(D,7)" 7D, ¥7) cof (Fy ) cof (D, 7)ias
+ (D, v + (D, ¥) )iy — p(I — cof (Fy) cof (D, 7))y,
G(v,0,) = D, v : (I —det(D, 7)det(F3 )F L (D, 7)~T) = D, v : (I — cof (Fy ) cof (D, 7)),

where

~

‘IN':idz‘f'ﬁ‘m )2-:—=)207~'a FX=i:\‘XO7-7 f“r=ﬁ‘r07~' (29)
and thus Fy (z,t) := T+§} D, ¥(z,5)(D; 7(2))~" ds. Morcover, the function §(¥, ;) = (I-cof (D, 7) cof (Fy) 1)

satisfies div, (g(V,1,)) = G(V,1y).
Let T be defined by (18) and

U:={u, €T : supp(i,) nsupp(Vo) = &, Ur|g =0},
which is a closed linear subspace of H2t¢()?, be endowed with the norm
|- lle =1 lerzve(gya-

Furthermore, let oy > ||IHH1+Z(Qf)dxd- We consider solutions of the FSI problem for transformations id, + @,

induced by displacements u, € \7, where

V:={a, €U : id, + @, can be extended to an orientation-preserving C*-diffeomorphism
pa 1 RY — R? with ga — id, € H*H(R%)?, (30)

| D, (id, + ﬁT)HHH‘(Qf)dXd < a1, [(D,(id, + ﬁT))_luHHé(Qf)dxd < ai},
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which by Lemma 4 is an open subset of U. In particular, if Uyy © V, then our results will hold at any
admissible design displacement. Alternatively, the current design of the ALE domain could be viewed as the
reference shape domain, making it correspond to t, = 0, and our results then can be applied to study continuity
and differentiability w.r.t. variations of this domain.

Remark 4. 1. In [27, Thm. 4.1] it is shown that C'-diffeomorphisms map bounded Lipschitz domains to

bounded Lipschitz domains. Therefore, for all a, € V, (id, + 0,) () is a bounded Lipschitz domain.

2. The requirements on the R-extended transformations in the definition of the set on the right hand side
of (30) allow to apply [30, Lem. B.5, B.6] showing that they map H*(RY)-functions to H*(R%)-functions
for all 0 < s < 2+ £. Furthermore, by [30, Cor. 2.1], there exist constants M > 0 and w > 0 such that

HDZ %Rd HLCD(Rd)dxd < ]\47 ” (Dz %Rd)_luLm(Rd)dxd < M, inf det(Dz %Rd (Z)) > w. (31)

zeR4

Lemma 4. For any i, € V there exists p = p(4i,) > 0 such that v, € V holds for all v, € U, |V, — U, |g < p.

Proof. Let @, € V be arbitrary and set ¥ = id, + @1,. For v, € V we use the notation 7, = id, + v,. It has
to be verified that there exists p > 0 such that for all ¥, € V with |v, — u,|g < p the following holds: 7,
can be extended to an orientation-preserving C'*-diffeomorphism T, e Of R? satisfying T,re —id, € H ZH(R),
HDz Ty HHlJrl(Qf)dxd < ayg, and ”(Dz 7-’U)_1HH1+Z(Qf)d><d <Qq.

The set Qg = #(€2) is a bounded Lipschitz domain by the definition of V and Remark 4. Using, e.g., [50,
Thm. 5, p. 181] combined with interpolation, there exists a bounded linear extension operator H>+¢(Qg_)? —
H2(R4)4. Further, the embeddings H>¢(Qg. )% € Wh*(Qg. )¢ and H2T*(R9)4 < W*(R?)? are continuous.

Now 1, € V implies HDZ‘T'HHH,g(Qf)dxd =: o} < «a;. Hence, we obtain as required |D, ‘T'UHHH,g(Qf)dxd <
1Dz 7 ey yaxa + [ Dz (Ve = 0r) [ ave(q, yaxa < @4 + p < ay for p sufficiently small.

Denote by Tra € H***(R%)? the orientation-preserving C'-diffeomorphism that extends 7. Then, by part 2
of Remark 4, there exist constants M > 0 and w > 0 such that (31) holds.

We use the extension operator to obtain h, € H*M(R%)? with h;|q = v, — 0, [h.|geregay < C|v, —
ﬁTHHQH(Q)d, and ”hTHWI,m(]Rd)d <C|v, — ﬁTHHQM(Q)d. Setting 7, ga = Tga + h,, there holds 7, ga|gy = T, and
Tppa — id, = (Tga — id;) + h; € H*T(R%)?. By a Sobolev embedding we obtain also that 7, ga is C*.

Since Wh®(R%) and C%1(R?), are equal with equivalent norms, see [25, Thm. 4.1, Rem. 4.2], there
there exists ¢ > 0 such that any f € W1®(R%)? has a Lipschitz continuous representative with modulus
< | fllwre gaya-

We now show that 7, ga : R? — R? is bijective. In fact for any fixed 2/ € R?, the equation Ty ri(z) = 2 can
be written as

z =7 (Z —h.(2)) = AZ;2).
For sufficiently small p, the map A(Z;-) is a contraction since, for any z,z, € R?, by using (31)

|7d (2 = he(21)) = T (2 = hr(22))]| < (D Tiea) ™| oo mayaa [hir (21) — hr (22))]

< M [ Jyrin o[22 — 23] < CMEplzr — za].

Hence, by the Banach fixed point theorem, if p is sufficiently small, then for any z’ € R? there exists a unique
ze R? with 7, ga(z) = 2.
We show next that 7:;]11{4 is C'. From (31) and [hy|ly 1. (gays < Cp we obtain a constant C’ > 0 with
infd det(Dz 7~'U7Rd (Z)) = w— Hdet(Dz 7:U7Rd) — det(DZ %Rd)”Loo(Rd) >w— C/HDZ 1':U7Rd — D, Tga ”Loo(Rd)dxd
zeR

=z w— C/Hh-,-le,oo(]Rd)d = w— CC/p.

Hence, for p > 0 small enough we obtain det(D, 7, ga(z)) > w/2 for all z € R? and thus 7:1:]11§d is C! by the
inverse function theorem.

We have shown that for p > 0 small enough det(D, 7, ga) = w/2. Now (D, 7,) ! = 1/det(D, 7, )cof (D, 7).
Since by Lemma A.4 products of functions in H'*¢(Q;) are again in H'*(Q;), we have det(D, 7,), cof(D, 7,) €
H'(Q;) and since det(D,7,) = w/2 > 0 by [45, pp. 336 and 297] also 1/det(D,7,) € H'+t(Qf). Hence,
(D, 7,) "' € HW Q) for |V, — b, g < p.
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Finally, with a constant C’ > 0 we obtain

H(Dz "N'v)_l - (DZ ) IHHH’-’(Q ydxd — ”( ) (D 7D, 7~'v)(Dz %)_1‘|H1+2(§2f)dxd
< C'|(D, Tfu)ilHH1+5(Qf)dXd” (D, 7:)*1HH1+1(Qf)ddeDz (Vr — ﬁT)HH1+Z(Qf)dxd
< (D2 7)™t = (Da?) M ppieeqy e + 1),

from which ||(D, 7,) 7| i+ yixa < a1 follows if pis chosen sufficiently small.
O
Let with p = p(0) according to Lemma 4
V,i={t: eV : |ur]g <p}. (32)

Then Vp is by Lemma 4 an open subset of U and we will study the differentiability of the solution of (28) on
Vp at u, = 0.

The choice of the space of admissible transformations restricts the shape optimization to the optimal design
of the fluid domain, but keeps the interface in the Lagrangian frame fixed. The boundedness properties of V
allow us to establish estimates of the right hand sides in (28). The following Lemma is a helpful tool that takes
the special structure of the right hand side terms into account.

Lemma 5. LetT >0, ke N, k>2, X, X;,Y,W,,Z be real, separable Hilbert spaces, 1 < j<k,2<n<k-1,
s1€[0,1\{3}, s; e (3, 1] for2<i< kand0<s <min;s;. Letmy : Xqa x Wo > X, my : X; x Wipg —» W,
for2 <1< k—2and mg_1: Xp_1 x X = Wy_1 be continuous bilinear forms, m : >< =1 1 X; = X be defined

by m(zq,...,x5) = mi(x1,ma(x2,...)) and T; : Y x Z — S;, where S; := H* ((0,T), J) is endowed with the
norm
o [-ls; =1 lm o), x,), if 55 €[0,%),
1.
o 1-llsy = (- Bros oy + - O )E if 55 (3,1],

and S := H*((0,T),X) be endowed with the analogously defined norm | - ||s. Furthermore, let T : Y x Z — S
be defined by

T(y,2) = m(Ti(y, 2), - Te(y, 2))-
1. Let M; >0,Y €Y and Z < Z be such that 1Ty, 2)|s; < Mj for all (y,z) € Y x Z,1<j<k. Then,
there exists a constant C' > 0 that is independent of T such that | T (y, z)|s < CII; M, for all (y7 2)eYxZ.

