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Abstract. We study the computational complexity and variance of multilevel best linear unbiased estimators4
introduced in [21]. We specialize the results in this work to PDE-based models which are parame-5
terized by a discretization quantity e.g. the finite element mesh size. In particular, we analyze the6
asymptotic complexity of sample allocation optimal best linear unbiased estimators termed SAOBs7
which have a minimal variance given a fixed computational budget. Since the SAOBs are con-8
structed adaptively and hence difficult to analyze, we study a class of auxiliary estimators based on9
the Richardson extrapolation of the parametric model family. We provide an upper bound for the10
complexity of the SAOB, showing that their complexity is optimal within a certain class of linear11
unbiased estimators. In particular, the complexity of the SAOB is not worse than the complexity12
of Multilevel Monte Carlo. The theoretical results are illustrated by numerical experiments with an13
elliptic PDE.14
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1. Introduction. A common model in the field of uncertainty quantification (UQ) is a par-18

tial differential equation (PDE) equipped with random coefficients, and other inputs whose19

uncertainty is modeled by a probability distribution on a suitable function space. An impor-20

tant building block in UQ is the estimation of expected values of output quantities of interest21

linked with such random PDEs. Estimators of Monte Carlo (MC) type are often infeasible22

in this situation due to the high costs per sample. In the last decade multilevel estimators23

have been developed to address this problem and provide estimates with much smaller com-24

putational costs. This is achieved by variance reduction and by working with a family of25

PDE models with different resolutions or fidelities. Typically, multilevel estimators couple26

an expensive, high resolution PDE with cheap, low resolution PDE models. Examples for27

multilevel estimators are multilevel Monte Carlo (MLMC) [8, 9], multifidelity Monte Carlo28

(MFMC) [16, 17] and approximate control variates (ACVs) [10]. In this work we revisit the29

multilevel best linear unbiased estimator (BLUE) introduced in [21]. The multilevel BLUE is30

a linear, unbiased combination of MC estimators associated with different PDE resolutions.31

Importantly, the multilevel BLUE selects the optimal linear combination with respect to the32

estimator variance.33

The analysis in [21] is independent of the underlying model family used for the multilevel34

BLUE. Now we specialize the results in [21], and assume that we work with PDE-based models35

with random coefficients. For discretized PDEs it is often the case that the fidelity of a model36
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2 DANIEL SCHADEN AND ELISABETH ULLMANN

can be linked with a discretization parameter, e.g., the mesh size of a finite element space.37

Thus, it is natural to assume that the models in the family are parameterized by the mesh38

size, where a small parameter value gives accurate results which might however be expensive39

to compute. We make the form of the parameterization precise in the following sections of40

the paper.41

In [21] we also introduced a sample allocation optimal estimator termed SAOB which is42

a special case of the multilevel BLUE. The SAOB selects so called model groups and the43

number of samples for each group such that the estimator variance is minimal given a fixed44

computational budget. The SAOB is constructed adaptively, and is implicitly defined as the45

solution of an optimization problem. This complicates its analysis, even if we make more46

assumptions on the model family we work with. As an auxiliary tool we introduce and study47

a class of estimators termed RE estimators. These are based on Richardson extrapolation48

(RE) [4, 19], and on the telescoping sum approach in multilevel Monte Carlo [8, 9]. It turns49

out that the classical MLMC estimator in [8, 9] is a special case of an RE estimator.50

RE is a well known technique in numerical analysis. It employs linear combinations of51

a family of approximations to improve the accuracy of the individual approximations within52

the family. Perhaps the most widely known application of RE is the Romberg method [20]53

for numerical quadrature. In addition, RE has been used for ordinary differential equations54

[5], stochastic differential equations (SDEs) [23], and partial differential equations (see e.g.55

[1, 2, 18]). By combining RE with the MLMC complexity theory [7, 9] we provide an upper56

bound on the computational complexity of the SAOB showing that its asymptotic complexity57

is not worse than the complexity of MLMC. In addition, we show that the coefficients in the58

linear combination of the multilevel BLUE can be approximated by RE coefficients.59

The combination of RE and multilevel estimators has been discussed in a few places60

in the literature. However, these are typically restricted to bias errors of a specific form61

and SDE discretizations. Multilevel Richardson–Romberg extrapolation has been explored62

already by Giles in the pioneering MLMC paper [8] where one level of RE was used. In [14]63

the authors combine RE and MLMC for specific discretizations of the Langevin equation.64

Lemaire and Pagès [12] introduce a multilevel Richardson–Romberg estimator termed ML2R65

for SDE discretizations where the bias error w.r.t. the discretization parameter h has the66

form hβk with linearly growing exponents βk = kα. An antithetic extension of the ML2R67

estimator is studied in [13]. In our work we study RE estimators to analyze the complexity68

of the SAOB. In fact, this idea grew out of numerical experiments where we observed that69

the coefficients of the multilevel BLUE approached RE coefficients. This highlights a novel70

application of Richardson extrapolation in the study of multilevel estimators and uncertainty71

quantification.72

The main contributions of this paper are as follows: (i) a general upper bound on the73

complexity of the SAOB, (ii) a specific upper bound in terms of Richardson extrapolation74

estimators for parametric model families, (iii) a lower variance bound and asymptotic charac-75

terization of the coefficients of the multilevel BLUE estimator for parametric model families,76

and (iv) a complete complexity and variance analysis of the Richardson extrapolation estima-77

tors.78

The remainder of this work is structured as follows. In Section 2 we review the necessary79

definitions and results introduced in [21], in particular, the multilevel BLUE and the SAOB. In80
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Section 3 we formulate our main assumption on the parametric model family, and define and81

analyze a Richardson extrapolation for the family. Moreover, we study the spectral properties82

of the model covariance matrix which will later be linked to the variance and the coefficients in83

the multilevel BLUE. In Section 4 we analyze the computational complexity of the SAOB. To84

this end we study a class of Richardson extrapolation estimators. In Section 5 we analyze the85

minimal variance achieved by the multilevel BLUE in terms of the discretization parameter of86

the model family. We also give a lower bound on the variance of the Richardson extrapolation87

estimators. In Section 6 we verify the theoretical results by numerical experiments. Section 788

provides concluding remarks.89

2. Problem formulation and main idea. Let Z be a scalar-valued random variable whose90

expectation E[Z] we want to estimate. We assume that exact sampling from Z is not possible.91

Hence we work with a family of approximations Z1, . . . , ZL, L ∈ N, depending on discretization92

parameters h1, . . . , hL, respectively, such that for an event ω93

Z`(ω) := Zω(h`).(2.1)9495

For convenience we often write Zω = Zω(0) and h = h1. Typical scenarios we have in mind96

are finite element based PDE discretizations where h` denotes the mesh size and Zω(h`)97

is an output quantity of interest which requires solving the discretized PDE with random98

inputs depending on the event ω. In this case, for a small discretization parameter h` the99

approximation of Zω by Z`(ω) is accurate yet computationally expensive.100

Let us further define expectation and covariance for the random variables Z1, . . . , ZL as101

µ` := E[Z`], c`,j := Cov(Z`, Zj), for all `, j ∈ {1, . . . , L}.102103

We write µ := (µ1, . . . , µL)T and define the model covariance matrix C := (c`,j)
L
`,j=1. We

assume throughout this paper that the expectations and variances of Z,Z1, . . . , ZL exist and
are finite. For every subset Q ⊆ {1, . . . , L} we define the principal submatrix of C as

CQ,Q := (c`,j)`,j∈Q ∈ R|Q|×|Q|.

We use a similar notation for vectors α ∈ RL with αQ := (α`)`∈Q ∈ R|Q|.104

Let us introduce the notation µ̂α for unbiased estimators of αTµ, i.e., estimators which105

satisfy E[µ̂α] = αTµ. In the special case of α = e`, that is, α is the `-th unit vector, we write106

µ̂` for an unbiased estimator of eT` µ = µ`.107

Finally, we introduce the notation ' defined as108

(2.2) ϕ(h) ' φ(h) ⇐⇒ ∃c0, c1 > 0 : c0φ(h) ≤ ϕ(h) ≤ c1φ(h)109

for deterministic functions φ, ϕ depending on h. We often abbreviate the constants c0, c1,110

which do not depend on h but may depend on other parameters, simply by c. Moreover, the111

value of this generic constant c may change from equation to equation.112

2.1. Multilevel best linear unbiased estimator. Our goal is to obtain a variance minimal,113

linear, unbiased estimator for αTµ for a given vector α ∈ RL. In [21] we employed a block114

linear model of the form115

(2.3) Y = Hµ+ η,116
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4 DANIEL SCHADEN AND ELISABETH ULLMANN

where Y is a vector of observations, H is the design matrix modeling a linear relationship be-117

tween parameters and observations, and η is a mean zero noise vector with a certain covariance.118

Denote the K := 2L−1 non-empty subsets of the set {1, . . . , L} by S1, . . . , SK ∈ 2{1,...,L}\{∅}.119

