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Abstract We study a PDE-constrained optimal control problem that involves
functions of bounded variation as controls and includes the TV seminorm
of the control in the objective. We apply a path-following inexact Newton
method to the problems that arise from smoothing the TV seminorm and
adding an H1 regularization. We prove in an infinite-dimensional setting that,
first, the solutions of these auxiliary problems converge to the solution of the
original problem and, second, that an inexact Newton method enjoys fast
local convergence when applied to a reformulation of the optimality system
in which the control appears as implicit function of the adjoint state. We
show convergence of a Finite Element approximation, provide a globalized
preconditioned inexact Newton method as solver for the discretized auxiliary
problems, and embed it into an inexact path-following scheme. We construct a
two-dimensional test problem with fully explicit solution and present numerical
results to illustrate the accuracy and robustness of the approach.
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Problem setting and introduction

This work is concerned with the optimal control problem

min
(y,u)∈H1

0 (Ω)×BV(Ω)

1

2
||y − yΩ ||2L2(Ω) + β|u|BV(Ω)︸ ︷︷ ︸

=:J(y,u)

s.t. Ay = u, (OC)

where throughout Ω ⊂ RN is a bounded C1,1 domain and N ∈ {1, 2, 3}. The
control u belongs to the space of functions of bounded variation BV(Ω), the
state y lives in Y := H1

0 (Ω), the parameter β is positive, and Ay = u is a
partial differential equation of the form{

Ay + c0y = u in Ω,

y = 0 on ∂Ω

with a non-negative function c0 ∈ L∞(Ω) and a linear and uniformly elliptic
operator of second order in divergence form A : H1

0 (Ω)→ H−1(Ω), Ay(ϕ) =∫
Ω

∑N
i,j=1 aij∂iy∂jϕdx whose coefficients satisfy aij = aji ∈ C0,1(Ω) for all

i, j ∈ {1, . . . , N}. The specific feature of (OC) is the appearance of the BV
seminorm |u|BV(Ω) in the cost functional, which favors piecewise constant
controls and has recently attracted considerable interest in PDE-constrained
optimal control, cf. [7,12,13,15,22,23,24,27,28,30] and the earlier works [16,17].
The majority of these contributions focuses on deriving optimality conditions
and studying Finite Element approximations. In contrast, the main focus of
this work is on a path-following method. Specifically,

– we propose to smooth the TV seminorm in J and add an H1 regularization,
and we show in an infinite-dimensional setting that the solutions of the
resulting auxiliary problems converge to the solution of (OC);

– we present a non-standard reformulation of the optimality conditions of the
auxiliary problems and show local convergence of an infinite-dimensional
inexact Newton method when applied to this reformulation;

– we derive a practical path-following method that yields accurate solutions
for (OC) and illustrate its capabilities in numerical examples for Ω ⊂ R2.

To the best of our knowledge, these aspects have only been investigated partially
for optimal control problems that involve the TV seminorm in the objective. In
particular, there are few works that address the numerical solution when the
measure ∇u is supported in a two-dimensional set. In fact, we are only aware of
[22], where a doubly-regularized version of the Fenchel predual of (OC) is solved
for fixed regularization parameters, but path-following is not applied. We stress
that in our numerical experience the two-dimensional case is significantly more
challenging than the one-dimensional case. A FeNiCs implementation of our
path-following method is available at https://imsc.uni-graz.at/mannel/

publications.php. It includes all the features that we discuss in section 6,
e.g., a preconditioner for the Newton systems, a non-monotone line search
globalization, and inexact path-following.

A further contribution of this work is that

https://imsc.uni-graz.at/mannel/publications.php
https://imsc.uni-graz.at/mannel/publications.php
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– we provide an example of (OC) for N = 2 with fully explicit solution.

For the case that ∇u is defined in an interval (N = 1) such examples are
available, e.g. [13,30], but for N = 2 this is new.

Let us briefly address three difficulties associated with (OC). First, the fact
that (OC) is posed in the non-reflexive space BV(Ω) complicates the proof of
existence of optimal solutions. By now it is, however, well understood how to
deal with this issue also in more complicated situations, cf. e.g. [13,15].

Second, we notice that u 7→ |u|BV(Ω) is not differentiable. We will cope
with this by replacing |u|BV(Ω) with a smoothed functional ψδ, δ ≥ 0, that
satisfies ψ0(·) = |·|BV(Ω). The functional ψδ that we use for this purpose is
well-known, particularly in the imaging community, e.g. [1,20]. However, in
most of the existing works the smoothing parameter δ > 0 is fixed, whereas we
are interested in driving δ to zero. We will also add the regularizer γ‖u‖2H1(Ω),
γ ≥ 0, to J and drive γ to zero. For fixed γ, δ > 0 the optimal control ūγ,δ of the
smoothed and regularized auxiliary problem turns out to be a C1,α function for
some α > 0 and we will use this higher regularity in the convergence analysis of
(an inexact) Newton’s method, for instance to prove that the adjoint-to-control
mapping has a locally Lipschitz continuous Fréchet derivative; cf. Theorem 7.
In contrast, for γ = 0 only ū0,δ ∈ BV(Ω) can be expected.

Third, numerical experiments show that for standard formulations of the
optimality system, e.g. those that result from reduction to the control, path-
following Newton methods are not able to sufficiently reduce the smoothing
parameter δ. In fact, we have consistently encountered this phenomenon in our
previous work [13,21,27,28,30] involving the TV seminorm. As a remedy we
propose to eliminate the control from the optimality system by regarding it as
an implicit function of the adjoint state, an approach that may be of interest in
its own right. Since the control depends nonlinearly on the adjoint state, this
increases the computational costs in comparison to standard formulations of
the optimality system, e.g. reduction to the control or an all-at-once approach,
where the dependencies are linear. On the other hand, the implicit approach
enables us to reduce δ far below the levels that we achieved with standard
formulations of the optimalty system. In addition, we provide measures that
lower the computational burden of this approach.