2. Let in addition to 1. T; 1Y x Z — S; be Lipschitz continuous on Y x Z forall1 < j <k, ie., there
exist M;;, 17M]2 >0 such that HT(yQ,ZQ) Ti(y1, 21)|s; < Mj, vy + M;,
Y1,Y2 € Y and Z1,%22 € Z Then HT(yz,ZQ) T(y1,21)||Hs((O,T)7X) < C(maxj(Mj)lﬂn;éjMn)Hyg — Y1 Hy +
max,;(M; oI, 2 My )| 22 — 21| z) with a constant C > 0 that is independent of T

3. Let (y1,21) be an element of the relative interior of Y x Z and Tj: Y x Z > S; be Fréchet differentiable
in (y1,21) for all1 <j <k. Then, T:Y x Z — S is Fréchet differentiable in (yl, 21).

Proof. By recursively applying Lemmas A.4 and A.l it can be verified that m : II;S; — H*((0,7),X) is a
continuous multilinear form that fulfills

Im(@y, - ze) e o0,m),x) < C|ajls,

where C' is a constant independent of T'. Assertion 1 follow immediately if one directly uses the continuity
properties of m in order to estimate the norms at the initial value t = 0. Further, for y;,y2 € Y, 21,20 € Z we
have

m(Ti(y2,22); -+, Te(Y2, 22)) — m(Ti(y1, 21), - - -, Te(yr, 21))

=m((Ti(y2, 22) — Ti(y1,21)): T2 (Y2, 22), Ta (Y2, 22) - - - T (Y2, 22))
+m(Ti(y1, 21), (T2(y2, 22) — T2(y1, 21)), Ta(y2s 22), - - -, Tk (y2, 22))
+o At m(Tirs 21)s - Tem1(y1s 21), (Te (Y2 22) — Tie(y1, 21))),
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which implies
[m(Ti(y2s 22), - -, Te(y2, 22)) — m(Ti(y, 1), - -, Ty, 21)) s
Ci (Mn<j| T (y1, 20)15,) (s 3 [ T (y25 22) |51 T (w25 22) = Ti(y1, 21) |1 s;)
J
C(m ax (M1 1Ly Mn) [y2 — yilly + maX(MmHn;ejMn)sz —z1]z)

for a generic constant C independent of T and therefore assertion 2. Since a continuous multilinear form is

infinitely differentiable 3 follows with the chain rule. O
Lemma 6. LetT >0,keN, X1,X9,X;1,X2,Y,Z be real, separable Hilbert spaces, 1 < j <k, s1 € [0, 1]\{1}
Si € ( 1] for2 <i < k. Let m be a k-linear form that is recursively constructed via bzlmear forms as in Lemma

d such that m : ><j:1 X1 — X1 and m : Xj:1 Xj,1+5jl — Xo are continuous for all 1 <1 < k, where 65
denotes the Kronecker delta. Let 0 < s < min; s; and

S; = HY(0,T),X;1) n H'*5((0,T), X;2)
be endowed with the norm

i H H (H HHl( OT) X; )r\H1+SJ ((O,T),X]'_g) + H : (O)H%(J,l>%7 Zf Sj € [07 %)

o I lss = (- B oy x, ymmt+os omy ;0 T 1 O, + [0 ()O)%,,)2 if 55 € (3, 1]

and S := H'((0,T),X1) n H***((0,T), X2) be endowed with the analogously defined norm || - ||s. Further, let
Tj:Y*xZ—-SjandT:Y xZ — S be defined by

T(y> Z) = m<7—1(ya Z)7 ce aﬁ(ya Z))
Then,

1. Let M; >0,Y c Y and Z < Z be such that [T5(y, 2)|s; < Mj for all (y,2) € Y x Z,1<j<k. Then,
there exists a constant C' > 0 that is independent of T' such that |T (y,z)|s < CIL; M; for all (y7 2)eY xZ.

2. Let in addition to 1. T; : Y x Z — S; be Lipschitz continuous on Y x Z for all 1 < j < k, i.e.,
there exist Mj71,]\~/[j,2 > 0 such ~that T3 (y2, 22) — Ti(y1, 21)|s; < Mjilye — yilly + Mjalze — 21z for
arbitrary y1,y2 € Y and 21,29 € Z. Then, |T (y2, z2) — T (Y1, 21)|ls < C(max;(M; 111, My)|y2 — 11lly +
max;(M; oI, . My )| 22 — 21| z) with a constant C > 0 that is independent of T

3. Let (y1,21) be an element of the relative interior of Y x Z and T Y x Z > S; be Fréchet differentiable
in (y1,z1) for all1 <j<k. Then, T:Y x Z — S is Fréchet differentiable in (y1,z).

Proof. We recursively apply Lemma A.1 in order to get continuity of m : X?:l S; — L?((0,T),X1), &em :
><;c=1 S; — L?((0,T),X1), as well as, dym : X§=1 S; — H*((0,T), X2) and use that
ovm(xy,...,x5) =m0 x1,x2,...,25) + m(x1, G xa, ..., x%) + - + m(x1,Za,...,0 Tk).
It holds
Im(z1, .. an) L2 o.m),x0) < Clele2o.r),x ) Mizallzillg,
Im(zy,. .. 0cxj, . zr) 2oy, x0) < Clloexi]L2(0,7),x;. 0 Mivjl7ill g, »

where S, := H'((0,T), X;1) is endowed with the norm | - HSJ =

1 .
(Il H%{l((o,T),Xj,l) +[-(0)]%,,)? for 1 <j <k
Furthermore, there holds

(@1, 0wy m) e 0,1),%2) < Cldealg, Mizjllzils,,

where Sj := H%((0,T), X;2) is endowed with the norm
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o [ls, =1l or)x;0) if 55 €10,3).

1 .
o 115, = (- Bres oy, my + - O, )3 i 5 € (4,1

In order to show the boundedness in the norm |- || s the initial values have to be bounded appropriately. However,
this is ensured by the continuity properties of the multilinear form m. Moreover, property P1 of the norm is
used. The assertions now follow directly as in Lemma 5. O

Furthermore, the following results will be needed for establishing the required right hand side estimates.

Lemma 7. 1. Let f,§e Sp. Then, fje Sp and Hff]HgT < CHngT 19l g, with a constant C' that is indepen-
dent of T'.

2. Let fe Sp. If f >w > 0 holds a.e. on Q? with a constant w > 0 then f~' € Sy and

1f s, < CA+1fl5,) 1 f s,
for a constant C' that is independent of T.

Proof. 1. The bilinear form m(xy,z2) := 27 - 22 is by Lemma A.4 continuous as a mapping LQ(Qf) X
H™&(Qp) — L*(Qy) and as a mapping H'*4(Qf) x H'*¢(Q;) — H'*(Q). Therefore, Lemma 6 implies
HnggT < C||f||§T |gll5, for a constant C' that is independent of 7". Here, we recall that the norm on Sr is
defined by (19).

2. By [44, Lemma A.7] we know that

Hf_:[HL?((O e, < O+ H-fHHl((O T),H1+¢(,)) T I£( )HHHZ(Qf))Hf”L?((o,T),HIH(Qf))v
1o F oy ey < OO+ Il commramsecn + 176 O rrse) Ll comamseciny

for a constant C' independent of T'. The proof of this Lemma also shows that
1P G0 s,y < CAFNFC 0 gise@ I GO givea,)-

Let C now denote a generic constant independent of 7. In order to bound |d f_l(‘,O)HLz(Qf), we consider
G € C*(R) such that G(0) = 0 and G(z) = 27! for all > w. Then,

[0 O gy = 1 GO e, = 16002 O g
- | @0 fe0?
< s (G2 0110 70 s, < CIFC 0,

These estimates imply

HfilHHl((O,T),Hl‘*'e(Qf) <C(1+ ”f||H1((O7T),H1+’{(Qf)) + H-}F("0)”Hl‘*'"'(ﬁf))4HfHHl((O,T),HH'[(Qf))
C(1+ Hf”Hl((O,T),HH@(Qf)) + \\f("0)|\H1+f(Q_f))5~
Now,
17 2 0m) 22,0 < CIF ”L2 (0.1, H1+£(82))

for a constant independent of T and it remains to estimate | f We obtain with Lemma

B ”H%%((O,T),L‘z(ﬁf))'