In particular,120

Sj 6= Sk, for j 6= k.121

We call each collection of indices Sj a model group. For an event ω we define the corresponding122

model group evaluation, the covariance, restriction and prolongation matrices, respectively,123

as follows:124

Zk(ω) := (Z`(ω))`∈Sk ∈ R|S
k|, Ck := CSk,Sk = Cov(Zk, Zk) ∈ R|S

k|×|Sk|,125

Rkv := vSk for all v ∈ RL, P k := (Rk)T ∈ RL×|S
k|.126127

Now consider mk ∈ N0 independent samples for each model group Sk, denoted by ωki , i =128

1, . . . ,mk. We also assume that ωki and ωji are independent for Sk 6= Sj . Let129

Ψ(m) :=
K∑
k=1

mkP
k(Ck)−1Rk ∈ RL×L, y :=

K∑
k=1

P k(Ck)−1
mk∑
i=1

Zk(ωki ) ∈ RL,130

where m = (m1, . . . ,mK)T . Then, the best linear unbiased estimator (BLUE) µ̂B(m) to131

estimate the vector µ associated with the sample numbers in m is the solution of the normal132

equation133

(2.4) Ψ(m)µ̂B(m) = y.134

Under certain assumptions the scalar value µ̂Bα(m) := αT µ̂B(m) is also the BLUE for αTµ and135

has the variance Var(µ̂Bα(m)) = αTΨ(m)−1α (see [21, Theorem 2.7]).136

2.2. Sample allocation optimal estimator. Observe that the estimator µ̂Bα(m) depends137

on the number of samples mk for each model group Sk. Now we want to select m in an optimal138

way given a fixed computational budget. We assume costs w` > 0 to compute a sample of Z`,139

` = 1, . . . , L. This incurs the cost140

Wk :=
∑
`∈Sk

w`141

to evaluate all models in the group Sk. For a fixed budget p > 0 we then solve the sample142

allocation problem:143

(2.5)


minm∈NK0

Var(µ̂Bα(m)) = αTΨ(m)−1α

s.t. Cost(µ̂Bα(m)) =
∑K

k=1mkWk ≤ p,
mk = 0, if |Sk| > κ.

144

In (2.5), the coupling number κ > 0 defines the maximal number of models that are evaluated145

for the same input ω. We then define the SAOB, κ estimator146

(2.6) µ̂SAOB,κ
α = αT µ̂B(m∗),147

This manuscript is for review purposes only.



ASYMPTOTIC ANALYSIS OF MULTILEVEL BEST LINEAR UNBIASED ESTIMATORS 5

where m∗ is a minimizer of (2.5). If the coupling number κ = +∞, we drop κ in the notation148

above. It can be proved that the SAOB is variance minimal in the class of linear unbiased149

estimators with costs bounded by p.150

Theorem 2.1 ([21, Theorem 3.2]). Let the model covariance matrix C be positive definite.151

Then any linear unbiased estimator µ̂α that uses only evaluations of Z1, . . . , ZL with cost152

Cost(µ̂α) ≤ p satisfies153

Var(µ̂α) ≥ Var(µ̂SAOB
α ).154

The SAOB is difficult to analyze since it depends on a minimizer m∗ of (2.5) and is constructed155

adaptively. In this paper we derive an upper bound on the asymptotic complexity of the SAOB156

by constructing a simpler estimator µ̂α which we can actually analyze for particular values of157

α = αL,q. This will be done in Section 4 with the help of Richardson extrapolation [4, 19].158

2.3. Main idea. Recall that RE employs linear combinations of a family of approximations159

with different accuracies to improve the overall accuracy. In our context we see that the160

BLUE µ̂BL defined in (2.4) (see also [21, Equ. (2.9)]) relies on the exact same idea. Indeed, by161

combining the definitions in [21, Equ. (2.9)], [21, Equ. (2.7)], and rearranging, it is easy to162

see that for suitable coefficients βk` it holds163

(2.7) µ̂BL =
K∑
k=1

∑
`∈Sk

βk`
1

mk

mk∑
i=1

Z`(ω
k
i ).164

That is, µ̂BL is a linear combination of correlated Monte Carlo estimators of µ1, . . . , µL which165

approximate the expectation E[Z] with different fidelities. Defining βk` = 0 if ` 6∈ Sk, and166

recalling that Z`(ω
k
i ) and Z`(ω

m
j ) are statistically independent for i 6= j or k 6= m, we see that167

the variance of µ̂BL has the form168

Var(µ̂BL ) =
K∑
k=1

1

mk
Var

∑
`∈Sk

βk` Z`

 =
K∑
k=1

1

mk
(βk)TCβk.169

Thus, if either
∑

`∈Sk β
k
` Z` or (βk)TCβk are asymptotically small, then a small number of170

samples mk for the model group Sk is sufficient to achieve a small estimator variance Var(µ̂BL ).171

In general, assume that some vectors α1, . . . , αK ∈ RL span the space RL, that αk` = 0 if172

` 6∈ Sk and that the variance (αk)TCαk ' φk(h) for some function φk, k = 1, . . . ,K. Then173

there exist weights g1, . . . , gK ∈ R such that eL =
∑K

k=1 gkα
k. Moreover, the estimator174

µ̂L =
K∑
k=1

∑
`∈Sk

gkα
k
`

1

mk

mk∑
i=1

Z`(ω
k
i )175

is an unbiased estimator for µL with variance176

Var(µ̂L) '
K∑
k=1

g2k
mk

φk(h).177
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The cost of µ̂L can now be studied following the same steps as in the complexity analysis of178

MLMC [9] if the rates g2kφ
k(h) w.r.t. h are known. Finally, Theorem 4.5 in Subsection 4.2179

shows that the SAOB has an equally large or smaller complexity compared to µ̂L.180

We remark that we carry out this analysis for a parametric model of common type181

where RE yields asymptotically small quantities g2kφ
k(h). However, the outlined strategy182

may be used for other types of models as long as the variances of the linear combinations183

Var(
∑

`∈Sk α
k
`Z`) are asymptotically small.184

2.4. Variance of linear unbiased estimators. We also study the asymptotic behavior of185

a lower bound for the variance of linear unbiased multilevel estimators. We specialize the186

results given in [21, Sec. 4] to the setting of parametric model families of the form (2.1).187

In [21, Corollary 4.4] it was proved that the variance of any linear unbiased estimator µ̂L188

for E[ZL] with at most M evaluations of the high fidelity model ZL and using only further189

samples of Z1, . . . , ZL−1 is bounded from below as follows:190

(2.8) Var(µ̂L) ≥ γmin :=
1

M
min

α ∈ RL,
αL = 1

αTCα.191

Moreover, a classical result in [11] shows that the minimizing vector α∗ and minimum γmin192

satisfy193

(2.9) α∗ = (−C−1Q,QCQ,L, 1)T , γmin = (CL,L − CL,QC−1Q,QCQ,L)/M,194

respectively, where Q = {1, . . . , L− 1}. We will prove the convergence and state convergence195

rates for γmin and α∗ w.r.t. the discretization parameter h = h1 in Section 5.196

3. Analysis of parametric model families. In this section we formulate the main assump-197

tion of our work, an asymptotic expansion linking the models in the family (2.1). This enables198

us to study the RE and the spectral properties of the model covariance matrix.199

3.1. Asymptotic expansion. We assume that the discretization parameters can be written200

as elements of a geometric series, that is, they satisfy201

(3.1) h` := s−`+1h, for all ` = 1, . . . , L,202

where s > 1 is a fixed constant. We denote h1 = h and state an assumption for RE that is203

used throughout the remainder of this paper.204

Assumption 3.1 (Expansion in h). Let q ∈ N, 0 = β1 < β2 < · · · < βq, and let q random205

variables (ck)
q+1
k=2 be given. We formulate the following assumptions:206

(i) There exists a remainder term rq(h) ∈ o(hβq ;h→ 0) such that for almost all events ω207

the realization Zω(h) satisfies208

(3.2) Zω(h) = Zω(0) +

{
c2(ω)r1(h), q = 1,∑q

k=2 ck(ω)hβk + cq+1(ω)rq(h), q ≥ 2.
209
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(ii) The random variables Z and (ck)
q+1
k=2 have bounded second moments with covariance210

matrix Kq ∈ R(q+1)×(q+1),211

(iii) There exists a constant qlow ≤ q such that for the truncated expansion212

(3.3) Zω(h) = Zω(0) +

qlow∑
k=2

ck(ω)hβk + clow(ω)rqlow(h)213

with rqlow ∈ o(hβqlow ;h → 0) the random variables Z and (ck)
qlow+1
k=2 have a positive214

definite covariance matrix Kqlow ∈ R(qlow+1)×(qlow+1).215

Assumption 3.1 (i) tells us that the approximation Zω(h) is close to the truth Zω(0) for216

sufficiently small h. If in addition q ≥ 2 we know the convergence rate of the remainder r1(h)217

term as h → 0. Assumption 3.1 (ii) ensures that the variance of Z is well defined. We will218

see that this allows us to derive upper bounds on γmin in (2.8). Assumption 3.1 (iii) enables219

us to derive lower bounds on γmin.220

3.2. Definition and properties of Richardson extrapolation. For convenience we intro-221

duce the notation r` for the remainder term on the right-hand side in (3.2) truncated after222