Let us set our work in perspective with the available literature. We regard
it as one of the main contributions that we show on the infinite-dimensional
level that the solutions of the auxiliary problems converge to the solution of
(OC), cf. section 2.5. The asymptotic convergence for vanishing H1 seminorm
regularization is analyzed in [15, Section 6] for a more general problem than
(OC), but the fact that our setting is less general allows us to prove convergence
in stronger norms than the corresponding [15, Theorem 10]. The asymptotic
convergence for a doubly-regularized version of the predual of (OC) is estab-
lished in [22, Appendix A], but one of the regularizations is left untouched, so
convergence is towards the solution of a regularized problem, not towards the
solution of (OC). Next, we demonstrate that an infinite-dimensional inexact
Newton method, applied to the aforementioned non-standard reformulation
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of the optimality system, converges locally for the auxiliary problems. This
is non-trivial to prove because the implicit control and the adjoint state are
coupled by a quasilinear PDE. A related result is [22, Theorem 3.5], where
local q-superlinear convergence of a semismooth Newton method is shown for
the doubly-regularized Fenchel predual for fixed regularization parameters. Yet,
since we work with a different optimality system, the overlap is rather small.

Turning to the discrete level we provide a Finite Element approximation
and demonstrate that the Finite Element solutions of the auxiliary problems
converge to the corresponding true solutions. Finite Element approximations
for optimal control in BV involving the TV seminorm have also been studied in
[7,12,13,15,23,24,27,28,30], but in our assessment the regularization of (OC)
that we propose is not covered by these studies.

The BV-term in (OC) favors sparsity in the gradient of the control. Other
sparsity promoting control terms that have been studied during recent years
are measure norms and L1–type functionals, e.g., [2,10,11,14,18,19,31,34,45].

TV-regularization is also of significant importance in imaging problems and
its usefulness for, e.g., noise removal has long been known [41]. However, the
character of imaging problems is substantially different from optimal control
problems, for instance because the forward operator in imaging problems is
usually cheap to evaluate and non-compact.

This paper is organized as follows. After some preliminaries in section 1,
we consider existence, optimality conditions and convergence of solutions in
section 2. In section 3 we establish differentiability of the adjoint-to-control
mapping, which paves the way for proving local convergence of an inexact
Newton method in section 4. Section 5 addresses the Finite Element approxi-
mation and its convergence, while section 6 provides the path-following method.
Numerical experiments are presented in section 7, including for the test problem
with explicit solution. Several technical results such as Hölder continuity of
solutions to quasilinear PDEs are deferred to the appendix.

1 Preliminaries

We recall facts about the space BV(Ω), introduce an index s, and collect
properties of the solution operator of the PDE in (OC).

1.1 Functions of bounded variation

The following statements about BV(Ω) can be found in [4, Chapter 3] unless
stated otherwise. The space of functions of bounded variation is defined as

BV(Ω) :=

{
u ∈ L1(Ω) : sup

v∈C1
0 (Ω)N ,‖|v|‖∞≤1

∫
Ω

udiv v dx <∞

}
.

Here and throughout, | · | denotes the Euclidean norm, so we are using the
isotropic total variation. It can be shown that u ∈ BV(Ω) iff there exists a vector
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measure (∂x1u, . . . , ∂xNu)T = ∇u ∈ M(Ω)N such that for all i ∈ {1, . . . , n}
there holds ∫

Ω

∂xiuv dx = −
∫
Ω

u∂xiv dx ∀v ∈ C∞0 (Ω),

where M(Ω) denotes the linear space of regular Borel measures, e.g. [42,
Chapter 2]. The BV seminorm (also called TV seminorm) is given by

|u|BV(Ω) := sup
v∈C1

0 (Ω)N ,‖|v|‖∞≤1

∫
Ω

udiv v dx.

We endow BV(Ω) with the norm ‖·‖BV(Ω) := ‖·‖L1(Ω) + | · |BV(Ω) and recall
from [5, Thm. 10.1.1] that this makes BV(Ω) a Banach space. Obviously, we
have the inclusion W 1,1(Ω) ⊂ BV(Ω). Moreover, BV(Ω) embeds continuously
(compactly) into Lr(Ω) for r ∈ [1, N

N−1 ] (r ∈ [1, N
N−1 )), see, e.g., [4, Cor. 3.49

and Prop. 3.21]. We use the convention that N
N−1 = ∞ for N = 1. Also

important is strict convergence, e.g. [4,5].

Definition 1 For r ∈ [1, N
N−1 ] the metric dBV,r is given by

dBV,r : BV(Ω)× BV(Ω)→ R,

(u, v) 7→ ‖u− v‖Lr(Ω) +
∣∣|u|BV(Ω) − |v|BV(Ω)

∣∣ .
Convergence with respect to dBV,1 is called strict convergence.

Remark 1 The embedding BV(Ω) ↪→ Lr(Ω), for r ∈ [1, N
N−1 ], implies that

dBV,r is well-defined and continuous with respect to ‖·‖BV(Ω).

We will also use the following density property.

Lemma 1 C∞(Ω̄) is dense in (BV(Ω) ∩ Lr(Ω), dBV,r) for r ∈ [1, N
N−1 ].

Proof By straightforward modifications the proof for the special case r = 1, [5,
Thm. 10.1.2], can be extended, using that the sequence of mollifiers constructed
in the proof converges in Lr, see [5, Prop. 2.2.4]. ut

1.2 The smoothed BV seminorm

We employ the smoothed BV seminorm ψδ : BV(Ω)→ [0,∞) given by

ψδ(u) := sup

{∫
Ω

udiv v +
√
δ(1− |v|2) dx : v ∈ C1

0 (Ω)N , ‖|v|‖L∞(Ω) ≤ 1

}
.

It has the following properties.

Lemma 2 The following statements are true for all δ ≥ 0.
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1. For any u ∈ BV(Ω) there holds

|u|BV(Ω) = ψ0(u) ≤ ψδ(u) ≤ |u|BV(Ω) +
√
δ|Ω|.

2. ψδ is lower semi-continuous with respect to the L1(Ω)-topology.
3. ψδ is convex.
4. For all u ∈W 1,1(Ω) we have

ψδ(u) =

∫
Ω

√
δ + |∇u|2 dx.