Al 2.
[CY =/ fl,
HZ72((0,T),L2(Qy) H5 ((0,T),L2(2y))
< C(Hf_2Hﬂl((o,T),HlH(fzf)) + [ F72(, )HHIH @) (10 fHH2 5 ((0.7),L2(8, y 1 e £, 0l z2;))
C(H.f_l|‘H1((O,T)7H1+€(S~Zf)) + 1 F 7 0) e @) 2(lex fHH%Jrg((O YL, T loe f ('70)\|L2(Qf))
1+ Hf“Hl((o,T),HHZ(Qf)) + [ f( )HHHZ(Qf))lO(HfHHz “5om),2@,) T o f(, Ol z2,))-
Combining the estimates implies the assertion. O

18



Lemmas 5, 6 and 7 allow to estimate products of rational functions in terms of the norms of the factors. We
start by estimating the appearing factors.
Since z = 77(7(2)), it follows that I = (D, 7! o 7)D, 7 and

Dy to7 = (D, 7). (33)
Furthermore, for arbitrary invertible matrices A, B € R?*? one has

A'-B =B ' (B-A)A,
A7'-B!'-B'B-AB!'=B'B-A)A!'-BH=B'B-AB(B-AAL (34

Let 0l € V , then 7% :=id, + u, i = 1,2, satisfy by Lemma A.4, (34) and the definition of v

[(De 7)™ = (Da ) gsegayyies < CIF = Fpgaeeiy, o = I = 62 o, o

T _oy_ N . - N N N (35)
H(Dle) - (D, T2) 1y (D, 7'2) 1(Dz 7' - D, 7-2)(Dz 7-2) 1HH1+5((~2f)d><d < CHU}_ - uTHi{zM(Qf)d'
We define analogously to f?x in (29)
Bl(e.t) = Fyla 9 ) = T+ [ D@ s)(D.7(2) s, i (1.2) (36)

Lemma 8. Let Assumption 1 be satisfied. Let My > 0, o € (0,1) and oy > 0. Then, there exists T, > 0
such that f‘x(~,t) is invertible, and det(f‘x(~,t)) > o for allt € (0,T,) and for all @, € V and v € Br s, o,-
In addition, for each of the following terms, there ezists a constant C' > 0 independent of T such that for all
0<T < Ty, v,v',%2 € Eq a1, 90, Uy, 0,02 € V we have

1. (a) Fx €Sy, [Fxls, < C(1+ Mo),
(b) |F% —Fylg, <CIv? =g, + CL+ Mo)[02 — 0z yyore (g e

(¢) The mapping Eray00 XV, — Sy, (V,1,) — I'N“X is Fréchet differentiable on the relative interior of
ET,MO,\”/O X Vp.

2. (a) cof(Fy) € Sy, Hcof(fx)HgT < C(1+ Mg),
(b) |[cof (F2) — cof(FL)|

s, < OO+ Mo) (92 =¥ g, + (14 Mo)| 62 — 6 e o).

(¢) The mapping E~T,Mo,\”'o xV, =Sy, (v,i,) — cof(f‘x) is Fréchet differentiable on the relative interior
Of ETJWO,VO X Vp.

3. (a) det(Fy) € Sr, [det(Fy)| g, < C(1+ M),
(b) |det(F2) — det(F)[ g, < C(1+ M)([¥2 = [, + (1 + Mo) &2 — @[ rore(qr,y0);

(¢) The mapping E}“,Mo,\”ro xV, =Sy, (V,i,) — det(f‘x) is Fréchet differentiable on the relative interior
of B ag,w, X V.

4. (a) (det(Fy))~" € St, |(det(Fy)) !5, < C(1 + MZ?),
(6) [[(det(F2))~! = (det(FL)) g, < C(1+ ME)([9? = ¥ g, + (1 + Mo)[62 — L] aveq ),

(¢) The mapping Br 90 X V, — Sz, (V,1,) — (det(f‘x))_1 is Fréchet differentiable on the relative
interior of Eq v X V.

5. (a) Fr e Sy, [Frlg, <C(1+ M),
(b) |¥% —Fylg, < CO+MPO)([v? =¥ g, + 1+ Mo)|0? — 0z gaie(q,ya),
(¢) The mapping Br ar, 54 X Vp — S, (V,1,) — F is Fréchet differentiable on the relative interior of

Er vov0 X Vp.
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6. (a) Fx(Fx)T €Sy, [Fx(Fr) s < C(1+ M),
(0) [F%(F3)" — FL(F) |5, < O+ M) (2 — g, + (1 + Mo)| 62 — 0] gravr(qy, o),

(¢) The mapping Er o5 X V, — Sp, (V,,) = Fv (Fx)T is Fréchet differentiable on the relative
interior of Eq v X V.

7. (a) (Oyx. )OXTGHI((OaT),HZ(Qf) )+ (O )OXTHHl((OT) He (S p)d) S < C(1+ M{°),

(8) 1B X2 0 X7 = By T 0 X | 0,109,100 y)
< 0(1 + Mg®) (9% = Vg, + (14 Mo)[67 — @} ave (e, ya):

(¢) The mapping Er ar, 5, ¥ VB — H*((0, T), HY(Qp)Y), (v,10,) — (8XijT)O)ZT is Fréchet differentiable
on the relative interior of B ar, v, X V.

Proof. In order to show the existence of the required T,, > 0 we consider Fy, — T = §o D2 V(z,5)(D, 7(z)) " ds
and estimate with Lemma A .4

t
”FX(',t) - IHHHe(Qf)dxd < Coy f D, ‘N/(',S)HHHe(Qf)dxd ds.
0

Thus, since H'*¢(Q;)?*? C(ﬁf)‘“d, we have

¥y — 1.5 < CTZay M,

ydxd <
for a constant C independent of 7. Since det(F x(+,0)) = det(I) = 1, we can find T, such that F (- t) s
invertible and det(I'N“X(~7 t)) =« for all t € [0,T,], all a, € V, and all ¥ € Eq a1, v, -

Now, let 0 < T < T,,. Consider the multilinear form 7~n(x1,.. ,Tp) = xy - ... - for k € N, which is by
Lemma A.4 continuous as a mapping L?(Qf) x H¢(Qp) x -+ x HI4(Qp) — L2(Q) and as a mapping
HY&W(Qp) x HYF(Qp) x - x H'(Qy) — H'™(Qy). The terms we have to estimate are obtained by inserting
operators 7, : Ex x V. — Sr, (v,1i,) — T;(¥,1,) in the multilinear form. If they are bounded, continuous and
Fréchet differentiable for 1 < j < k and arbitrary (v,0,) € ET Mo, %o X v p» We can use Lemma 6 to show the
claims of the lemma. If we have to estimate vector or matrix valued quauatltles7 we use the argumentation for
every component. In the following, C' denotes a generic constant independent of 7.

1. Consider ﬁx —I=m(Nh(v,0a,), T2(v,0,)) with 71(v,0,) = SB D,¥(s)ds and Tz(v, 0
have H’Tl({f,ﬁT)HST < C(1+ |v]g,.), since |T1(v,0:)(0)|gr+e(qyaxe = 0 and |0 71(\7
D2 Vol r2(qyixe, as well as, with P7,

) = (D, 7)"L. We
0,)(0)]p2(yaxe =

~ ~ 1 ~
[7:(v,07) (- t) HH1+e(Qf)d,><d <Tz|D, V”L2((07T)7H1+e((zf)dxd)

Hatﬂ({’,ﬁ.-,—)HLQ((O,T),HIJrE(Qf)dXd) = HD ‘~,||L2((0 T)’H1+Z(Qf)dxd) < HV“ET>

Hat 71({,7 u

| D v

T)“H%‘*’%((O,T),L?(Qf)dxd) HET5((0,T),L2(0)dx ) HVHH%"'%((O,T),Hl(flf)dx‘i) <[vlg,

for almost every t € (0,7") due to the definition of | - |5 . Boundedness follows with property P1 of the
norm. Fréchet differentiability and continuity now follow by linearity of 7; and due to

(Ti(¥%,a2) — Ti(¥1,ab))(0) = & (T (v, a2) — Ti(¥1,a}))(0) = 0

for all (v,u,) e ET7M07‘70 x V. Note that T2(V,0,) is independent of v and depends linearly on (D, 7)™
with | T2(v, ﬁT)HST < C|(D, i—)—lHHlH(Qf)dxd. Hence, boundedness, continuity and differentiability follow

from the definition of V, (32) and (35).