` ≤ q terms. Hence it holds r` ∈ o(hβ` ;h→ 0). The exact form of the remainder term is not223

relevant as long as its order w.r.t. h is preserved. Thus we may redefine the remainder term,224

e.g., to drop constants.225

If Assumption 3.1 (i) is satisfied, we define the RE recursively for j ∈ {1, . . . , q} as follows:226

Rjω(h) :=

{
Zω(h), if j = 1,

(sβjRj−1ω (h/s)−Rj−1ω (h))/(sβj − 1), if j > 1.
(3.4)227

228

Note that Rjω(h) depends on the event ω ∈ Ω only through the random variable Zω(h). The229

parameters sβj do not depend on ω ∈ Ω.230

It is well known that RE increases the order of individual approximations within a para-231

metric family. We now show that this is also the case in our setting.232

Lemma 3.2 (Richardson extrapolation). Let Assumption 3.1(i) be true. Then, for every233

j ∈ {1, . . . , q}, the RE satisfies234

(3.5) Rjω(h) = Zω(0) +

q∑
k=j+1

cjk(ω)hβk + cq+1(ω)rq(h),235

where the random variables cjk are scalar multiples of ck,236

(3.6) cjk(ω) = ajkck(ω),237

for some coefficients ajk 6= 0.238
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Proof. We use induction to show (3.5) and (3.6). The statement clearly holds for R1. For239

j ∈ {2, . . . , q} we insert the definition and apply the induction hypothesis. It follows240

Rjω(h) =
sβjRj−1ω (h/s)−Rj−1ω (h)

sβj − 1
241

= Zω(0) +
sβj
∑q

k=j c
j−1
k (ω)(h/s)βk −

∑q
k=j c

j−1
k (ω)hβk

sβj − 1
+ cq+1(ω)

sβjrq(h/s)− rq(h)

sβj − 1
242

= Zω(0) +

q∑
k=j+1

sβj−βk − 1

sβj − 1
cj−1k (ω)hβk + cq+1(ω)

sβjrq(h/s)− rq(h)

sβj − 1
.243

244

Now we define cjk(ω) and redefine the remainder rq accordingly and use the induction hypoth-245

esis for j − 1 to show the statement for j.246

Recall that RE linearly combines parametric approximations. Looking at (3.4) it is easy to247

see that the coefficient vectors αRE,q in the linear combination are recursively given as248

(3.7) αRE,j :=

{
e1, if j = 1,

(sβjDαRE,j−1 − αRE,j−1)/(sβj − 1), if j > 1,
249

where D is a downshift matrix. D corresponds to Rjω(h/s) using finer models compared to250

Rjω(h), and is defined as251

(3.8) D :=

(
0 0

Iq−1,q−1 0

)
∈ Rq×q.252

Importantly, the coefficients αRE,j in (3.7) do not depend on the event ω but only on β1, . . . , βq253

and s, which do not depend on ω. Since these recursively defined coefficients are not easy to254

handle for our purposes, we now express the RE directly as linear combination of the models255

Z1(ω), . . . , ZL(ω). For q ≤ L we define the RE with finest model ZL of size q as follows:256

(3.9) RL,qω := Rqω(s−L+qh) =

q∑
k=1

αRE,qk Zω(s−k+1s−L+qh) =
L∑
`=1

αL,q` Z`(ω),257

where the coefficient αL,q` in front of Z`(ω) is given by258

(3.10) αL,q` :=

{
0, if ` ≤ L− q,
αRE,q`−L+q, otherwise.

259

The coefficient αL,qL in front of ZL(ω) satisfies260

(3.11) αL,qL =

q∏
k=2

sβk

sβk − 1
≥ 1.261

Let us now define the difference of two consecutive REs as follows:262

(3.12) ∆Rk,qω := Rk,min{k,q}
ω −Rk−1,min{k−1,q}

ω ,263
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where we define R0,0
ω := 0. Analogously, we define the associated coefficients264

(3.13) ∆αk,q := αk,min{k,q} − αk−1,min{k−1,q}.265

Next we bound the variance of the difference of two consecutive REs by an expresssion with266

a certain rate w.r.t. h. To this end we define267

(3.14) γk,q(h) :=

{
h2βk , k ≤ q,
(rq(s−k+qh))2, k > q.

268

We obtain the following result.269

Lemma 3.3. Let Assumption 3.1 (i)− (ii) be satisfied. Then for all k ∈ {1, . . . , L}, asymp-270

totically as h→ 0, the variance of the difference of two consecutive REs is bounded by271

(3.15) Var(∆Rk,qω ) = (∆αk,q)TC∆αk,q ≤ cγk,q(h).272

Proof. For k = 1 the bound in (3.15) follows immediately since β1 = 0 and the variance273

of274

∆R1,q
ω = R1,1

ω = R1
ω(s−1+1h) = Zω(0) +

q∑
k=2

c1k(ω)(h)βk + cq+1(ω)rq(h)275

is bounded by Assumption 3.1(ii). For k = 2, . . . , q we consider (3.5) and obtain276

Var(∆Rk,qω ) = Var(Rk,kω −Rk−1,k−1ω ) = Var(−ck−1k (ω)hβk + o(hβk ;h→ 0)),277278

from which we deduce (3.15). Finally, for k > q we have279

Var(∆Rk,qω ) = Var(Rk,qω −Rk−1,qω ) = Var(cq+1(ω)[rq(s−k+qh)− rq(s−k+q+1h)])280

≤ c(rq(s−k+qh)− rq(ss−k+qh))2,281282

which has the same rate as (rq(s−k+qh))2. This concludes the proof.283

3.3. Spectral properties of the model covariance matrix. In this section we study the284

asymptotic behavior of the eigenvalues and eigenvectors of the model covariance matrix C in285

terms of the discretization parameter h = h1. To this end we define the auxiliary vectors286

bk := (s(−`+1)βk)L`=1 ∈ RL for all k = 1, . . . , q.(3.16)287288

We will see that we can bound the inner products vTCv using the vectors in (3.16).289

Lemma 3.4. Let Assumption 3.1(i)–(ii) be true. Then the vectors b1, . . . , bq are linearly290

independent. Furthermore, for every v ∈ RL it holds291

(3.17) vTCv ≤ λmax(Kq)

q∑
k=1

h2βk(vT bk)2 + o(‖v‖2(rq(h))2;h→ 0).292

If in addition Assumption 3.1(iii) is satisfied, then it holds293

(3.18) vTCv ≥ λmin(Kqlow)

qlow∑
k=1

h2βk(vT bk)2 + o(‖v‖2(rqlow(h))2;h→ 0).294
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10 DANIEL SCHADEN AND ELISABETH ULLMANN

Proof. The vectors bk are linearly independent since the leading q× q principal submatrix295

of the matrix296 (
1
sβ1
b1 1

sβ2
b2 · · · 1

sβq
bq
)
∈ RL×q297

is a Vandermonde matrix. Now, observe that the discretization parameters satisfy298

(3.19) hβk` = s(−`+1)βkhβk = bk`h
βk .299

We define bq+1
j such that the remainder term satisfies rq(hj) = hβq+1bq+1

j for βq+1 := βq.300

Combining (3.19) with Assumption 3.1 (i) and using the abbreviation c1 := Z we arrive at301

Cov(Zi, Zj) =

q+1∑
k,n=1

hβkbki Cov(ck, cn)hβnbnj .302

303

For v ∈ RL we obtain the upper bound (3.17)304

vTCv =
L∑

i,j=1

vi Cov(Zi, Zj)vj =

q+1∑
k,n=1

(
hβk

L∑
i=1

vib
k
i

)
Cov(ck, cn)

hβn L∑
j=1

vjb
n
j

305

≤ λmax(Kq)

q+1∑
k=1

h2βk(vT bk)2.306

307

Now we use hβq+1bq+1
` = rq(h`) to show the upper bound308

h2βq+1(vT bk)2 ≤ ‖v‖2
L∑
`=1

(hβq+1bq+1
` )2 = ‖v‖2

L∑
`=1

(rq(h`))
2.309

The lower bound (3.18) follows analogously.310

It is not difficult to show that, up to higher order terms, C is a sum of rank one updates of311

the vectors b1, . . . , bq. That is,312

C =

q∑
k,n=1

hβkhβn Cov(ck, cn)bk(bn)T + h.o.t.313

We now construct an orthonormal basis (ONB) u1, . . . , uq using the vectors b1, . . . , bq by314

Gram–Schmidt orthogonalization, that is,315

span(b1, . . . , bk) = span(u1, . . . , uk), for all k ∈ {1, . . . , q},316

(uk)Tu` = δk`, for all k, ` ∈ {1, . . . , q},317318

where δk` denotes the Kronecker Delta. We add suitable vectors uq+1, . . . , uL such that the319

vectors u1, . . . , uL form an ONB of RL. Then, Lemma 3.4 together with the orthogonality320

bk ⊥ u` for k < ` implies321

(3.20) (u`)TCu`

{
' γ`,q(h), if ` ≤ qlow,
≤ cγ`,q(h), otherwise.