5. The function ψδ|H1(Ω) is Lipschitz with respect to ‖·‖H1(Ω).

Proof The first four statements are from [1, Section 2] and the last one follows
from H1(Ω) ↪→W 1,1(Ω), 4. and and the Lipschitz continuity of r 7→

√
δ + r2.

ut

Remark 2 The smoothing function ψδ for the TV seminorm is frequently used
in imaging problems, e.g. [1,20].

1.3 The index s

For the remainder of this work we fix a number s = s(N) ∈ (1, N
N−1 ) with

BV(Ω) ↪→↪→ Ls(Ω) ↪→ H−1(Ω).

Remark 3 Consider, for instance, N = 2 and any r ∈ (1, 2). Then we have
BV(Ω) ↪→↪→ Lr(Ω) and H1(Ω) ↪→ L

r
r−1 (Ω) so that any s ∈ (1, 2) can be used.

1.4 The solution operator of the state equation

Lemma 3 For every u ∈ H−1(Ω) the operator equation Ay = u in (OC) has
a unique solution y = y(u) ∈ Y . The solution operator

S : H−1(Ω)→ Y, u 7→ y(u)

is linear, continuous, and bijective. In particular, S is Ls-L2 continuous. More-
over, for given q ∈ (1,∞) there is a constant C > 0 such that

‖Su‖W 2,q(Ω) ≤ C‖u‖Lq(Ω)

is satisfied for all u ∈ Lq(Ω).

Proof Except for the estimate all statements follow from the Lax-Milgram
theorem. The estimate is a consequence of [26, Lemma 2.4.2.1, Theorem 2.4.2.5].

ut

Remark 4 From BV(Ω) ↪→ Ls(Ω) ↪→ H−1(Ω) and Lemma 3 we obtain that
(OC) has a nonempty feasible set.
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2 The solutions of original and regularized problems

In this section we prove existence of solutions for (OC) and the associated
regularized problems, characterize the solutions by optimality conditions, and
show their convergence in appropriate function spaces.

2.1 The original problem: Existence of solutions

To establish the existence of a solution for (OC) we use the reduced problem

min
u∈BV(Ω)

1

2
‖Su− yΩ‖2L2(Ω) + β|u|BV(Ω)︸ ︷︷ ︸

=:j(u)

. (ROC)

Lemma 4 The function j : BV(Ω)→ R is well-defined, strictly convex, and
continuous with respect to dBV,s.

Proof The term 1
2‖Su − yΩ‖

2
L2(Ω) is well-defined by Remark 4 and strictly

convex in u due to the injectivity of S. Since |·|BV(Ω) is convex, the strict
convexity of j follows. The continuity holds because S is Ls-L2 continuous. ut

The strict convexity implies that j has at most one (local=global) minimizer.

Theorem 1 The problem (ROC) has a unique solution ū ∈ BV(Ω).

Proof The proof is included in the proof of Theorem 2. ut

As usual, the optimal state ȳ and the optimal adjoint state p̄ are given by

ȳ := Sū ∈ Y ∩W 2,rN (Ω) and p̄ := S∗(ȳ − yΩ),

where, due to BV(Ω) ↪→ L
N
N−1 (Ω) and Lemma 3, we have rN = N

N−1 for
N ∈ {2, 3}, respectively, rN ≥ 1 arbitrarily large for N = 1. Moreover, S∗

is the adjoint operator of S wrt. the L2 inner product. Since S∗ = S and
ȳ − yΩ ∈ L2(Ω), Lemma 3 yields p̄ ∈ P for

P := H2(Ω) ∩H1
0 (Ω).

It is standard to show that p̄ is the unique weak solution of{
Ap+ c0p = ȳ − yΩ in Ω,

p = 0 on ∂Ω.

2.2 The original problem: Optimality conditions

The optimality conditions for (ROC) are provided in appendix C. They are
only needed for the construction of the test problem in appendix D.



8 D. Hafemeyer, F. Mannel

2.3 The regularized problems: Existence of solutions

Smoothing the BV seminorm and adding an H1 regularization to j yields

min
u∈BV(Ω)

1

2
||Su− yΩ ||2L2(Ω) + βψδ(u) +

γ

2
‖u‖2H1(Ω)︸ ︷︷ ︸

=:jγ,δ(u)

, (ROCγ,δ)

where we set jγ,δ(u) := +∞ for u ∈ BV(Ω) \H1(Ω) if γ > 0.

Lemma 5 For any γ, δ ≥ 0 the function jγ,δ : BV(Ω) → R ∪ {+∞} is well-
defined and strictly convex, and the function jγ,δ|H1(Ω) is H1 continuous.

Proof The well-definition and strict convexity of jγ,δ follow similarly as for
j in Lemma 4. The continuity follows term by term. For the first term it is
enough to recall from Lemma 3 the L2-L2 continuity of S. The second term is
Lipschitz in H1 by Lemma 2. The continuity of the third term is clear. ut

To prove existence of solutions for (ROCγ,δ) we use an auxiliary result.

Lemma 6 Let (uk)k∈N ⊂ BV(Ω) be such that (j(uk))k∈N is bounded. Then(
‖uk‖BV(Ω)

)
k∈N is bounded.

Proof We denote by C > 0 a generic constant. The sequence
(
|uk|BV(Ω)

)
k∈N

is bounded because for each k ∈ N we have

|uk|BV(Ω) ≤
j(uk)

β
≤ C.

The Poincaré inequality holds in BV(Ω), see [40, Theorem 4.10], hence

‖uk − ûk‖Ls(Ω) ≤ C|uk|BV(Ω) ≤ C ∀k ∈ N, (1)

where ûk := 1
|Ω|
∫
Ω
uk dx denotes the integral mean of uk. From

‖Suk‖L2(Ω) − ‖yΩ‖L2(Ω) ≤‖Suk − yΩ‖L2(Ω) ≤
√

2j(uk) ≤ C,

it follows that (‖Suk‖L2(Ω))k∈N is bounded. Together with the Ls-L2 continuity
of S and (1) this gives

|ûk| ‖S1‖L2(Ω) = ‖Sûk‖L2(Ω) ≤ ‖Suk − Sûk‖L2(Ω) + ‖Suk‖L2(Ω) ≤ C.