1

2. Each component of the cofactor matrix cof (f‘x) can be written as a finite sum of terms a - z; - x2, where
21, x2 denote components of the matrix INI‘X and a € {—1,1}. Therefore, COf(ﬁX) is a sum of bilinear forms
with factors 71 (v, a,) := a(f‘x)i,j and T2(v,a,) := (fx)k,g for 4,7, k,l € {1,2,3}. Due to the estimates in
1.(a) we know that |7;(v,u.)[5, < C(1+ Mo) for i € {1,2}, and, therefore, Hcof(f‘X)HST < O+ MR).
L(b) yields |T(¥2,82) — Ti(¥L,a) |, < CI¥2 = ¥g, + C(1 + Mo)|&2 — &L yaeqq, s i € {12}
Therefore, the continuity estimate and Fréchet differentiability follow from Lemma 6.
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3. Since det(ﬁx) is a polynomial of degree 3 in the components of the matrix f‘x, the assertions can be
proved similar to 2.

4.

(a)

Since det(Fy) is a cubic polynomial in the components of Fy and det(Fy)(-,t) = « > 0 for all
€ [0,T,], the assertion follows from Lemma 7, 2., which implies

[(det(Fy )~ 5, < C(1+ [det(Fy)|g,) " |det(Fy )]s, -
Now, 3.(a) implies that
[(det(Fy) M5, < C(1+ M) (1 + M) < C(1+ M®).
The difference
(det(F2)) ™! — (det(FL)) ™" = —(det(FL)) ™" (det(F2)) ™" (det(F2) — det(FL))

is a 3-linear form with factors 7 (v, @,) := (det(FL))™", To(v, @) := (det(F2))~" and T5(v, @) :=
—(det(f‘i) — det(l?‘;()). Lemma 7, 1. now yields

[(det(F3)) ™" = (det(Fy)) ' lg, < Cll(det(F})) |5, (det(F3)) |5, [det (F5) — det(F})] s,
The estimates 3.(b) and 4.(a) now imply

[(det(F3)) ™" — (det(Fy)) "3,
< C(L+ M)A+ MgP) (1 + M) (|92 = ¥ g, + (1+ Mo) |87 — 07| rave g, y)-

Let (V,1,) € Er a5, X V, be arbitrary. Then by 2. and 4.(a) we have H(det(ﬁx))*ngT <
C(1+ M3?) and Hcof(f‘x)HST < O(1 + Mg). Hence, Lemma 7 yields

[T s, = |(det(Fy)) " cof (Fy)s, < I(det(®)) |5, leof(Fx)ls, < CL+ MF).  (37)

Now det(Fy)~! = det( 1), thus it suffices by 1., 3. and the chain rule to show that (v!,al )
Er 5 X V> (f‘;) € S, is Fréchet dlﬁerentlable at (v!,al). This follows from (34), (37) an
Lemma 7, since with A = F%‘

AT =B B (Fx - A)EL g, = (B Fx—AF (Fx—A)A g < O+ MP)[Ex—A[f |

which yields with 1. the Fréchet differentiability.

5. Since Fy = (1~7‘X)*1 = (det(f‘x))*lcof(f‘x)T, we can prove the result via multilinear forms and use Lemma
7, 1. .

6. Again, the assertions can be shown via multilinear forms.

7. From x;! o x» = id., it follows that

I=D, (X:-l © X‘r) = Dxf(:—l ° XDz X

Therefore, since D, x+ = f‘xDz 7, we have

DXzt oXr = (FyD, 7) ' = D, 7 'Fr. (38)

~ ~

Furthermore, we have (Fy);x = (F31)1.1 = (0, Y1) © X, which implies

s

(Fx)ik = (05, Y1) 0 Xr- (39)
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Thus, (0x;x, Tl) o Xr = Ox; (f‘-r o X7 )ik © X+ and with (38) we obtain

O, (B 0 X7 ik © Xr = Y (02, For)ikd, (X m © X = Y (02 )1k (D2 7 i (Fr )i

m m,i

and each summand is the composition of a multilineNar form m(xl,x27gc3) = Iy - T3 - T3, which is by
Lemma A.4 continuous as a mapping H*(€2) x H14(Qp) x -+ x HT(Qy) — H*(Qy) with an operator
Er vy.90 x V = HY((0,T), H () x H'((0,T), H'*(Qy)) x H*((0,T), H+*(Q)y)) that by (35), P7 and
5. is bounded and continuous on Er 7, ¢, X V, as well as Fréchet differentiable on Er 7, 5, X V,. Now,

we can apply Lemma 5 to conclude the proof. -

Remark 5. Lemma 8 and its proof could be extended in a canonical way from Fréchet differentiability to
continuous differentiability.

With the above Lemmas the required right hand side estimates can be established.

Lemma 9. Let Assumption 1 be satisfied. Let Ty > 0 and p = p(0) be given by Lemma 4. There exist
0 <T* < Ty, au >0, as well as, for each of the following terms, a constant C' > 0 independent of T but

dependent on Ty and a polynomial x such that for all0 < T < T*, v,%,%% € Er a1, 50, D, D' D2 € Proasy.o, and
u,,ul,u2 €V, we have

F(v.p,u,;) eFr, H(V,p,04,) eHr, G(V,04,)eCGr, gF,a.)eGrnH(0,T),H (Qf)),

g({’a ﬁT)‘E? =0, g({’v ﬁT)(',O) =0, and 7:[({'7157 ﬁf)('a 0) =0, (40)
as well as,
| F(¥,5,07) |5, < Cx(Mo)(T" + p), |HE, 507, < Ox(Mo)(T' + p),
16, 8,)] g, < Cx(Mo)(T' ™" + p), I18(v, 1) g, < Cx(Mo)(1+ p),
and
Hﬁ({’27ﬁ27ﬁ3) _]:( ap ’ )HFT
< Ox(Mo)(T* + p)(IV? = Vg, + V2 8” = Vo b lg,) + 187 = 07| grase (e, ya)s
“7:[({’27ﬁ27ﬁ72—) - ,}:l( ap ) )HHT
< Cx(Mo)((T™" + p)(|¥* — ¥ g, + |5 \gg =0 srlr) + 187 = 07| grase (e, ya)s
1632, 83) = G(v!, 11)]l g, < Cx(Mo) (T~ + p) V2 = ¥ |, + 107 = 01| rose(ar, ),
o -~ - 1_¢ - - - -
lg(v?,0?) —&(¥',u)lg, < Cx(Mo)(TH77 + p)|v? =¥ g, + 87 — arf gareiq, ),
and
-7:—1 ET,MO,\”/O X pT,Mo.,\?o X Vp - FT7 7:1 : ET,MO,\"/O X pT,Mg,\”/g X Vp - I:IT7
G: Eruye, XV, — Gr, g: Erae, xV,— Gr

are Fréchet differentiable on the relative interior of B nsy w0 X Pro 5o X Vi, and By ar, 55 X V,, respectively.

Proof. The compatibility conditions (40) are fulfilled, due to the choice of V, which ensures that supp i, N
supp Vo = & and therefore H(v,p, 0, )(-,0) = 0 and g(v,0,)(-,0) = 0. The boundary condition on Z? ensures
that g(v, ﬁ7)|z? — 0. The right hand side terms F, H, G and g are sums of multilinear forms as introduced
in Lemma 5 and 6. In Lemma 8 boundedness, continuity and Fréchet differentiability of the corresponding
factors are shown. Thus, it suffices to establish an appropriate boundedness estimate such that the product of
the appearing M; in Lemma 5 have the structure o(T™ + HU.-,—HH2+Z (G7)d 2) for a suitable o = 0 and C' which is
independent of T'. The explicit time dependency is obtained by using the extension and restriction properties P3,
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P4 and P5 of the norm and by using Lemma P6. The time dependency for the corresponding constants M; ;
and M; o follows with similar arguments. The desired continuity estimates, as well as, Fréchet differentiability
can be deduced from Lemma 5 if (33) and thus

(@, Dy 7 ) oF = (8, (Dy 7' =T)) o7 = Y0, (D7) = 1)), 7, ) o 7,

are kept in mind, which by Lemma A.4 and the definition of V implies
10 Dy 771) 0 Fllrear,y < CHDT) e (D2 7)™ =T gisea,) < Car(l + an). (41)

Moreover, since for arbitrary matrices A, B € R the cofactor-matrix is a polynomial of degree d — 1 in every
entry, we have that
cof (A) — cof (B ZX’J A,B)(A -B);;,
i,
where x; ; is a polynomial of degree d — 2 in the entries of A and B for 1 < 4,5 < 3. Thus,

Jeof(A) — cof(B) | gvss(ayoet < CUAIEZ, s + IBI2 o)A — Bllgorcayecs

and for @,,al, a2 € V we have
lcof (D2 T)ll ga+e (g yaxa < C (42)
|cof (D, 71) — cof (D, 7:2)|‘H1+K(Qf)dm S CQ?_QH‘FI - 7:2|‘H2+ﬂ((zf)d S Ca‘f_Q“ﬁi - ﬁ3||H2+ﬂ(Qf)d- (43)