322
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This allows us derive bounds on the eigenvalues of the model covariance matrix C. We denote323

and order the eigenvalues of C as follows:324

(3.21) λ1(C) ≥ λ2(C) ≥ · · · ≥ λL(C) ≥ 0.325

326

Theorem 3.5 (Eigenvalue bound for C). Let Assumption 3.1(i)–(ii) be satisfied. Then,327

asymptotically as h→ 0, the kth largest eigenvalue of C is bounded from above by328

(3.22) λk(C) ≤ cγk,q(h).329

If in addition Assumption 3.1 (iii) is true, then for k ≤ qlow we have the lower bound330

(3.23) λk(C) ≥ cγk,q(h),331

asymptotically as h→ 0.332

Proof. The proof is presented in Appendix A.333

Theorem 3.5 shows that the model covariance matrix C is ill-conditioned in the limit h→ 0.334

This is an intuitive result, since for small values of h the random variables Z1, . . . , ZL have335

nearly identical realizations and are thus highly correlated. In particular, the condition number336

κ2(C) explodes if ZL can be well approximated by linear combinations of Z1, . . . , ZL−1. We337

make this statement precise in the next corollary.338

Corollary 3.6. Let Assumption 3.1 (i)–(ii) be satisfied. Then the condition number of the339

model covariance matrix C is bounded from below by340

κ2(C) ≥ c(γL,q(h))−1,341

asymptotically as h→ 0. If in addition Assumption 3.1 (iii) holds with qlow = q = L, then342

κ2(C) ' c(γL,q(h))−1,343

asymptotically as h→ 0.344

We are further able to quantify the convergence of the eigenvectors of C. To this end we345

define the gap βgap(k) as follows:346

βgap(k) :=


β2 − β1, if k = 1,

min{βk+1 − βk, βk − βk−1}, if 1 < k < qlow,

βqlow − βqlow−1, if k ≥ qlow.
347

348

Theorem 3.7 (Convergence of eigenvectors of C). Let Assumption 3.1(i)–(iii) be satisfied349

and let qlow = q = L. Then the eigenvectors vk corresponding to the eigenvalue λk(C) satisfy350

dist(vk, span(uk)) ≤ c‖vk‖hβgap(k)
,(3.24)351352

asymptotically as h→ 0.353
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12 DANIEL SCHADEN AND ELISABETH ULLMANN

Proof. The proof is given in Appendix B.354

Finally, we relate the vectors u1, . . . , uL to the RE coefficients in (3.13).355

Lemma 3.8. Let Assumption 3.1 (i)–(iii) be true. Then it holds356

(3.25) uk ∈

{
span(∆αk,q, . . . ,∆αL,q), if k ≤ qlow,
span(∆αqlow,q, . . . ,∆αL,q), if k > qlow.

357

Proof. We apply (3.18) and (3.15) to conclude bk ⊥ ∆α` for k < ` and k ≤ qlow. With358

span(b1, . . . , bk−1) = span(u1, . . . , uk−1) we conclude359

span(u1, . . . , uk−1) ⊥ span(∆αk,q, . . . ,∆αL,q).360

This proves (3.25) for k ≤ qlow. The case k > qlow also follows from these arguments.361

Let us comment on the relation (3.25). The vector uk corresponds to a linear combination of362

RE differences starting with index k. That is, there exist deterministic coefficients (a`)
L
`=1,363

such that364

L∑
`=1

uk`Z`(ω) =
L∑
`=k

a`∆R
`,q
ω .365

366

Furthermore, for qlow = q = L the vectors uL, . . . , u2 can also be obtained by Gram–Schmidt367

orthogonalization of the difference vectors ∆αL,q, . . . ,∆α2,q.368

4. Complexity analysis. We return to the complexity analysis of the SAOB in (2.6). To369

begin, we define an estimator termed Richardson extrapolation estimator, and analyze its370

properties. We will then show that the RE estimator allows us to bound the complexity of371

the SAOB.372

4.1. Richardson extrapolation estimator. Let us define the RE estimator with finest373

model index L and coupling number κ, 2 ≤ κ ≤ L, as follows:374

(4.1) µ̂RE,κ
αL,κ−1 :=

L∑
`=1

ÊMC
(

∆R`,κ−1ω

)
=

L∑
`=1

L∑
j=1

∆α`,κ−1j

(
1

N`

N∑̀
i=1

Zj(ω
`
i )

)
.375

In (4.1) we combine L statistically independent Monte Carlo estimators using N` samples each.376

Hence, two events ω`i and ωkj are independent if the subscript or superscript differ. The terms377

∆αL,κ−1 in (4.1) are defined in (3.13) as the coefficients in the difference of two consecutive378

REs ∆RL,κ−1 on level L of size κ− 1. The coupling number κ denotes the maximum number379

of models that are coupled, that is, at most κ models out of Z1, . . . , ZL are evaluated with the380

same input event ω. At the first glance the sum over j in (4.1) seems to require us to evaluate381

all models on all events (ω`i )
N`
i=1. However, from (3.13) we conclude that at most κ entries of382

the vector ∆α`,κ−1 are non-zero. This justifies the name coupling number for κ.383
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For κ = 2 the RE estimator in (4.1) coincides with the Multilevel Monte Carlo (MLMC)384

estimator [8, 9]. To see this, consider the telescoping sum relation385

RL,1ω =
L∑
`=2

(R`,min{`,1}
ω −R`−1,min{`−1,1}

ω ) +R1,1
ω =

L∑
`=1

∆R`,1ω =
L∑
`=1

L∑
j=1

∆α`,1j Zj(ω).(4.2)386

It is now easy to show that α`,1 = e` is the `-th unit vector, ∆α`,1 = e` − e`−1, ` ≥ 2, and387

∆α1,1 = e1. Hence it follows388

RL,1ω =
L∑
`=2

(Z`(ω)− Z`−1(ω)) + Z1(ω) = ZL(ω),389

and390

µ̂RE,2
αL,1

=

L∑
`=2

1

N`

N∑̀
i=1

(Z`(ω
`
i )− Z`−1(ω`i )) +

1

N1

N1∑
i=1

Z1(ω
1
i )391

is indeed the MLMC estimator. We remark that for the coupling number κ = 3, an RE392

estimator as in (4.1) is discussed briefly in [8, p. 612] for the special case s = M and393

exponents β1 = 0, β2 = 1, β3 = 2 in Assumption 3.1. The goal in [8] is to eliminate the394

leading order bias term.395

Note that a telescoping sum relation as in (4.2) holds also for κ > 2. Hence most results396

in this section follow straightforwardly from the MLMC theory [9]. First, we prove that the397

RE estimator is an unbiased estimator for (αL,κ−1)Tµ and analyze its bias rate. Note that398

classical multilevel estimators such as MLMC are unbiased estimators for µL. In general,399

αL,κ−1 6= eL and thus the RE estimator is not unbiased for µL.400

Lemma 4.1 (RE estimator bias). Let Assumption 3.1 (i) and (ii) be true and let κ ≤ q+1.401

Then, the estimator µ̂RE,κ
αL,κ−1 is an unbiased estimator for E[RL,κ−1] = (αL,κ−1)Tµ. The bias402

w.r.t. Z is bounded from above by403

(4.3) |E[µ̂RE,κ
αL,κ−1 ]− E[Z]| ≤ crκ−1(s−L+κ−1h) ≤ c

{
s−Lβκ−1hβκ−1 , κ = q + 1,

s−Lβκhβκ , κ ≤ q,
404

asymptotically as h→ 0.405

Proof. The telescoping sum in the definition of µ̂RE,κ
αL,κ−1 in (4.1) and R0,0

ω = 0 show that406

µ̂RE,κ
αL,κ−1 is an unbiased estimator for E[RL,κ−1]. Next, we revisit Lemma 3.2 and set j = κ− 1407

in (3.5) to obtain408

RL,κ−1ω − Zω(0) = Rκ−1ω (s−L+κ−1h)− Zω(0) = cκ(ω)rκ−1(s−L+κ−1h),409

where cκ is a random variable with bounded first and second moment. Now we take the410

expectation and use the fact that rκ−1 is deterministic to obtain411

E[µ̂RE,κ
αL,κ−1 ]− E[Z] = E[RL,κ−1ω ]− E[Zω(0)] ≤ E[cκ]rκ−1(s−L+κ−1h).412

The bound in (4.3) for κ = q + 1 follows since rκ−1 ∈ o(hβκ−1 ;h → 0). If κ ≤ q we have the413

improved rate rκ−1(h) = hβκ in (3.2).414
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Next we investigate the variance of the RE estimator.415