The injectivity of S yields S1 6= 0, so (|ûk|)k∈N is bounded, which implies
boundedness of (‖uk‖Ls(Ω)) by (1) and thus also of (‖uk‖L1(Ω)). ut

Theorem 2 For any γ, δ ≥ 0, (ROCγ,δ) has a unique solution ūγ,δ ∈ BV(Ω).
For γ > 0 we have ūγ,δ ∈ H1(Ω).
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Proof For γ > 0 the existence of ūγ,δ ∈ H1(Ω) follows from standard arguments
since jγ,δ|H1(Ω) is strongly convex and H1 continuous by Lemma 5. It remains
to argue for γ = 0. Let δ ≥ 0. There is a sequence (uk)k∈N ⊂ BV(Ω) such that

lim
k→∞

jγ,δ(uk) = inf
u∈BV(Ω)

jγ,δ(u).

Moreover, there exists C ∈ R such that for all k ∈ N

j(uk) =
1

2
‖Suk − yΩ‖2L2(Ω) + β|uk|BV(Ω)

≤ 1

2
‖Suk − yΩ‖2L2(Ω) + βψδ(uk) ≤ jγ,δ(uk) ≤ C,

where we used |uk|BV(Ω) ≤ ψδ(uk) from Lemma 2. By Lemma 6 we have that
(‖uk‖U )k∈N is bounded. Since BV(Ω) is compactly embedded in Ls(Ω), there
is a subsequence of (uk)k∈N, denoted the same way, such that limk→∞‖uk −
ūγ,δ‖Ls(Ω) = 0 for some ūγ,δ ∈ Ls(Ω). As S is Ls-L2 continuous and ψδ is L1

lower semi-continuous by Lemma 2, we obtain

jγ,δ(ūγ,δ) ≤ lim inf
k→∞

jγ,δ(uk) = inf
u∈BV(Ω)

jγ,δ(u).

This implies |ūγ,δ|BV(Ω) ≤ ψδ(ūγ,δ) ≤ jγ,δ(ūγ,δ)/β <∞, so ūγ,δ ∈ BV(Ω) is a
minimizer of (ROCγ,δ). As jγ,δ is strictly convex, the minimizer is unique. ut

Optimal state ȳγ,δ and optimal adjoint state p̄γ,δ for (ROCγ,δ) are given by

ȳγ,δ := Sūγ,δ ∈ Y ∩W 2,rN (Ω) and p̄γ,δ := S∗
(
ȳγ,δ − yΩ

)
∈ P,

where rN = N
N−1 for N ∈ {2, 3}, respectively, rN ≥ 1 arbitrarily large for

N = 1. In particular, p̄γ,δ is the unique weak solution of{
Ap+ c0p = ȳγ,δ − yΩ in Ω,

p = 0 on ∂Ω.

2.4 The regularized problems: Optimality conditions

The objective jγ,δ has the following differentiability properties.

Lemma 7 For γ, δ > 0 the functional jγ,δ : H1(Ω)→ R is Lipschitz continu-
ously Fréchet differentiable and twice Gâteaux differentiable. Its first derivative
is

j′γ,δ(u)v = (S∗(Su− yΩ), v)L2(Ω) + βψ′δ(u)v + γ(u, v)H1(Ω) ∀v ∈ H1(Ω),

where

ψ′δ(u)v =

∫
Ω

(∇u,∇v)√
δ + |∇u|2

dx ∀v ∈ H1(Ω).

Proof It suffices to establish the claim for ψδ, which is done in Lemma 17. ut
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For differentiable convex functions a vanishing derivative is both necessary
and sufficient for a global minimizer. This yields the following result.

Theorem 3 For γ, δ > 0 the control ūγ,δ ∈ H1(Ω) is the solution of (ROCγ,δ)
iff

j′γ,δ(ūγ,δ)v = 0 ∀v ∈ H1(Ω),

which is the nonlinear Neumann problem

γ(ūγ,δ, v)H1(Ω) + β

∫
Ω

(∇ūγ,δ,∇v)√
δ + |∇ūγ,δ|2

dx = −(p̄γ,δ, v)L2(Ω) ∀v ∈ H1(Ω).

(2)

2.5 Convergence of the path of solutions

We prove that (ūγ,δ, ȳγ,δ,p̄γ,δ) converges to (ū, ȳ, p̄) for γ, δ → 0. As a first step
we show convergence of the objective values.

Lemma 8 We have

jγ,δ(ūγ,δ)
R2
≥03(γ,δ)→(0,0)
−−−−−−−−−−−→ j(ū).

Proof Let ε > 0 and let ((γk, δk))k∈N ⊂ R2
≥0 converge to (0, 0). There holds

0 ≤ jγk,δk(ūγk,δk)−j(ū) =
[
jγk,δk(ūγk,δk)−jγk,0(ūγk,0)

]
+
[
jγk,0(ūγk,0)−j(ū)

]
,

where we used j(ū) ≤ j(ūγk,δk) ≤ jγk,δk(ūγk,δk). The first term in brackets
satisfies

jγk,δk(ūγk,δk)− jγk,0(ūγk,0) ≤ jγk,δk(ūγk,0)− jγk,0(ūγk,0)

= βψδk(ūγk,0)− β|ūγk,0|BV(Ω) ≤ β
√
δk|Ω|,

where the last inequality follows from Lemma 2. For the second term in brackets
we deduce from Lemma 1 and the dBV,s continuity of j established in Lemma 4
that there is uε ∈ C∞(Ω̄) such that |j(ū)− j(uε)| < ε. This yields

jγk,0(ūγk,0)− j(ū) ≤ jγk,0(uε)− j(ū)

= j(uε) +
γk
2
||uε||2H1(Ω) − j(ū) ≤ ε+

γk
2
||uε||2H1(Ω).

Putting the estimates for the two terms together shows

|jγk,δk(ūγk,δk)− j(ū)| ≤ β
√
δk|Ω|+ ε+

γk
2
‖uε‖2H1(Ω).