We show boundedness of F, H, G and g. In order to obtain the estimates we have to split the terms such that
the initial values of selected factors vanish at t = 0. To this end, we decompose

F(v,p,0,) = FL(V,0,) + Fo(¥,0,) + F5(¥,0,) + Fu(V,0,) + F5(V, p, 0y) + Fo(V,5,1r),
Fi(¥,0:) = v > (B, Th 0 X ) (0, (F 7)1 0 7)02, ¥,

.k,

]:—2(‘77 ﬁ‘f) =V Z ((Z anYianYk - 5i,1€) © XT)(aYiYk (7:_1)1 © %)621{’7
ikl g

Fa(@,t:) =v Y (D)0 Tib, i = 0ik) © Xr) (4, (F 710y, (F 7 )m) © 7) 22, ¥,
iklm  J

]:4(‘77 ﬁT) =v (aYkYk (7:71)1 © %)azz{’ +v Z ((aYK (7:71)18)% (fﬁl)m) oT — (Slym)aleWL‘?’

where
Hi( = —uD, (D, 7) 'Fy(cof (Fy) — I) cof (D, )iy,
Ho(V,0,) = —vF1 (D, 7)" ' D, %" (cof (Fy) — I) cof (D, 7)iry,
Hy(v,0,) = —vD,¥(D, 7) " (Fy — ) cof (D, ¥)nry,
Hy(v,0,) = —v(Fy — 1) (D, 7)" "D, ¥ cof(D,7)ny,
Hs( = —vD,%(D, %) (cof (D, 7) — )iy,
Hel( = —u(D,7)" "D,V (cof(D, ) — )iy,
Hy(V,0,) = —vD,v((D,7)~! — Dy,
Hg(V,1,) = —v((D,7)~ " =)D, v iy,
Ho(¥, P, ,) = —p(I — cof (Fy)) cof (D7),
Hao(p, ir) = —p(I — cof (D, 7))y,
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and
g(V,1,) = cof (D, 7) " (I — cof (Fy) ")¥ + (I — cof (D, 7) )%
= gl (‘77 ﬁ‘l‘) + gQ(‘N/a ﬁ‘l’)
Since the ideas for the estimates for the different summands of F, H, G and g are similar we just present
the proofs for Fs, Fg, Hi, G1 and g;. Let C' denote a generic constant independent of T. In the following
argumentation we frequently use Lemma A.4 in order to ensure that X7, ..., X are chosen such that multilinear

forms m(x1,...,2) 1= o1 - ...z fulfill the requirements of Lemma 5. The notation S;, M;, M; 1, M; 2, s; for
i€{l,...,k} is defined by Lemma 5.
e Estimation of g; (v, 0, ):

. . . 2 _ 2
To apply Lemma 5 we use property P1, which implies | - H(; =113, (01,20 T [ O HH%((O,T),Lz(Qf)d)’
and estimate g1 (v, 0, ) and 0,g;(V,01,) separately.

1. g1(V, ;) is a multilinear form with factors 71(v,0,;) = v, (v uT) — I—cof(Fy)T, T3(v, ;) = cof (D, 7)7.
With Lemma 5, s = s1 = 0, so = £, s3 = 1, X = L*(Qy)%, = H?>TQp) Xo = H(Qp)P4, X3 =
H'™ Q)4 we obtain
181(V, 0:) | L2 (0.7, 22(2)) < CMo(1 + Mo)T ™,
since by P6, (42) and Lemmas A.3, A.4, 8
ITi(v,0)ls, < Vg, < Mo,
I72(9,8:) s, < OT* |1 = cof (Bx) |1 0,19, 52 < CT' (1 + Mg), (44)
[75(%, 1), = (leof (Dz )%, + leof (D2 7) |72 (0,1),x5)) * < Clleof(D; 7)|x, < C,

i.e., My = My, My = CT*~*(1 + MZ) and M3 = C in the notation of Lemma 5. Using in addition (43) gives

IT:(v2,82) = Ti(v, w75, < V2 = Vg,

|72(%%,03) = Ta(¥", 17) s, < OT'*Jleof (FY) — cof (B} )| g,

<CT™ 2(1 + Mo)(|v* - V1||ET (1 + Mo)[aF — ﬁi”HHe(Qf)d)’
I75(92,62) = T5(v', 07) s, < Clleof(D; 72) — cof (D2 7)1 x, < Cl07F — 0z grase g ya-

Hence, M1 =1, M1 =0, Ma1 = CT " ““(1+ My), Mao = CT'"*(1+ My)?, M32 = C, M3; = 0 and Lemma
5 yields for a polynomial y

Ig" (2, a2) — 8" (¥', 81) | L2 (0,1).12(0)0) < OX(Mo)T' (|9 — ¥ g, + |02 — ﬁi“HH(Qf)d)
and Fréchet differentiability of g,(v,1,) : Er x V — L2((0,T), L*(4)%) on E1 azy.50 X V.

2. 0:81(¥,1,) = —cof (D, 7) Ty cof (Fy) TV + cof (D, 7) T (I — cof (Fy ) T)@, v is a sum of multilinear forms. We
exemplarily estimate the first term. Here, 71(Vv,0;) = v, T2(V,0;) = —0; cof(]?‘x)T and T3(v,a,) = cof (D, 7).
Choose s = 81 = £, 80 = 4+ £, 55 =1, X = Xo = L2(Qy)%, Xy = H'F(Qy)?, X3 = H'(Qy)?. With Lemmas
A.2, 8 we obtain

I, 07) s, < CUTIV, 07)(0)| sy + T2 Ti(V,00)|,) < C(1+ Mo),

~ ~ ~ ~ g ~ ~ 2
1T i) s, < CUTE GOl + TGy o0y o) < COU+ME, (49)
I Ts(v,ur)]s, < C,

~

ﬁXFT) =0 f‘xﬁr +F Ot EN“T and thus with (36)
r(cof (F5)T)(0) = & (det(Fy )Fr)(0) = (3¢ det(Fy ) Fy + det(Fy) o, Fr)(0)
— (tr(cof (Fy) T o F 5 )Fy — det(Fy ) Fy D, v(D, 7) ' Fv)(0)
= tr(D, Vo(D, 7)) — D, vo(D, )"

where we use for the second term that 0 = ¢, (
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Since (T;(v%,02) — T;(¥%,1l))(0) = 0 for i € {1,2, 3}, analogous to (45), we obtain with (43)

I7:(3%,82) = i@, @) s, < CT 5| T+, @2) = Ti(¥', i) g, 0
1T, 02) ~ @ ), < OTHT (%, 02) = T 8y o s
ITa(@%,82) — To(@, 1) s, < Ol — 0 yave e, o

Continuity and Fréchet differentiability follow now by Lemmas 5, 8. Finally, &, (v,1,) € H*((0,T), H (Q5)%),
since ve HY((0,T), H(Q7)%), 7 € H2H(€2;) and (I — cof (Fy)) € H*((0,T), H'+£(€2;)4x4).
e Bound for | Fs(¥, p, u)|g,:
F6(¥, P, 01,) is a multilinear form with factors 71 (¥, p, 0, ) = V, p, To(¥,p,0,) = I—(D, 7 1) To7 = 1—(D,7)~ "
due to (33) and T3(v,p,u,) = Fy.
L. H]}G(V,ﬂflr)Hm((o,T),Hf(fzf)d):
Choose s = 81 =0, 59 = 1, 83 = £, X = X; = H'(Qp)4, Xo = X3 = H Q) |T1(%,5,0,)|s, < Mo
follows by (20). With (35) and Lemma A.3 we obtain

|T2(v, 5, 07) s, < Clur| gose(q,ya < Cp (46)
since u, € Vp. f‘T(O) =TI and Lemmas A.2, 8 imply

| T5(%,5,07) 5, < C(L+ T Fox |51 (0.1, x5)) < C(1+ MP). (47)

( 17ﬁ17~1)H51 ”vzﬁ2_v2ﬁ1”f‘T’

)
( D-T
1722, 5%, 0%) = (31, 5%, 07 s, < Cl02 = 0z guveq,yaxas
173(v%, 5%, 62) = (v, 5", 07) s, < C(1+ MgOT (9% = ¥, + (1 + Mo)[0F — a1 yose(q,a)-
20 F6(0 8,80 0y 12,
Let s =51 = £, 80 =1,83 =0, X = X; = L>(Q)%, Xo = X3 = H'*(Qp)¥4. With (20), (46), (47) and

2
Lemmas A.4, 8 we obtain the same bounds as before

Thus, with Lemma 5, |F4(¥, 7, )|z, < C(1+ M§)p and
|Fs(v2, 5%, 02) — Fo(v', ', 0|, < OX(Mo)(T1IV° = Vg, + V2 0? — Va5, + [0 = 07| grass ()

where y is a polynomial.