Lemma 4.2 (RE estimator variance). Let Assumption 3.1 (i) and (ii) be true and let416

κ ≤ q + 1. Then it holds417

(4.4) Var(∆R`,κ−1ω ) ≤ cγ`,κ−1(h) ≤ c

{
s−2`βκ−1h2βmin{`,κ−1} , κ = q + 1,

s−2`βκh2βmin{`,κ} , κ ≤ q.
418

asymptotically as h→ 0.419

Proof. The first inequality in (4.4) follows from Lemma 3.3. For κ = q + 1 and ` ≤ κ− 1420

we use s2`βκ ≤ s2(κ−1)βκ to estimate421

γ`,κ−1(h) = s2`βκs−2`βκh2β` ≤ s2(κ−1)βκs−2`βκh2β` .422

For ` ≥ κ we use rκ−1(h) ∈ o(hβκ−1 ;h→ 0) to get423

γ`,κ−1(h) = (rκ−1(s−`+κ−1h))2 ≤ cs2(κ−1)βκ−1s−2`βκ−1h2βκ−1 .424

In case of κ ≤ q we look at the definition of γ`,κ−1 and use rκ−1(h) = hβκ to get425

γ`,κ−1(h) =

{
h2β` , ` ≤ κ− 1,

(rκ−1(s−`+κ−1h))2, ` > κ− 1.
426

=

{
s−2`βκ+2`βκh2β` , ` ≤ κ− 1,

s−2`βκ+2(κ−1)βκh2βκ , ` > κ− 1.
427

≤ s2(κ−1)βκs−2`βκh2βmin{`,κ} .428429

This concludes the proof.430

Finally, we study the computational complexity of the RE estimator for E[Z] up to a given431

tolerance ε2 w.r.t. the mean square error (MSE). The next theorem is a variant of the MLMC432

Complexity Theorem (see [9, Theorem 2.1] or [7, Theorem 1]).433

Theorem 4.3 (RE Complexity Theorem). Assume that there exist positive constants βBias,434

βVar and βCost, such that the following statements hold:435

(M1) |E[µ̂RE,κ
αL,κ−1 ]− E[Z]| ≤ c1s−Lβ

Bias
,436

(M2) Var(∆R`,κ−1) ≤ c2s−`β
Var

,437

(M3) Cost(∆R`,κ−1) ≤ c3s`β
Cost

,438

where the constants c1, c2, c3 > 0 are independent of `. Then there exists a final level L > 0439

and a sequence of samples {N`}L`=1 to achieve a MSE error bound440

E[|µ̂RE,κ
αL,κ−1 − E[Z]|2] ≤ ε2441

with costs bounded by442

(4.5) Cost(µ̂RE,κ
αL,κ−1) ≤ cε−βCost/βBias

+ c


ε−2, if βCost < βVar,

ε−2(log ε)2, if βCost = βVar,

ε
−2−β

Cost−βVar

βBias , if βCost > βVar.

443
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Proof. The proof is analogous to the proof for [7, Theorem 1]. Note that we do not444

use the assumption βBias ≥ min{βVar, βCost}/2. Thus we do not explicitly bound the term445

ε−β
Cost/βBias

.446

To finish the complexity analysis we state the rates for βBias, βVar, and βCost in (4.5).447

Corollary 4.4 (RE complexity bound). Assume that the costs to obtain a sample Z` on level448

` scale as449

(4.6) Cost(Z`) ≤ cs`β
Cost

,450

and that Assumption 3.1 (i)–(ii) are satisfied. Then Theorem 4.3 holds with rates451

βBias =

{
βκ−1, κ = q + 1,

βκ, κ ≤ q,
and βVar =

{
2βκ−1, κ = q + 1,

2βκ, κ ≤ q.
452

453

Proof. Assumption (M1) in Theorem 4.3 follows from Lemma 4.1, and Assumption (M2)454

follows from Lemma 4.2. Finally, the cost assumption (M3) can be proved using the geometric455

cost increase in (4.6), and by observing that456

Cost(∆R`,κ−1) ≤
∑̀
j=1

Cost(Zj) ≤ cCost(Z`).457

4.2. SAOB. Now we return to the SAOB in (2.6). We prove the main result in this458

section: To achieve a MSE bounded by ε2 where ε > 0 is a given tolerance, the estimator459

µ̂SAOB
αL,κ−1 requires a computational complexity which is not larger than the complexity of the460

RE estimator µ̂RE,κ
αL,κ−1 . To this end we make a general observation on the complexity of the461

SAOB.462

Theorem 4.5 (Complexity bound for SAOB). Assume that the model covariance matrix463

C is positive definite. Let µ̂α be a linear unbiased estimator for αTµ using only the models464

Z1, . . . , ZL such that a MSE of ε2 is achieved with a cost bounded by φ(ε2) for some function465

φ. That is, it holds466

E[|µ̂α − E[Z]|2] ≤ ε2, and Cost(µ̂α) ≤ φ(ε2).467468

Then, the estimator µ̂SAOB
α achieves a MSE bounded by ε2 with the same cost bound. That is,469

E[|µ̂SAOB
α − E[Z]|2] ≤ ε2, and Cost(µ̂SAOB

α ) ≤ φ(ε2).470471

Proof. We use the bias variance decomposition and the required bound on the MSE to472

show473

E[(µ̂α − E[Z])2] = (αTµ− E[Z])2 + Var(µ̂α) ≤ ε2.474

Now, the estimator µ̂SAOB
α has the same bias as µ̂α. Therefore we only compare the variance475

of µ̂SAOB
α and µ̂α, respectively, as unbiased estimators of αTµ. If we choose p = Cost(µ̂α) in476

Theorem 2.1, then – by construction – the estimator µ̂SAOB
α has an equally large or smaller477

variance than µ̂α. This shows the claim.478
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Next, observe that Theorem 4.5 allows us to state a complexity bound for the SAOB in the479

case α = αL,κ−1.480

Corollary 4.6 (SAOB complexity bound). Assume that the costs to obtain a sample of Z`481

on level ` scale as follows:482

Cost(Z`) ≤ cs`β
Cost

,483

and that Assumption 3.1 (i)–(ii) are satisfied. Furthermore, assume that C is positive definite.484

Then the complexity bound in Theorem 4.3 holds with the rates485

βBias =

{
βκ−1, κ = q + 1,

βκ, κ ≤ q,
, βVar =

{
2βκ−1, κ = q + 1,

2βκ, κ ≤ q.
486

487

if we replace the RE estimator µ̂RE,κ
αL,κ−1 by the estimator µ̂SAOB

αL,κ−1.488

Proof. The assumptions of Corollary 4.4 are satisfied and thus Theorem 4.3 holds with489

the rates stated for µ̂RE,κ
αL,κ−1 . Now Theorem 4.5 tells us that the bounds in (4.5) are upper490

bounds for the complexity of µ̂SAOB
αL,κ−1 .491

Remark 4.7. Recall that for κ = 2 it holds αL,κ−1 = eL, and that the RE estimator µ̂RE,2
αL,κ−1492

coincides with the MLMC estimator µ̂MLMC
αL,κ−1 . Hence, Theorem 4.5 tells us that the complexity493

of the SAOB µ̂SAOB
L and µ̂SAOB,κ

L (κ ≥ 2) is asymptotically not worse than the complexity of494

the MLMC estimator µ̂MLMC
L .495

Remark 4.8. The treatment of the general case α ∈ RL in Corollary 4.6 is possible, how-496

ever, it requires us to work with a family of SAOBs defined by a suitable sequence of vectors497

(αn)n∈N. The reason is that a bias of arbitrary order ε cannot be reached by working with a498

fixed vector α ∈ RL; the vector α must depend on the given tolerance ε. Note that this detail499

is also present in the MLMC Complexity Theorem in [7, 9] where the vector α = eL ∈ RL500

depends on the final level L and thus on the tolerance ε.501

4.3. Weighted Richardson extrapolation estimator. Note that the complexity bound502

for the SAOB µ̂SAOB
αL,κ−1 in Corollary 4.6 is based on the variance reduction rate βVar = 2βκ503

associated with the RE estimator µ̂RE,κ
αL,κ−1 as proved in Corollary 4.4. If we can construct504

an estimator with the same bias and cost but a larger variance reduction rate, this will also505

improve the complexity bound for the SAOB. We now explain briefly how a larger rate βVar506

might be achieved.507

Observe that the RE estimator in (4.1) is based on the expansion508

αL,κ−1 =

L∑
`=1

∆α`,κ−1.509

The use of ∆αL,κ−1 in this expansion yields a variance reduction rate βVar = 2βκ. Alterna-510

tively, let g1, . . . , gL be weights such that511

(4.7) αL,κ−1 =
L∑
`=1

g`∆α
`,q,512
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where we use the fact that the vectors ∆α1,q, . . . ,∆αL,q form a basis of RL. This property513

follows from ∆α`,qj = 0 for j > ` and ∆α`,q` = α`,q` ≥ 1. Importantly, the expansion in (4.7)514

uses the terms ∆αL,q which enables a larger rate βVar = 2βq.515

Using the representation in (4.7) we define a weighted version of the RE estimator:516