For k →∞ this implies the claim since

0 ≤ lim inf
k→∞

|jγk,δk(ūγk,δk)− j(ū)| ≤ lim sup
k→∞

|jγk,δk(ūγk,δk)− j(ū)| ≤ ε.

ut
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We infer that the optimal controls ūγ,δ converge to ū in Lr for suitable r.

Lemma 9 For any r ∈ [1, N
N−1 ) we have ||ūγ,δ − ū||Lr(Ω)

(γ,δ)→(0,0)−−−−−−−→ 0.

Proof Let ((γk, δk))k∈N ⊂ R2
≥0 converge to (0, 0). Let C be so large that

γk, δk ≤ C for all k. The optimality of ūγk,δk and Lemma 2 yield for each k ∈ N

j(ūγk,δk) ≤ jγk,δk(ūγk,δk) ≤ jγk,δk(0) ≤ jC,C(0).

Lemma 6 and the compact embedding of BV(Ω) into Lr(Ω), r ∈ [s, N
N−1 ),

imply that there exists ũ ∈ Lr(Ω) such that a subsequence of (ūγk,δk)k∈N,
denoted in the same way, converges to ũ in Lr(Ω). It is therefore enough to
show ũ = ū. Since j is lower semi-continuous in the Ls topology, we have

j(ũ) ≤ lim inf
k→∞

j(ūγk,δk) ≤ lim inf
k→∞

jγk,δk(ūγk,δk) = j(ū),

where we used Lemma 8 to obtain the last equality. This shows ũ ∈ BV(Ω),
hence Theorem 1 implies ũ = ū. ut

In fact, the convergence of ūγ,δ to ū is stronger.

Theorem 4 For any r ∈ [1, N
N−1 ) we have dBV,r(ūγ,δ, ū)

(γ,δ)→(0,0)−−−−−−−→ 0.

Proof For any γ, δ ≥ 0 we have j(ū) ≤ j(ūγ,δ) ≤ jγ,δ(ūγ,δ), so Lemma 8 yields
lim(γ,δ)→(0,0) j(ūγ,δ) = j(ū). Furthermore, there holds

β
∣∣∣|ū|BV(Ω) − |ūγ,δ|BV(Ω)

∣∣∣ ≤ ∣∣j(ū)− j(ūγ,δ)
∣∣

+
1

2

∣∣∣‖Sū− yΩ‖2L2(Ω) − ‖Sūγ,δ − yΩ‖
2
L2(Ω)

∣∣∣ .
By Lemma 9 and the continuity of S from Ls(Ω) to L2(Ω) we thus find

|ūγ,δ|BV(Ω)
(γ,δ)→(0,0)−−−−−−−→ |ū|BV(Ω).

Together with Lemma 9 this proves the claim. ut

We conclude this section with the convergence of (ȳγ,δ, p̄γ,δ) to (ȳ, p̄).

Theorem 5 For any r ∈ [1, N
N−1 ) and any r′ ∈ [1,∞) we have

lim
(γ,δ)→(0,0)

‖ȳγ,δ − ȳ‖W 2,r(Ω) = 0 and lim
(γ,δ)→(0,0)

‖p̄γ,δ − p̄‖W 2,r′ (Ω) = 0.

Proof The continuity of S from Lq to W 2,q for any q ∈ (1,∞), see Lemma 3,
implies with Lemma 9 that lim(γ,δ)→(0,0)‖ȳγ,δ − ȳ‖W 2,r(Ω) = 0 for any r ∈
[1, N

N−1 ). Since for any r′ ∈ (1,∞) there is r ∈ [1, N
N−1 ) such that W 2,r(Ω) ↪→

Lr
′
(Ω) is satisfied, we can use the Lr

′
-W 2,r′ continuity of S∗ = S to find

lim(γ,δ)→(0,0)‖p̄γ,δ − p̄‖W 2,r′ (Ω) = lim(γ,δ)→(0,0)‖S∗(ȳγ,δ − ȳ)‖W 2,r′ (Ω) = 0. ut



12 D. Hafemeyer, F. Mannel

Remark 5 The results of section 2 can also be established for nonsmooth
domains Ω, but ȳ, p̄, ȳγ,δ, p̄γ,δ may be less regular since S may not provide the
regularity stated in Lemma 3. A careful inspection reveals that only Theorem 5
has to be modified. If, for instance, Ω ⊂ RN , N ∈ {2, 3}, is a bounded Lipschitz
domain, then [43, Theorem 3] implies that Theorem 5 holds if W 2,r and W 2,r′

are both replaced by Hr, where r ∈ [1, 3
2 ) is arbitrary. If Ω is convex, then [26,

Theorem 3.2.1.2] further yields that W 2,r′ can be replaced by H2.

3 Differentiability of the adjoint-to-control mapping

The main goal of this section is to show that the PDE
−div

([
γ +

β√
δ + |∇u|2

]
∇u

)
+ γu = p in Ω,([

γ +
β√

δ + |∇u|2

]
∇u, ν

)
= 0 on ∂Ω

(3)

has a unique weak solution u = u(p) ∈ C1,α(Ω) for every right-hand side
p ∈ L∞(Ω), and that p 7→ u(p) is Lipschitz continuously Fréchet differentiable
in any open ball, having a Lipschitz constant that is independent of γ and δ,
provided γ > 0 and δ > 0 are bounded away from zero. This is accomplished
in Theorem 7. Note that we suppress the dependency on γ, δ in u = u(p; γ, δ).

Assumption 6 We are given constants 0 < γ0 ≤ γ0, 0 < δ0 ≤ δ0 and b0 > 0.
We denote I := [γ0, γ

0] × [δ0, δ
0] and write B ⊂ L∞(Ω) for the open ball of

radius b0 > 0 centered at the origin in L∞(Ω).

Let us first establish well-definition of p 7→ u(p) and a Lipschitz estimate.

Lemma 10 Let Assumption 6 hold. Then there exist L > 0 and α ∈ (0, 1)
such that for each (γ, δ) ∈ I and all p1, p2 ∈ B the PDE (3) has unique weak
solutions u1 = u1(p1) ∈ C1,α(Ω) and u2 = u2(p2) ∈ C1,α(Ω) that satisfy

‖u1 − u2‖C1,α(Ω) ≤ L ‖p1 − p2‖L∞(Ω) .