As seen in the previous estimates, due to Lemma 5, the derivation of the continuity estimates and Fréchet
differentiability is straightforward if one knows how to show boundedness of the multilinear forms. We thus
only address boundedness in the following.

e Bound for H]:"z({ﬂ ﬁ‘r)”f‘T:

Fo(¥, ;) is a sum of multilinear forms with factors 71(v, ;) = 0,,v, T2 (\7, U,) = vdy, 0y, (T~ )07, T3(V,0,) =
(Zj(axj' Tiaxj Tk) - 51,k) o )27‘ for iv kal € {13 ceey d} with 71-3(‘7 )(O) =

L H]:—2(‘~’a ﬁr) HL2((0,T),H2(QJ,)¢)I

Boundedness, continuity and Fréchet differentiability are obtained with Lemma 5 for s = s1 = 0, s2 = 1, 53 = ¢,
X = HY(Qp)4, X1 = HYFY(Qp)Y, Xo = HY(Qy), X3 = H(Qy) and Lemma 8. By P6 and (39) we obtain

1o 80 s, < CT ™ T(% )l (0,19, x00) < CT (1 + [Fx (Br) g, ) < CT' (14 MJ),  (48)
41) and Lemma A.3 imply |72(v,0;)|s, < C and, with P7,
2

|\73(V’ﬁr)\|H81((o,T),xl) CHVHm ((0,T),H2+£(Q5)d < CMp.
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21720 80y (0 1y 2@y’ . ) _ )

Choose s = s1 = &, 80 =1, 53 =€, X = L*(Q)?, X1 = H'(Qp)¢, Xo = HY(Qy), X5 = H'**(Qy) and use (41),
(48), P6, P7 and Lemmas A3, A4, 5and 8. We obtain |Fo(¥, 1) |5, < CT 41+ M.

e Bound for |[H1(V,ur)|g,:

H1(V, @t;) is a multilinear form with factors 71 (v, ;) = D, v, T3(V, ,) = (D, 7)1, T3(v, @t,) = Fy, Ta(v,1,) =
(cof(f‘x) —1I), 75(v,u,) = veof(D, )y and T4(v,@,)(0) = 0. Due to Lemma A.4 on I';, which can locally

be mapped to bounded open domains on R%~!, Lemma 5 can be applied. P7 and boundedness of the trace
operator yield

1T 0 o 0.y, 7ty < CNT3 (82 e oy 126y
for o € [0,1]\{2}, j e {1,...,5}.
1. HHI(‘NI7 ﬁT)HL2((O,T),H%+£(1:‘,-)‘1):

Chooses—31 =0, s = s5 = 1, 33—34—€andX1 =X2=X3=X4=H%+€(1:‘Z-)dXdandX=X5=
Hz2+(D;)4. We have with P7 and the definition of V

ITi(v,u-)[s, < CH{/HLZ((O,T),H2+’Z(Qf)d) <CMy, |T2(v,uq)]s, < C(D; 7:)71”Hl+é(fzf)dxd < Coy.
Lemma A.2 and 8 imply
H’Tg({/', l~17—)H53 < O(TliZHFTHH1((O’T)’H1+2(Qf)d><d) + HFT(O)HH1+5(Qf)d><d) < C(l + Mg5)

Moreover, (42) yields || 75(v, 17 )| s; < Cllcof (D, T)| yr4¢(qyaxa < C. Finally, P6 implies
1T, ), < CleotF) T oy arree@yinty < CTIeofFx) ~Tl g oy e, yivey < CT H(14M3).

2 (0 g o), 220y i -
Lets =8 =s3=s1=12+5,80=s5=1,X =LT,)% X1 = L*([;)¥, Xp = X3 = Xy = H2HH(D;)¥4, X; =
HzH(T;)?. The estimates for H’Tg(v U,)|s, and ||75(V, 0, )HS are as above. Since ||D, -|sr|
|

appears in the definition of | - |, we have |71(V,0,)[s, < CMo. Lemma A.2 and 8 yield

HET2((0,1),L2(T)4x4)

- 30, =
| Ts(v, 0r)lss < C(T572Fxl gao,m), 114061, yx) + IFx(0)] grseq,yaxa) < C(1+ Mg®).

Lemma A.2 and P6 imply
3

~ ~ 3_ ¢ ~ 3_¢
ITa(¥, )5 < CTH % cof (Fo) — U g oy prver oy yonay < CTH (1 + M3).

Hence, application of Lemma 5 in both cases yields ||H1 (¥, ur)|g, < CT (1 + M3®).

e Estimation of G (v, @, ):

Gi(V,1,) is a sum of multilinear forms with factors T1(v,0,) = (D,V)i;, T2(V,0,) = (I — cof(f‘x))i7k,
T3(Vv,u,) = (cof (D, T))p,; with i, k,j e {1,...,d}.

LG (¥, @) 20,1, 114452,

Choose s =51 =0,80 =0, 53 =1, X = X; = X = X3 = H'T(Q;). |T1 (¥, )l 2o,y mve@,y < ClVIg, <
C'MO~ due to P7 and (20), and with (44) we obtain the bound |G, (¥, & iz (0.7), H I+ (5;)) S < CTY ' Mo(1+ MR).
2. Hgl (‘77 ﬁT)(‘N[? ﬁT)H

HE((0,1),H ()"

We choose s = s1 = £, 80 = £, 83 = 1, X = X1 = H'(Qy), Xo = X5 = H'*(Qg). P7 and (20)

yield |[Ti(v,ur)[s, < Clv] . < CMy. Thus, with (44) and Lemmas A.4, 5, 8 we obtain
((0,7),H2(5)%)

G (¥, a)l (o) U@y OTl EMo(1 + M3). O

Theorem 3. Let Assumption 1 be fulfilled. Then, there exist ¢, > 0, T} > 0 and M; > 0 such that for all
0 < T < T, and for arbitrary 4, € V, the system (28) admits a unique solution y(u,) := (v(Q,),p(a,), w(a,))
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on the relative interior of ET My, %0 X PT M, v X WT The mapping G, — y(U,) is continuous and Fréchet
differentiable on the interior of Vel and, for h € U the derivative y(u;)h := 6,y = (6nV, 01D, 0p W) is given as
the solution of the system

O OpV — VA, 04V + V, 0np = (F(V(Q1r), 5(8r), 8r))vOn

v , )vOnv
+(FE(0,),p(8r), 07))p0np + (F(V(8r), p(8r), 8r))u, b in QF,
div, (6,%) = (G(¥(11), 8,))v0n¥ + (G(¥(11;), 8,))u, b in QF,
0v(-,0) =0 inQy,
0pv =20 oni?
onv = d bW on 2T, (49)

012(0nV, 6nP) 0y = 042 (5pW)ias + (H(V(8r), 5(8r), 0r))v0n¥
(A (,), 5(E,), 8)p0nd + (A (80), 5(8,), 0,))u, B on 57,
O Oy W — div, (05 ,(0,W)) =0 in QST,
opw =0 onxT,
opw(-,0) =0, & opw(-,0)=0 inQs,.
Proof. In the notation of Theorem 1, choose y = (V,p, W), z = 0., ¥ = ET X PT X WT, Z = U, ]:(y, z) =

(:7:'(\7,15;, flT),ﬂ({fiﬁ, a,), g(v a,), g(v 0,), Vg, W;). Furthermore, let W := FrxHy x Gp x G ><V0><W1, and
W:=Frx{heHy : h(0) = 0}xGrx{ge GrnH((0,T), H‘Z(Qf) ) g|2? =0, g(0) = 0} x{(Vo,W1) € Vox

W, : \70|f =0, div, (Vo) =0, v0|1: = w1|1: , 2v(e,(Vg)) -7 =0o0n I'; for any unit vector 7 tangent to f}

let p = p(O) be given by Lemma 4. Lemma 3 defines the operator S and yields Ty > 0 and Lg = Cs > 0
such that S € L(W,Er x Pp x Wrp) for 0 < T < Ty and ||Sf|y < Ls|f|w for all f € W. Theorem 2 and

11
Lemma 9 yield constants Mo > 0, Ty € (0,Ty) and € = min(p, Ty’ *) such that, for all 0 <T < Tp and z € V.
there exists a unique solution yo(z) € ET Mo, vo X Promgw, X WT, which is a subset of the relative interior
of ET M5 X PT M5 X WT for M; > My. Furthermore, Theorem 2 and Lemma 9 yield 7; € (0,7,] and

€ < mm(p,T4 Z) such that for all z € Vq there exists a unique solution y;(z) € ET M50 X Proag v, X Wo
and the required boundedness, cont1nu1ty and Fréchet differentiability results are fulfilled for the choices Y =
ET M, o ¥ PT M, vy X WT and Z = V, and 0 < T < T;. Furthermore, the proof of Theorem 2 implies that
SF(y,z) € Y for (y,2) € Y x Z. Since yo(z) € I:]T’Ml,;,0 X Pr v, vy X WT and the solution is unique, we have
yo(z) = y(2) for all z € Z. Thus, y;(2) is in the relative interior of ¥ and Theorem 1 can be applied. O
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A Appendix

The subsequent Lemma is a concise version of [44, Lemma A.1].