(4.8) µ̂αL,κ−1 =
L∑
`=1

g`Ê
MC [∆R`,q−1ω ] =

L∑
`=1

L∑
j=1

g`∆α
`,q−1
j

(
1

N`

N∑̀
i=1

Zj(ω
`
i )

)
.517

By construction, µ̂αL,κ−1 in (4.8) is an unbiased estimator for µαL,κ−1 . Lemma 4.2 then tells518

us that the variance on every level satisfies519

Var(g`∆R
`,q−1) ≤ cg2` Var(∆R`,q−1) ≤ cg2` s−2`βq .520

Now, if the coefficients g` are uniformly bounded w.r.t. ` and independently of L, then521

Assumption (M2) in Theorem 4.3 holds with the rate βVar = 2βq for the weighted RE estimator522

in (4.8).523

5. Bounding the variance. We now return to the lower bound γmin in (2.8). The asymp-524

totic behavior of γmin can be characterized as follows.525

Theorem 5.1 (Convergence rate of γmin). Let Assumption 3.1(i)–(ii) be satisfied. Then,526

asymptotically as h→ 0, γmin is bounded from above by527

(5.1) γmin ≤ cγL,q(h).528

If in addition Assumption 3.1(iii) holds with qlow = q = L, then529

(5.2) γmin ' cγL,q(h).530

In this case, the unique minimizer α∗ in (2.8) satisfies the estimate531

(5.3)
∥∥α∗ − uL/uLL∥∥ =

∥∥∥α∗ −∆αL,q/∆αL,qL

∥∥∥ ≤ chβq−βq−1 .532

Proof. The upper bound in (5.1) for q ≤ L follows from Lemma 3.3 by choosing533

α = ∆αL,q/∆αL,qL534

in the minimization problem (2.8). Note that ∆αL,qL = αL,qL 6= 0 by (3.11).535

Now we consider qlow = q = L and rewrite (2.8) in terms of the eigenvectors (v`)L`=1 of C:536

min
w∈RL

L∑
`=1

w2
`λ`, such that αL =

L∑
`=1

w`v
`
L = 1.537

Using standard techniques from convex optimization [3, Section 5.5.3.] the minimizer is538

w` =

(
L∑
k=1

λ`
λk

(vkL)2

)−1
v`L for all ` = 1, . . . , L.539
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We insert the minimizer into the objective function to arrive at (5.2). Indeed, it holds540

L∑
`=1

w2
`λ` =

L∑
`=1

(
L∑
k=1

√
λ`
λk

(vkL)2

)−2
(v`L)2 ' λL/(vLL)2,541

where we used Theorem 3.5 and Theorem 3.7 for limh→0(v
L
L)2 = (uLL)2. Note that we have542

uL ∈ span(∆αL,q) by (3.25) and ∆αL,qL = αL,qL 6= 0 by (3.11) showing that (vLL)2 > c > 0 for543

h small enough. Finally, it holds544

dist(α∗, span(vL))2 =

L−1∑
`=1

w2
` ≤ c

L−1∑
`=1

h4βq−4β` ≤ ch4βq−4βq−1 .545

Combining this with Theorem 3.7 gives the desired error bound (5.3).546

The estimate in (5.3) tells us that the minimizing vector α∗ can be well approximated in terms547

of RE coefficients. This demonstrates again the key role that Richardson extrapolation plays548

in the analysis of the multilevel BLUE (2.4). Notably, the approximation ∆αL,q/∆αL,qL is549

computable if the rates βk in Assumption 3.1 are known and does not require solves with the550

ill-conditioned covariance matrix CQ,Q as in (2.9). Finally, observe that the approximation551

error of α∗ in (5.3) is of order hβq−βq−1 . Replacing the optimal value α∗ in (2.9) by the552

approximation uL/uLL gives a variance bound of the exact same order w.r.t. h as for γmin.553

Indeed, asymptotically as h→ 0 it holds554

(uL)TCuL/(uLL)2 ' h2βq ' γmin.555

As a by-product we can also analyze the variance of the RE estimator defined in (4.1).556

We have the following lower bound.557

Corollary 5.2 (Variance bound for the RE estimator). Let Assumption 3.1 (i)–(ii) be true558

and let L = q = κ− 1. Then the variance of the RE estimator µ̂RE,κ
αL,κ−1 is bounded from below559

by560

(5.4) Var(µ̂RE,κ
αL,κ−1) ≥ 1

NL
(∆αL,κ−1)TC∆αL,κ−1 ≥ (αL,κ−1L )2γmin.561

Proof. The proof is analogous to the proof of [21, Corollary 5.2]. The first inequality in562

(5.4) follows from the definition of µ̂RE,κ
αL,κ−1 in (4.1), and by simply dropping the variance terms563

for the levels ` = 1, . . . , L− 1. For the second inequality observe that564

1

NL
(∆αL,κ−1)TC∆αL,κ−1 ≥ 1

NL
(∆αL,κ−1L )2 min

α ∈ RL,
αL = 1

(α)TCα = (αL,κ−1L )2γmin.565

Note that the lower bound on the right-hand side of (5.4) cannot be smaller than γmin. Indeed,566

in (3.11) we see that αL,κ−1L ≥ 1. This is consistent with the theory since the RE estimator567

µ̂RE,κ
αL,κ−1 is in general not variance minimal.568
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Model #Nodes w` w`/w`−1 Var(Z`) Bias(Z`)

Z1 81 0.0020s – 8.30 · 100 1.90 · 10−1

Z2 289 0.0026s 1.33 4.16 · 101 7.05 · 10−2

Z3 1089 0.0052s 2.00 7.10 · 101 1.98 · 10−2

Z4 4225 0.0199s 3.81 8.16 · 101 4.88 · 10−3

Z5 16641 0.0820s 4.13 8.46 · 101 9.84 · 10−4

Z6 66049 0.3585s 4.37 8.53 · 101 2.71 · 10−4

Table 1: PDE example (ρ = 0.5, σ2 = 3): The number of finite element basis functions
(#Nodes) characterizes the discretization. w` is the average time to compute a realization
of Z`, and the cost increase factor is denoted by w`/w`−1. The last two columns contain the
estimates for the variance and bias.

Finally, we remark that a result analogous to Corollary 5.2 can also be proved for the569

weighted RE estimator in (4.8) where we simply have to multiply the bounds in (5.4) by the570

square of the last weight g2L.571

6. Numerical experiments. In this section we verify the main results of this paper nu-572

merically. We revisit the example in [21, Sec. 6.3]. The random variable Z is the domain573

average574

(6.1) Z(ω) :=
1

|Dobs|

∫
Dobs

y(x, ω)dx,575

where Dobs := (3/4, 7/8) × (7/8, 1) is a subset of the unit square domain D := (0, 1)2. The576

function y solves the elliptic PDE such that for almost all ω it holds577

(6.2)
−div(a(x, ω)∇y(x, ω)) = 1, x ∈ D,

y(x, ω) = 0, x ∈ ∂D.
578

The diffusion coefficient is a(x, ω) := exp(b(x, ω)), where b is a mean zero Gaussian random579

field with Whittle–Matérn covariance function [22] with smoothness parameter ν = 3/2, vari-580

ance σ2 = 3, and correlation length ρ = 0.5. To discretize Z we use a standard piecewise581

linear finite element (FE) discretization of (6.2) with L = 6 different levels of accuracy. We582

obtain Z` by uniform refinement of the previous mesh, starting with a regular grid for Z1.583

This gives s = 2 in the cost assumption (M3) in Theorem 4.3. We define the bias as follows:584

(6.3) Bias(Z`) := |E[Z`]− E[Z]|.585

The discretization data is summarized in Table 1. We use 105 pilot samples to estimate the586

Bias in (6.3), the model covariance matrix C, and the average cost w` to compute a sample587

of Z`. The cost for the pilot samples is not included in the subsequent analysis. The fourth588

column in Table 1 suggests the cost increase rate βCost = 2 which corresponds to a four-fold589

cost increase as expected in 2D space.590
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Figure 1: PDE example (ρ = 0.5, σ2 = 3): Biases and variances for several quantities plotted
against the mesh size h`.