In particular, we have the stability estimate

‖u1‖C1,α(Ω) ≤ L ‖p1‖L∞(Ω) .

Proof Unique existence and the first estimate are established in Theorem 13
in the appendix. The second estimate follows from the first for p2 = 0. ut

We introduce

f : RN → RN , f(v) := β
v√

δ + |v|2
,

so that (3) reads

− div
(
γ∇u+ f(∇u)

)
+ γu = p in H1(Ω)∗. (4)

We now show that the adjoint-to-control mapping is differentiable.
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Lemma 11 Let Assumption 6 hold and let α ∈ (0, 1) be the constant from
Lemma 10. For each (γ, δ) ∈ I the mapping B 3 p 7→ u(p) ∈ C1,α(Ω) is
Fréchet differentiable. Its derivative z = u′(p)d ∈ C1,α(Ω) in direction d ∈
L∞(Ω) is the unique weak solution of the linear PDE


−div

([
γI + f ′

(
∇u(p)

)]
∇z

)
+ γz = d in Ω,([

γI + f ′
(
∇u(p)

)]
∇z, ν

)
= 0 on ∂Ω,

(5)

and there exists C > 0 such that for all (γ, δ) ∈ I, all p ∈ B, and all d ∈ L∞(Ω)
we have

‖z‖C1,α(Ω) ≤ C ‖d‖L∞(Ω) .

Proof Let p ∈ B and d ∈ L∞(Ω) be such that p+d ∈ B. From Lemma 10 we ob-
tain u(p) ∈ C1,α(Ω) and ‖u(p)‖C1,α(Ω) ≤ C‖p‖L∞(Ω), where C is independent
of γ, δ, p. Combining this with Lemma 18 implies

f ′(∇u(p)) =
I√

δ + |∇u(p)|2
− ∇u(p)∇u(p)T(

δ + |∇u(p)|2
) 3

2

∈ C0,α(Ω,RN×N ) (6)

and the estimate ‖A‖C0,α(Ω) ≤ a0 for A := γI + f ′(∇u(p)) with a constant
a0 that does not depend on γ, δ, p. This shows that Theorem 12 is applicable.
Thus, it follows that the PDE (5) has a unique weak solution z ∈ C1,α(Ω)
that satisfies the claimed estimate. Concerning the Fréchet differentiability we
obtain for r := u(p+ d)− u(p)− z ∈ C1,α(Ω)

−div

([
γI + f ′

(
u(p)

)]
∇r

)
+ γr

= −div
(
γ∇u(p+ d)

)
+ γu(p+ d) + div

(
γ∇u(p)

)
− γu(p)

+ div

([
γI + f ′

(
∇u(p)

)]
∇z

)
− γz − div

(
f ′
(
∇u(p)

)
w
)

= div
(
f
(
∇u(p+ d)

)
− f

(
∇u(p)

)
− f ′

(
∇u(p)

)
w
)
,

where we set w := w(p, d) := ∇u(p + d) − ∇u(p). Theorem 12 implies that
there is C > 0, independent of d, such that

∥∥r∥∥
C1,α(Ω)

≤ C
∥∥∥f(∇u(p+ d)

)
− f

(
∇u(p)

)
− f ′

(
u(p)

)
w
∥∥∥
C0,α(Ω)

.
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The expression in the norm on the right-hand side satisfies the following
pointwisely in Ω

f
(
∇u(p+ d)

)
− f

(
∇u(p)

)
− f ′

(
∇u(p)

)
w

=

(∫ 1

0

f ′
(
∇u(p) + tw

)
− f ′

(
∇u(p)

)
dt

)
w

=

(∫ 1

0

∫ 1

0

f ′′
(
∇u(p) + τtw

)
dτ tdt

)
[w,w].

Lemma 18 yields

∥∥r∥∥
C1,α(Ω)

≤ C
∫ 1

0

∫ 1

0

∥∥∥f ′′(∇u(p)+τtw
)∥∥∥
C0,α(Ω)

dτ dt
∥∥∥u(p+d)−u(p)

∥∥∥2

C1,α(Ω)
.

As f ∈ C3(RN ,RN ) with bounded derivatives we have that f ′′ is Lipschitz
continuous and bounded. We infer from Lemma 18 and Lemma 10 that∥∥r∥∥

C1,α(Ω)
≤ C

∥∥d∥∥2

L∞(Ω)
,

which shows ‖r‖C1,α(Ω) = o
(
‖d‖L∞(Ω)

)
since C is independent of d. ut

Theorem 7 Let Assumption 6 hold and let α ∈ (0, 1) be the constant from
Lemma 10. Then the mapping u′ : B → L(L∞(Ω), C1,α(Ω)) is Lipschitz
continuous and the Lipschitz constant does not depend on (γ, δ), but only on
Ω, N , γ0, γ0, δ0, δ0 and b0.

Proof Let p, q ∈ B and d ∈ L∞(Ω). Set zp := ∇
(
u′(p)d

)
and zq := ∇

(
u′(q)d

)
.

Then

−div
(
γ
[
zp − zq

]
+ f ′

(
∇u(p)

)
zp − f ′

(
∇u(q)

)
zq

)
+ γ
[
u′(p)d− u′(q)d

]
= 0

holds in H1(Ω)∗. Thus, the difference r := u′(p)d− u′(q)d satisfies

−div
(
γ∇r

)
+ γr = div

(
f ′
(
∇u(p)

)
zp − f ′

(
∇u(q)

)
zq

)
= div

(
f ′
(
∇u(p)

)
∇r
)

+ div
([
f ′
(
∇u(p)

)
− f ′

(
∇u(q)

)]
zq

)
,

from which we infer that

− div
([
γI + f ′

(
∇u(p)

)]
∇r
)

+ γr = div
([
f ′
(
∇u(p)

)
− f ′

(
∇u(q)

)]
zq

)
in H1(Ω)∗. By the same arguments as below (6), A := γI + f ′

(
∇u(p)

)
satisfies

‖A‖C0,α(Ω) ≤ a0 with a constant a0 that does not depend on γ, δ, p, q. Moreover,
A is clearly elliptic with constant γ0. By Theorem 12 this yields∥∥r∥∥

C1,α(Ω)
≤ C

∥∥∥[f ′(∇u(p)
)
− f ′

(
∇u(q)

)]
zq

∥∥∥
C0,α(Ω)

.
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Here, C > 0 does not depend on p, q, but only on the desired quantities. From
Lemma 18 and Lemma 11 we infer that∥∥r∥∥

C1,α(Ω)
≤ C

∥∥∥f ′(∇u(p)
)
− f ′

(
∇u(q)

)∥∥∥
C0,α(Ω)

∥∥d∥∥
L∞(Ω)

.