Lemma A.1. Let X,Y,Z be real, separable Hilbert spaces and m be a bounded bilinear mapping from X x Y
into Z. Further, let f € H**((0,T),X) and g€ H*2((0,T),Y) with s1,s2 = 0. Then the following holds.

1. If% <s51<1,0< 8 < %, then m(f, g) belongs to H*2((0,T),Z) and

Im(f, g)HHSZ((O,T),Z) < Cs1,$2(HfHH51((O,T),X) + Hf(o)”X)||9HH52((0,T),Y)7
for all 0 < T < Ty, where Cs, 4, is independent of T'.
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2. If 3 < s1 < sy <1, then m(f,g) belongs to H**((0,T), Z) and
Im(f, 9 me1 (0,1),2) < Cor o ([ 1121 (0,17, %) + 1F (O x) (gl 1222 (0,7).7) + [9(0) Iy ),
for all 0 < T < Ty, where Cy, s, s independent of T'.

Proof. We prove 2., 1. follows with similar arguments. Let fo € H((—o0,00), X) and go € H*((—o0,0),Y) be
such that f(0) = f(0), go(0) = ¢(0) and for —00 < a < b < o0,

I foll 1 ((apy,x) < Coll£(0)]x,
< Collg(0)]y
with a constant Cy independent of (b— a) (extension to H'((0,0), X) and mirroring at t = 0). Let C' and Cr;,

denote generic constants (Cr, is used if the constant might depend on 7). Using property P2 of the norm and
the first inequality in the proof of [44, Lemma A.1] yields

HgoHHl((a,b) Y)

Im(fs e (@arrs).z) < Crollflma (@arty).x) 191522 (@atTs).v)>s (50)
(use equivalence of norms with 7s-dependent constants). Now,
Im(f, 9z 0,1),2) < (Im(f. 9) — m(fo, g0) | 1 (0,1, 2) + Im(fo, 90) | o1 ((0,1),2))-

Due to Property P5 of the norm and (50),

CHm(fo, QO)HHﬁ (0,T¢),2) & CTf HfO||H51 ((0,T%),X) ||90HH52((0 T¢),Y)

Im(fo, 90) | z21 ((0,1),2) <
< Oy [ £(0) | x [g(0) ]y

Furthermore,

Im(f,g) — m(fo,go)HHSl((o,T),Z) < |m(f = fo,9— QO)HHSI((O7T)7Z)
+ [m(f = fo, 90) | z1 (0,1),2) + [m(fo, 9 — g0)|

Hs1((0,T),Z)"

We know that (f — fo)|t=o = 0. Due to properties P3 and P4 of the norm and with (50),

Im(f = fo,9 = 90) =1 (0,1),2) < Cry |Ext(f — fo)ler (r—1; 1), %) IExt(g = 90) | o2 (7 =15 1), )

CTf If— fOHHsl((O,T),X) lg — goHHsz((o,T),Y)

<

<

< Oy ([ £l s 0,1y, x) + I follzer (o,75),%)) gl 2 (0,7),v) + l90]l 52 (0,75, 7))
< Oy (1 =1 0,1y, %) + [ foll e o,74),x)) gl 222 (0,7),v) + 190l 20,75 .v))
<

O)lly)-

Cry (I f =1 0,1y, %) + [F(O) [ x)(
We now estimate m(f — fo, go) using the norm properties P3, P4:

Clm(Ext(f — fo)s 90)lms1 (7-14.1),2)
Cry |Ext(f — fo)las: (v —1;.1),x) |90 | o2 (v 15 /7)., v)

Im(f — fo, 90) | z1 (0,7),2)

Cry | f = follzsr 0.1y, ) |90 252 ((— 77,77
Cr, (1 £ &1 0,1y, x) + [£(0)][x)]g(0)]y-

Since m(fo,9 — go) can be estimated in the same way, this concludes the proof of 2. O

<
<
<
<

Lemma A.2. Let X be a real, separable Hilbert space and o € [0,1)\{%} Furthermore, let 3 > 0 be such
that o+ B € (3,1], c € X and g € H**P((0,T),X) be such that g(0) = c. Then, there exists a constant C
independent of T such that

lgll zec0,m),x) < C(TBH9||Ha+B((o,T),X) + el x)-
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Proof. Let C denote a generic constant independent of T', where 0 < T' < Ty. There exists h € H'((0,T}), X)
such that h(0) = c and |h] 1 (0,1),x) < Clelx eg., ht) := CT;I(Tf —t) for te (0,7y). Set g =g — h.

Properties P5, P2, the definition of h and P6 yield

lgllze(0.1).x) < 13l me(0,1),%) + [Pl e 0.7y, %) < 19112 ((0,7). %) + Cll 111 ((0,7). %)

<
< 9]z 0,1y, x) + Cllc|x < CTﬁH@HHMﬂ((o,T),X) + Ol x

< C(TP|g)l ga+s 01),x) + Il x)-

O

Lemma A.3. Let X be a real, separable Hilbert space and s = 0. Let c € X and g(t) = ¢ for a.e. te (0,T).
Then, g€ H*((0,T), X) and there exists a constant C independent of T' such that |g| g (0,r),x) < Clc|x-

Proof. Let Ty > T and C denote a generic constant independent of 7. For s > 1 we have, due to P1 and
(}tg = 07

1
lgl £5 (0,7, x) = l9llL2(0,1),x) < T2|e|x < Ce|x- (51)
For s € [0,1), Lemma A.2 and (51) yield

lg £+ (0,7, x) < C(TI_SHg”Hl((O,T),X) + lellx) < Clielx-

Furthermore, the following result corresponds to [21, Prop. B.1 (i)].
Lemma A.4. Let (,v,weR, fe H (), and g€ H**(Qy). Then, there exists C > 0 such that

Ifal ey < Clflact@plglaere@;),
1. ifv+w+§>%, v>0,w>0, and 2 > —v —w,

2. 0rv+w+C>%,v>0,w>0, and 2¢ = —v — w.

A.1 Proof of Lemma 1

We verify properties P1 -P8 for the norm defined in the proof of Lemma 1. Let —o0 < T} < Ty < o0. Let
I &o¢cry 1), x) := | - |2 (11, 1), x)- Furthermore, let for o € (0, 1)\{%},

T Con 1 .

| e (i) ) 1= (| Tore (), 300 + %Sﬁ(t—Tl) |- (@)% dt)2 if o e (0,
o (T3, T5),X) i= —9e 1 .

T 0 Brocrm o & 2 82— T2 — L)} itoe (L)

where, for o € (%, 1), L is chosen as a linear operator that is continuous as a mapping
L: H°(Th,T»),X) —> H°((T1,,), X),

and such that there exists a constant C' independent of AT := T, —T1 such that |L(u)|go ((1y,00),x) < Cllu(T1)]x,
and L(u)(Th) = u(T1), e.g., for fixed Ty > 0,

L)) = {U(Tl)Tfl(Tf 4Ty —t) forte (T, Ty +Ty),

0 fOI‘tE[Tl +Tf,OO).
Remark A.1. The Sobolev-Slobodeckij norm | - |HU((T1,T2)7X) is equivalent to the norm introduced in [36, p.10,
Def. 2.1], which is equivalent to the complex interpolation norm due to [36, p. 92, Thm. 14.1 and p. 23,
Remark 3.6]. In the Hilbert space setting, complex and real interpolation norms are equivalent due to [12, Thm.
3.3 and Rem. 3.6]. [2, (3.4), (3.5) - (3.7), Corollary 4.53] concludes the argumentation. More details, e.g., the
definition of '=’, can be found in [1, Section 5]. For the equivalence of Besov and Sobolev-Slobodeckij spaces for
o€ (0,1), the reader is refered to [48, Prop. 2], for the interpolation of Besov spaces to [48, Proof of Thm. 30]
and the references therin, [10, p. 194, Thm. 3.4.2].
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Lemma A.5. Let o € (0,1)\{3}. Then, there exist Car > 0 that depends on AT =Ty — Ty such that

Ul o (11, 19),x) < |l o (7, 10), %) < Carlulwe (1, 1),x)
for allue H?((T1,T2), X).