Since the random field b is smooth and we integrate over y in (6.1), we expect a RE591

expansion of the form592

(6.4) Zω(h) = Zω(0) + c2(ω)h2 + c3(ω)h4 + o(h4)593

for h → 0. The parameter h denotes the maximal diameter of an element in the FE mesh.594

If the expansion in (6.4) holds, we have β1 = 0, β2 = 2, β3 = 4 and q = 3. Moreover, if the595

level ` is sufficiently large we expect to observe the following rates w.r.t. the mesh size h`596

according to the theoretical results in Subsection 4.1:597

(6.5)

Var(Z`) ' h0` , Bias(Z`) ' h2` ,
(∆α`,1)TC∆α`,1 ' h4` , Bias((α`,2)T (Zj)

`
j=1) ' h4` ,

(∆α`,2)TC∆α`,2 ' h8` .
598

Note that Assumption 3.1 is not necessary to obtain Theorem 4.3. It is sufficient to provide599

bias and variance rates as in Corollary 4.4. Therefore we assume in the remainder of this600

section that the rates in (6.5) hold. The numerical verification of these rates is provided in601

Figure 1. A formal proof of the rates in (6.5) or the expansion in (6.4) is beyond the scope of602

this paper.603

6.1. Complexity of estimators for µL. In this section we study the computational com-604

plexity of various unbiased estimators to approximate µL = E[ZL]. These estimators have to605

be distinguished from the RE estimators which are in general not unbiased for µL. Precisely,606

we consider Monte Carlo µ̂MC
L , Multilevel Monte Carlo µ̂MLMC

L , Multifidelity Monte Carlo607

µ̂MFMC
L , and the SAOB µ̂SAOB,2

L , µ̂SAOB,3
L , and µ̂SAOB

L with coupling numbers κ = 2, κ = 3608

and κ = +∞, respectively.609

Consider an estimator µ̂` which is an unbiased estimator for µ` = E[Z`]. We measure the610
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accuracy of µ̂` by the MSE611

(6.6) E[(µ̂` − E[Z])2] = Bias(Z`)
2 + Var(µ̂`).612

For each level ` = 1, . . . , L we ensure that Bias(Z`)
2 = Var(µ̂`) resulting in a MSE equal to613

2·Bias(Z`)
2. Let ε > 0 denote a given tolerance. To achieve a MSE ≤ ε2 in (6.6) all estimators614

in this section require a computational cost bounded by a term of the form615

(6.7) Cost(µ̂`) ≤ φ(ε) = φRound(ε) + φVar(ε),616

where φRound is the complexity induced by rounding the (optimal) number of samples N` to617

the nearest integer, and φVar is the complexity due to the variance of the estimator. Given618

the bias, variance and cost rates βBias, βVar and βCost, respectively, it can be shown that for619

all estimators in this section it holds620

(6.8) φRound(ε) = cε−β
Cost/βBias

621

and622

(6.9) φVar(ε) = c


ε−2, if βCost < βVar,

ε−2(log ε)2, if βCost = βVar,

ε−2−(β
Cost−βVar)/βBias

, if βCost > βVar.

623

Indeed, for MLMC the complexity bounds in (6.7)–(6.9) can be proved by following the proof624

of the MLMC Complexity Theorem [7, Theorem 1]. Within this proof it is clear that the term625

ε−β
Cost/βBias

is introduced by rounding up the (optimal) number of samples. For Multifidelity626

Monte Carlo it has been proved in [15] that the complexity bounds are the same as for627

MLMC. For Monte Carlo, observe that it always holds βCost > βVar = 0. Hence we obtain628

the complexity629

Cost(µ̂MC
L ) ≤ cε−βCost/βBias

+ cε−2−β
Cost/βBias ≤ cε−2−βCost/βBias

630

which is consistent with the literature (see e.g. [7]). Finally, for the SAOB-type estimators631

the complexity bounds (6.7)–(6.9) follow from Theorem 4.5 and the complexity bounds for632

the RE estimator in Theorem 4.3. Note that for complexity bounds of the form (6.7)–(6.9)633

the minimal complexity is always of order ε−2 due to the term φVar. The cost due to rounding634

φRound is the same for all estimators.635

We record the theoretically proven complexity of the estimators in Table 2. In the fourth636

column of Table 2 we work with the true cost rate βCost = 2 as suggested in Table 1. We637

observe that in this case all estimators have the optimal complexity ε−2 except the standard638

Monte Carlo estimator with complexity ε−3. These theoretical complexity bounds are verified639

numerically in the left panel of Figure 2 where we plot the computed costs. We generated this640

plot by first computing the optimal fractional number of samples and then ceiling the number641

of samples.642

Next we discuss the theoretical basis for the complexity bounds in the fourth column643

of Table 2 in detail. The bias rate βBias = 2 follows from Bias(Z`) ' h2` in (6.5) and is644
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Estimator True (βCost = 2) Manufactured (βCost = 6)

βBias βVar φ(ε) φVar(ε) φ(ε)

µ̂MC
L 2 0 ε−3 ε−5 ε−5

µ̂MLMC
L 2 4 ε−2 ε−3 ε−3

µ̂MFMC
L 2 4 ε−2 ε−3 ε−3

µ̂SAOB,2
L 2 4 ε−2 ε−3 ε−3

µ̂SAOB,3
L 2 4 ε−2 ε−3 ε−3

µ̂SAOB
L 2 4 ε−2 ε−3 ε−3

Table 2: PDE example (ρ = 0.5, σ2 = 3): Bias, variance, and cost rates together with the
resulting theoretical complexity bounds in (6.7)–(6.9) for various estimators of µL. The given
complexity is needed to achieve a RMSE of order ε.

the same for all estimators. The important difference is the variance rate βVar. The rate645

(∆α`,1)TC∆α`,1 ' h4` in (6.5) lets us conclude βVar = 4 for the RE estimator µ̂RE,κ
α`,κ−1 with646

coupling number κ = 2. Since for κ = 2 we have αL,κ−1 = eL, the complexity of the estimator647

µ̂SAOB,2
L is bounded by the complexity of the RE estimator µ̂RE,2

α`,1
= µ̂RE,2

L (see Corollary 4.6).648

Also, for κ = 2 the RE estimator µ̂RE,2
L coincides with the MLMC estimator as proved in649

Subsection 4.1. Hence µ̂MLMC
L (and µ̂MFMC

L ) have the same complexity bound as the estimator650

µ̂SAOB,2
L . Next, we observe that the rate (∆α`,2)TC∆α`,2 ' h8` in (6.5) gives βVar = 8 for the651

RE estimator µ̂RE,3
α`,2

with κ = 3. Unfortunately, for κ = 3 we cannot invoke Corollary 4.6 since652

αL,2 6= eL. We can however argue that the estimator µ̂SAOB,3
L is the variance minimal estimator653

that couples at most κ = 3 models with the same bias as µ̂SAOB,2
L . Hence the complexity of654

µ̂SAOB,3
L is equal to or smaller than the cost of µ̂SAOB,2

L . Since µ̂SAOB,2
L has already the minimal655

complexity of order ε−2 the asymptotic complexity of µ̂SAOB,3
L is the same as the asymptotic656

complexity of µ̂SAOB,2
L . The analogous argument can be used to show the complexity of the657

estimator µ̂SAOB
L . Next we want to verify the worst case complexity stated in the last line of658

(6.9). Thus we assume increased manufactured costs of the form659

(6.10) Cost(Z`) = 10−6 · 26`, βCost = 6.660

Again, the theoretically proven complexity φVar(ε) to achieve a RMSE of order ε is recorded in661

the fifth column in Table 2. In the sixth column we give the total theoretical complexity bound662

including the cost of rounding. The computed complexity rates are shown in the right panel663

of Figure 2. We observe that the theoretical cost bound of order ε−3 in Table 2 is not achieved664

for the SAOB µ̂SAOB,3
L and µ̂SAOB

L . In fact, for these estimators we observe the better (and665

optimal) complexity of order ε−2. Note that in theory the rate ε−2 can only be observed if the666

cost for the rounding is neglected, since φRound(ε) = cε−3. However, in practice an improved667

rate of ε−2 may still be observed on coarse levels if the variance is relatively large compared668

to the bias. We further examine this rounding effect for a similar problem in Subsection 6.2.669

Finally, we remark that the complexity φVar(ε) = cε−2 for µ̂SAOB,3
L and µ̂SAOB

L might be670
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Figure 2: PDE example (ρ = 0.5, σ2 = 3) with true cost rate βCost = 2 (left image) and
manufactured cost rate βCost = 6 (right image). We show the computed complexity (including
ceiling the number of samples) for different estimators.

proved by using the weighted RE estimator in Subsection 4.3. This weighted estimator has671

the same bias as the RE estimator µ̂RE,2
L for κ = 2 and a possibly improved variance rate672

βVar = 2βq = 2β3 = 8 in our setting. The proof is beyond the scope of this paper.673

6.2. The effect of rounding. For this experiment we want to showcase the effect of674

rounding the number of samples. Note that we did not yet observe an increased complexity675

by rounding in the right panel of Figure 2. To see the effect, we decrease the variance of the676

QoI by decreasing the variance of b to σ2 = 1. This ensures that we require fewer samples of677

the high fidelity model. We work again with the manufactured cost rate βCost = 6 in (6.10).678