Lemma 18 and Lemma 10 therefore imply∥∥u′(p)− u′(q)∥∥L(L∞(Ω),C1,α(Ω))

≤ C
∥∥∥∥∫ 1

0

f ′′
(
∇u(q) + t

[
∇u(p)−∇u(q)

])
dt

∥∥∥∥
C0,α(Ω)

∥∥∇u(p)−∇u(q)
∥∥
C0,α(Ω)

≤ C
∫ 1

0

∥∥∥f ′′(∇u(q) + t
[
∇u(p)−∇u(q)

])∥∥∥
C0,α(Ω)

dt
∥∥p− q∥∥

L∞(Ω)
.

The first factor is bounded since f ′′ is bounded and Lipschitz. This demonstrates
the asserted Lipschitz continuity. ut

Remark 6 Theorem 7 stays valid if Ω is of class C1,α′ for some α′ > 0.

4 An inexact Newton method for the regularized problems

In this section we introduce the formulation of the optimality system of
(ROCγ,δ) on which our numerical method is based, and we show that the
application of an inexact Newton method to this formulation yields local
convergence. We use the following assumption.

Assumption 8 We are given constants 0 < γ0 ≤ γ0, 0 < δ0 ≤ δ0 and b0 ≥ 0.
We denote I := [γ0, γ

0]× [δ0, δ
0] and fix (γ, δ) ∈ I.

Introducing

F : Y × P → Y ∗ × L2(Ω), F (y, p) :=

(
Ay − u(−p)
y − yΩ −A∗p

)
(7)

the optimality conditions from Theorem 3 are given by F (ȳγ,δ, p̄γ,δ) = 0, and
the pair (ȳγ,δ, p̄γ,δ) is the unique root of F . We suppress the dependency of
u = u(p; γ, δ) and F = F (y, p; γ, δ) on γ, δ. By standard Sobolev embeddings
we have P ⊂ H2(Ω) ↪→ L∞(Ω), hence u(−p) ∈ C1,α(Ω) for some α > 0 by
Lemma 10, so F is well-defined. We mention the work [44], where a Newton
system with a somewhat similar structure is considered.

The next two lemmas yield convergence of an inexact Newton method.

Lemma 12 Let Assumption 8 hold. Then F defined in (7) is locally Lipschitz
continuously Fréchet differentiable. Its derivative at (y, p) ∈ Y × P is given by

F ′(y, p) : Y × P → Y ∗ × L2(Ω), (δy, δp) 7→
(
A u′(−p)
I −A∗

)(
δy
δp

)
.

Proof Only p 7→ u(−p) is nonlinear, so the claims follow from Theorem 7. ut
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Lemma 13 Let Assumption 8 hold. Then F ′(y, p) is invertible for all (y, p) ∈
Y × P .

Proof The proof consists of two parts. First we show that F ′(y, p) is injective
and second that it is a Fredholm operator of index 0, see [32, Chapter IV,
Section 5]. These two facts imply the bijectivity of F ′(y, p). For the injectivity
let (δy, δp) ∈ Y × P with F ′(y, p)(δy, δp) = 0 ∈ Y ∗ × L2(Ω), i.e.

0 = Aδy + u′(−p)δp ∈ Y ∗ and 0 = δy −A∗δp ∈ L2(Ω), (8)

and therefore

‖δy‖2L2(Ω) = (A∗δp, δy)L2(Ω) = −(u′(−p)δp, δp)L2(Ω).

The representation of z := u′(−p)δp from Lemma 11 yields

−‖δy‖2L2(Ω) =

([
γI + f ′

(
∇u(−p)

)]
∇z,∇z

)
L2(Ω)

+ γ
(
z, z
)
L2(Ω)

≥
(
f ′
(
∇u(−p)

)
∇z,∇z

)
L2(Ω)

.

(9)

Since f ′ is positive semi-definite, we find ‖δy‖2L2(Ω) ≤ 0. This shows δy = 0. By

(8) this yields A∗δp = 0 in L2(Ω), hence δp = 0, which proves the injectivity.
To apply Fredholm theory we decompose F ′(y, p) into the two operators

F ′(y, p) =

(
A 0
0 −A∗

)
+

(
0 u′(−p)
I 0

)
.

We want to use [32, Chapter IV, Theorem 5.26], which states: If the first
operator is a Fredholm operator of index 0 and the second operator is compact
with respect to the first operator (see [32, Chapter IV, Introduction to Section
3]), then their sum F ′(y, p) is also a Fredholm operator of index 0. By the
injectivity of F ′(y, p) this implies its bijectivity.

The operators A : Y → Y ∗ and A∗ : P → L2(Ω) are invertible by Lemma 3,
and thus

Y × P → Y ∗ × L2(Ω), (δy, δp) 7→
(
A 0
0 −A∗

)(
δy
δp

)
is invertible and in particular a Fredholmoperator of index 0. It remains to
show that

Y × P → Y ∗ × L2(Ω), (δy, δp) 7→
(

0 u′(−p)
I 0

)(
δy
δp

)
is compact with respect to the first operator. Thus, we have to establish that
for any sequence

(
(δyn, δpn)

)
n∈N ⊂ Y × P such that there exists a C > 0 with(

‖δyn‖Y + ‖δpn‖P
)

+
(
‖Aδyn‖Y ∗ + ‖A∗δpn‖L2(Ω)

)
≤ C ∀n ∈ N, (10)
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the sequence
(
(u′(−p)δpn, δyn)

)
n∈N ⊂ Y

∗×L2(Ω) contains a convergent subse-

quence. By (10) we have that (‖δyn‖Y )n∈N is bounded. The compact embedding
Y ↪→↪→ L2(Ω) therefore implies the existence of a point ŷ ∈ L2(Ω) and a
subsequence, denoted in the same way, such that ‖δyn − ŷ‖L2(Ω) → 0. We
also have that (‖δpn‖P )n∈N is bounded. In particular ‖δpn‖L∞(Ω) ≤ b0 for all
n ∈ N for some b0 > 0. By Lemma 11 this implies that (u′(−p)δpn)n∈N is
bounded in C1,α(Ω). Since C1,α(Ω) ↪→↪→ Y ∗, the proof is complete. ut

We consider the following inexact Newton method to find the root of F
given by (7). The norm that appears is that of Y ∗ × P ∗.