Proof. The first inequality follows directly from the definition of | - || o ((7, 1,),x). The second inequality is a
direct consequence of [36, p. 57, Thm. 11.2 and p. 59, Thm. 11.3]. Even though the theorems [36, Thm. 11.2 -
Thm. 11.3] are formulated in the scalar valued spaces, the proofs of the theorems, as well as, [36, p. 47, Remark
9.5] imply the validity for X-valued spaces. More precisely, the following holds:

e Let 0 € (0, 5) and ue H((Ty,T»), X):
Due to [36, p. 60, Thm. 11.4] we know that

@] e, x) < Carlulme((,15),%)

) ifte (T, T
for a(t) := u) e (Do) b Ty > T, using [36, p.57, Thm. 11.2],
0 else.

T> T3
L (t = T1) =27 Ju(t)| %t < f (t = 1) 7 Ja(t) % dt

T
O|U|H” (Ty,T5),X) S C|U|H”(]R X) S OAT‘“&I“((Tl,TQ),X)'
e Let 0 € (5,1) and ue HO((T1,T»), X):

Let v := u — L(u), va(t) := (To — T1) "1 (t — T1)v(T3) for t € (T1,T) and define v1 := v — vo. Due to [36, p. 62,
Thm. 11.5], vy € HZ((T1,T»), X) and, by [36, p. 60, Thm. 11.4],

01| o, x) < Carl|vilae oy m),x)

{vl(t) if t e (T1,T2),

where 71 (t) := 0 olse

Furthermore, for T5 > T5, using [36, p. 59, Thm. 11.3],

T2 TS
J (t—T1) "2 oy (1) % dt < L (t=T1) %7 [or (1)) % dt

" (53)
< Ol (¢, ) ) < Cloalie x) < Carloslie (2, 1).x)
and
T2 T2
f (t = T0) "2 ua(t) |5 dt = J (t—T1)*7* (T — Ta) *[lo(T2) |5 dt
T T (54)
= (3—20)"(To —T1)" 7 |u(T2) %
< Oar|vlige (1, 2y, x)-
Since |va|go (1, 1)) < Car|v(T2)|x < Car|vlae (1, 15),x) and
0l (11 12). %) < [ulEe (0 10). %) + [ L(W) e (10,1), ) (55)
< |ulge (1, 10),x) + Clu(Th)| x < Carlulme (1, 1),%)5

where the last inequality follows from the equivalence of the Sobolev-Slobodeckij norm to interpolation norms
(Remark A.1) and [36, p.41, Proof of Thm. 9.4]. (53), (54) and (55) imply

T
JT (t=T1) 7 o(v)| % dt < Carlulire (7, 1) x)-
1
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Lemma A.6. Let Ty > T and o € (0,1)\{3}. Then, the extension operator

Extu := 0 forte (T —Ty,0),
u(t) forte (0,7),
is continuous as a mapping Y@ py = Y7 _q oy with norm bounded by 1.
Proof. Direct computations show that for u e Y("O )
lull 2o (0,1),%) = Ex6(u)| o ((—o0,1), ) = [Ext(W) | o (-1 ,17,30)-

This can be verified as follows: It holds that

T 2
[Ext(u)(t) — Ext(u)(s)|
|Ext(w) | Ho ((—on,1),x) = f J |20+t Fdsdt + |Ext(u) 720 1), x):
R [t —s|
We know that

[Ext ()| L2 ((—e0,m),x) = IExt (W)l L2 ((7—1;,7),%) = Ul 22(00,7), %)

further,

[Ext(u)(t) = Bxt(u)(s)% ;0 T u(t) — u(s) 5 Nu®
[ 0 gy [ 110y [ [ OB
—s| t S‘I o [t—s|
J fT Jut®) — ul dt+2j Hu()HQJ ~20-1qqdt
|t_s|2 o+1 ¢

Ju(t) (9% i —20 2
f f st~ [
and, analogously,

f J‘\mm —Ext@©)%
[t —

5‘20'4*1
|E E T-T; ||
T Y L T CTL 0
T—1; JT—T} |t —s[* T-Ty —s|*
T T
|Ext(u)(t) — Ext(u)(s)|% 1 20 2
f f t_s\2a+1 dsdt+ | (4= (7= Tp)) 727 Est(a) ()t

Lemma A.7. Let 0 < T < Ty, o € (0,1)\{1} and X be a Hilbert space. Then, the restriction operator

is continuous as a mapping H?((0,Ty), X) — H((0,T), X) with norm bounded by 1.
Proof. Follows from the definition of the norm (52).

O

Lemma A.8. LetTy > T > 0, X be a Hilbert space and o € (0,1)\{3}. Furthermore, letue H°((T—Ty,T), X)

be such that u|(r_1; 0y = 0. Then,

HUHH”((O,T),X) = ”uHH"((Tfo,T),X)-

Proof. Follows due to (56).

O

Lemma A.9. Let X be a Hilbert space, o € [0,1)\{3} and oo > 0 be chosen such that o + o€ (0,1)\{3}. Then,

there exists a constant C independent of T' such that
lull 7o (0,1),%) < CT|ull fro+o(0,7), %)

for allu € Y(‘(’)*'To)‘
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Proof. We have

T
felfom < T |2 ) et < Tl o (57)
In addition,
|u(s) OIS 2 ’ |u(s) % 2 2
J J |s — tP"“ o qpos dsdt < T o |s— t|2(a+a +1d sdt<T a“u“H°*“((07T)7X) (58)
and
T T T
| et = | e a7 [ e g (59)
0 0 0
Combining (57), (58) and (59) yields the assertion. O

Lemma A.10. Let X be a Hilbert space, o € [0, 1)\{%} Then, there exists a constant C' independent of T such
that

lull 2o (0,1),x) < CT* 7 |ul 0.1y, %)

for allu e Y(o )"

Proof. Let u e Y(o )" Since 4(0) = 0 and due to Holders’ inequality,

T t T t
) 1
olom = | 1] dwriae< [ e [ 1oatniars < ST o (60)

Moreover, for o € (0, 3),

! ”“ Juts) —u®1% 500 ““ Juts) —u®% ;o dt < t o drdsdt
s_t|1+2 - s—t\l‘*‘? —s) H vu(T ”X Tas

e N e S s A

(61)
and for o € (1,1),
T
[u(s) — u(®)lk Hu Ol
J J e st =2 s — t|1+2o BT - Hatu )% drdsdt
= 2_[ J J (t— s)_Q"Hﬁtu(T)||§(dsdet = 2f J (20 — 1)_1((t _ T)—2<7+1 _ t_20+1)H(9t’U/(T) 12 drdt
0 JoJo o Jo
(62)

T p,T
92020 — 1)*1f J ((t = 7)=27+1 — =241 3 (1) |2 dtdr
0 T

T

9020 — 112 — 20)! f (T = 7)2% — 7220 4 22-20)5,0(7) % dr
0

<220 -1)7'(2- 20—)71T272UHUH?-F((O,T),X)'

Furthermore, for o € (0, 1),

T T t T t
—20 —20 —20 1 —20
| e tuiBede = | o2 | dutrrde < | 672 | Jor) drd < 5= 12l o x
0 0 0 0 0 2-20 n
(63

(60), (61), (62) and (63) imply the assertion. O
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Lemma A.11. Let X1, X be real, separable Hilbert spaces and o € (0,1)\{3}. Let K be a linear operator that
is continuous as a mapping X1 — Xo and f € H((0,T),X;). Then,

1K (F)ae0.1),x) < Clf|ae0.1).%0)
with a constant C independent of T .
Proof. Follows directly from the definition (52) of the norm. O

Lemma A.12. Let X be a real, separable Hilbert space, o € |0, 1]\{%} and Ty < Ty. Then,
lull e 1y 10y, x) = 1l me (0,12 -11), %)
for allue HO((T1,T3), X ), where 4(t) := u(t +11) for (a.e.) te (0,1 —T71).
Proof. Follows from the definition (52) of the norm and substitution t :=t — 7. O
For s=m+ o, meN, o e[0,1)\{3}, define

1 .
(I H?{mfl((ThTQ)g{) + o ()17 o((Tl,Tg),x))2 if o € (0, 1)\{%}’

H”Hb T1,12),X) — .
R L ito=0.

and with Lemmas A.5 - A.12 it is straightforward to verify properties P1-P8 of the norm.
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