Looking at the fifth and sixth column in Table 2 we expect increased costs679

Cost(µ̂SAOB,3
L ) ' ε−3, Cost(µ̂SAOB

L ) ' ε−3,680

if we round the number samples. The computed costs with rounding are now displayed in the681

right panel of Figure 3 and verify this claim. Moreover, we see in the left panel of Figure 3682

that the µ̂SAOB,3
L and µ̂SAOB

L have the optimal complexity of order ε−2 without rounding.683

Again, this rate is better than the theoretically proven rate of order ε−3 recorded in Table 2.684

We observe that the cost of the estimators µ̂SAOB,3
L and µ̂SAOB

L increases by ≈ 6 times simply685

due to rounding. Thus, in scenarios where the complexity is dominated by the costs for the686

rounding, the complexity advantage of the SAOB-type estimators is reduced.687

6.3. Complexity of RE estimators. Finally, we study the complexity of the RE estima-688

tors. Recall that these are not unbiased estimators for µL and have in general a larger bias689

rate (see Subsection 4.1). Let α = αL,2 and consider the estimators µ̂SAOB
αL,2

, µ̂SAOB,3
αL,2

, µ̂SAOB,2
αL,2

690

and µ̂RE,3
αL,2

. We return to the setting of Subsection 6.1 with variance σ2 = 3 for the log-diffusion691

coefficient b.692

The rate (∆α`,2)TC∆α`,2 ' h8` In (6.5) implies βVar = 8 for the RE estimator µ̂RE,3
α`,2

with693
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Figure 3: PDE example (ρ = 0.5, σ2 = 1) with manufactured cost rate βcost = 6. The left
image shows the complexity φVar(ε) without the cost for rounding the number of samples.
The right images shows the complexity φ(ε) = φVar(ε) + φRound(ε) if we ceil the number of
samples.

κ = 3. Moreover, from Bias((α`,2)T (Zj)
`
j=1) ' h4` we conclude βBias = 4 for the RE estimator694

with κ = 3. Finally, the rate (∆α`,1)TC∆α`,1 ' h4` in (6.5) implies βVar = 4 for the RE695

estimator µ̂RE,2
α`,1

with coupling number κ = 2.696

We work again with the manufactured cost rate βCost = 6. For κ = 3 with βVar = 8 it697

holds βCost < βVar. Thus we expect the optimal complexity of order ε−2 for µ̂SAOB
αL,2

, µ̂SAOB,3
αL,2

,698

and µ̂RE,3
αL,2

. For κ = 2 with βVar = 4 it holds βCost > βVar. Hence for the estimator µ̂SAOB,2
αL,2

699

we expect a complexity bound of the order ε−2.5. Note that this improves the complexity700

bound ε−3 of the estimator µ̂SAOB,2
L due to the improved bias rate. All theoretical complexity701

bounds are confirmed numerically in Figure 4.702

7. Conclusions. In this paper we studied the asymptotic properties of multilevel best703

linear unbiased estimators for the expectation of scalar-valued, PDE-based random outputs.704

The main tool of our analysis is an expansion of the random output in terms of a discretization705

parameter, linking a family of models associated with the output. By using Richardson ex-706

trapolation we obtained convergence results for the eigenvalues and eigenvectors of the model707

covariance matrix. We further proved the convergence of the minimal estimator variance in708

the infinite low fidelity data limit. The model family is characterized by finite element mesh709

sizes. However, our analysis can be adapted to other model families, e.g. spectral elements or710

reduced basis models, if we are able to derive the asymptotic spectral properties of the model711

covariance matrix. In addition, we analyzed the complexity of a certain Richardson extrapola-712

tion estimator using multilevel Monte Carlo theory. This allowed us to bound the asymptotic713

complexity of the SAOB which is not worse than the complexity of MLMC. Numerical ex-714

periments with a PDE-based output in 2D space suggest that a Richardson extrapolation715

type of expansion for the quantity of interest holds both in terms of the bias and variance. If716

we use the true sample cost, then the SAOB, MLMC and MFMC estimators give the opti-717
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Figure 4: PDE example (ρ = 0.5, σ2 = 3) with manufactured cost rate βCost = 6. We plot
the computed complexity (including ceiling) for the RE estimator and SAOB-type estimators
which are unbiased estimators for (α`,2)Tµ.

mal complexity with respect to the mean square error. For a manufactured, increased cost,718

the SAOB and Richardson extrapolation estimators have a smaller complexity compared to719

MLMC and MFMC. However, it remains an open research question whether the SAOB has720

an asymptotically smaller complexity than the Richardson extrapolation estimator.721

Acknowledgements. The authors thank Michael Ulbrich for the finite element code that722

was used to solve the PDE and to sample from the mean zero Gaussian random field with723

Matern 3/2 covariance in Section 6.724

Appendix A. Proof of Theorem 3.5. The Courant-Fischer min-max representation [6,725

Theorem 1.24] states726

λk(C) = min
V

{
max

{
vTCv | v ∈ V, ‖v‖ = 1

}
| dim(V ) = L− k + 1

}
.727

We choose V = span(uk, . . . , uL) to obtain an upper bound on the outer minimization. More-728

over, we use Lemma 3.4 to bound the inner maximization. We arrive at729

λk(C) ≤ max
{
vTCv | v ∈ V, ‖v‖ = 1

}
≤ c

q∑
j=k

h2βj ((v∗)T bj)2 + o(‖v∗‖2(rq(h))2;h→ 0),730

731

where we used vT bj = 0 for j < k and the fact that v∗ ∈ V is a maximizer. The upper bound732

(3.22) for k ≤ q now follows from ‖v∗‖ = 1. The result for k > q can be obtained by restriction733

of the models to Q = {k − q + 1, . . . , L}, since734

vTCv = vTQCQ,QvQ, for all v such that v` = 0 for ` 6∈ Q.735

Therefore, we use Lemma 3.4 with CQ,Q instead of C and obtain (3.22) with s−k+qh instead736

of h for the discretization constant. We conclude the improved upper bound (rq(s−k+qh))2 =737
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γk,q(h). For the lower bound (3.23) we follow the proof of [6, Theorem 1.24] and deduce738

λk(C) = max
V

{
min

{
vTCv | v ∈ V, ‖v‖ = 1

}
| dim(V ) = k

}
.739

Now let v ∈ V = span(u1, . . . , uk) = span(b1, . . . , bk) to obtain from Lemma 3.4740

vTCv ≥ c
k∑
j=1

h2βja2j + o(‖v‖2h2βk ;h→ 0)741

for some vector a with aj = vT bj . A change of coordinates Bv = a shows742

min
‖v‖≥1

k∑
j=1

h2βj (vT bj)2 = min
‖B−1a‖≥1

k∑
j=1

h2βja2j ≥ min
‖B−1‖‖a‖≥1

k∑
j=1

h2βja2j .743

However, the right-hand side satisfies744

k∑
j=1

h2βja2j = aT diag(h2β1 , . . . , h2βk)a,745

where the smallest eigenvalue of the matrix is equal to h2βk . This shows (3.23), since γk,q(h) =746

h2βk for k ≤ qlow ≤ q.747

Appendix B. Proof of Theorem 3.7. Let vk be the eigenvectors of C corresponding to748

λk with ‖vk‖ = 1. Since v1, . . . , vL form an ONB we get749

(B.1) dist(vk, span(uk))2 =
L∑

`=1,`6=k
(ak` )

2 = 1− (akk)
2

750

with vk =
∑L

`=1 a
k
`u

`. We now use (3.20) to show that for any k and `751

(B.2) (ak` )
2 = |(vk)Tu`|2 ≤ λ−1k ‖C

1/2u`‖2 ≤ ch2β`−2βk .752

We use the orthogonality of vk and v` for k 6= ` to get753

(B.3) (a``)
2(ak` )

2 = |(vk)T (v` − a``u`)|2 ≤ dist(v`, span(u`))2.754

Inserting both (B.2) and (B.3) into (B.1) shows755

1− (akk)
2 = dist(vk, span(uk))2 ≤

k−1∑
`=1

1

(a``)
2

dist(v`, span(u`))2 + c

L∑
`=k+1

h2β`−2βk .756

Now use induction over k ∈ {1, . . . , L} to show (akk)
2 → 1 and dist(v`, span(u`)) → 0 for757

h→ 0, thus we may assume (akk)
2 > c > 0. We now strengthen (B.3) and use (B.2)758

(B.4)
|(vk)T (v` − a``u`)|2 ≤ c|(vk − akkuk)T (v` − a``u`)|2 + c(akk)

2|(uk)T v`|2

≤ cdist(vk, span(uk))2 dist(v`, span(u`))2 + ch2βk−2β` .
759
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We combine this with (B.1) and the result can be deduced from induction over k and from760 (
1− c

k−1∑
`=1

dist(v`, span(u`))2

)
dist(vk, span(uk))2 ≤

k−1∑
`=1

1

(a``)
2
ch2βk−2β` + c

L∑
`=k+1

h2β`−2βk .761

762
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