Algorithm 1: An inexact Newton method for (ROCγ,δ)

Input: (y0, p0) ∈ Y × P , (γ, δ) ∈ R2
>0, η ∈ [0,∞)

1 for k = 0, 1, 2, . . . , itin do
2 if F (yk, pk) = 0 then set (y∗, p∗) := (yk, pk); stop
3 Compute (δyk, δpk) such that

‖F (yk, pk) + F ′(yk, pk)(δyk, δpk)‖ ≤ ηk‖F (yk, pk)‖, where ηk ∈ [0, η]
4 Set (yk+1, pk+1) = (yk, pk) + (δyk, δpk)

5 end
Output: (y∗, p∗)

It is well-known that the properties established in Lemma 12 and Lemma 13
are sufficient for local linear/q-superlinear/q-quadratic convergence of the
inexact Newton method if the residual in iteration k is of appropriate order,
e.g. [33, Theorem 6.1.4]. Thus, we obtain the following result.

Theorem 9 Let Assumption 8 hold. If (y0, p0) ∈ Y ×P is sufficiently close to
(ȳγ,δ, p̄γ,δ), then Algorithm 1 either terminates after finitely many iterations with
output (y∗, p∗) = (ȳγ,δ, p̄γ,δ) or it generates a sequence (yk, pk) that converges
r-linearly [q-linearly/q-superlinearly/with q-order 1 +ω] to (ȳγ,δ, p̄γ,δ), provided
η < 1 [η is sufficiently small/ηk → 0/ηk = O(‖F (yk, pk)‖ω)]. Here, ω ∈ (0, 1]
is arbitrary; for ω = 1 this means q-quadratic convergence.

Remark 7 The same rates of convergence can also be established if an inexact
Newton method is applied to standard formulations of the optimality system
of (ROCγ,δ). We focus on the implicit formulation (7) since in our numerical
experiments this was the only approach that proved capable of sufficiently
reducing γ, δ for Ω ⊂ R2. For instance, with a control-based formulation and
for a fixed coupling δ = 0.01γ we could not reduce γ below roughly 10−5. Also,
the algorithm was quite sensitive, e.g., a slight variation in the initial data
could lead to a much higher number of total iterations. Both observations are
well in line with our previous experience [13,21,27,28,30] on PDE-constrained
optimal control problems involving the TV seminorm. In contrast, working with
(7) is much more stable and enabled us to reduce γ to levels below 10−10, as
the numerical results in section 7 show. We point out that the homotopy path
(γ, δ) 7→ (ūγ,δ, ȳγ,δ, p̄γ,δ) is not affected by the reformulation of the optimality
system, so it is appropriate to compare the final values of γ.
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5 Finite Element approximation

In this section we provide a discretization scheme for (ROCγ,δ) and prove its
convergence. Throughout, we work with a fixed pair (γ, δ) ∈ R2

>0.

5.1 Discretization

We use Finite Elements for the discretization of (ROCγ,δ). Control, state
and adjoint state are discretized by piecewise linear and globally continuous
elements on a triangular grid. We point out that discretizing the control by
piecewise constant Finite Elements will not ensure convergence to the optimal
control ūγ,δ, in general; cf. [6, Section 4].

For all h ∈ (0, h0] and a suitable h0 > 0 let Th denote a collection of
open triangular cells T ⊂ Ω with h = maxT∈Th diam(T ). We write Ωh :=
int(∪T∈Th T̄ ). We assume that there are constants C > 0 and c > 1

2 such that

dist(∂Ωh, ∂Ω) ≤ Chc, |Ω \Ωh|
h→0−−−→ 0, |∂Ωh| ≤ C. (11)

We further assume (Th)h∈(0,h0] to be quasi-uniform and Ωh ⊂ Ωh′ for h′ ≤ h.
The assumptions in (11) are rather mild and in part implied if, for example,
Ω and (Ωh)h>0 are a family of uniform Lipschitz domains, cf. [29, Sections
4.1.2&4.1.3]. We also utilize the function spaces

Vh :=
{
vh ∈ C(Ω̄h) : vh|T is affine linear ∀T ∈ Th

}
, Yh := Vh ∩H1

0 (Ωh).

Because Vh ↪→ H1(Ωh) it follows that Yh contains precisely those functions of
Vh that vanish on ∂Ωh. We use the standard nodal basis ϕ1, ϕ2, . . . , ϕdim(Vh)

in Vh and assume that it is ordered in such a way that ϕ1, ϕ2, . . . , ϕdim(Yh) is
a basis of Yh. For every u ∈ L2(Ωh) there is a unique yh ∈ Yh that satisfies

∫
Ωh

 N∑
i,j=1

aij∂iyh∂jϕh

+ c0yhϕh dx =

∫
Ωh

uϕh dx ∀ϕh ∈ Yh

and by defining Shu := yh we obtain the discrete solution operator Sh :
L2(Ωh) → Yh to the PDE in (OC). The discretized version of (ROCγ,δ) is
given by

min
u∈Vh

1

2
||Shu− yΩh ||2L2(Ωh) + βψδ(u) +

γ

2
‖u‖2H1(Ωh)︸ ︷︷ ︸

=:jγ,δ,h(u)

, (ROCγ,δ,h)

where yΩh represents the restriction of yΩ to Ωh. By standard arguments
this problem has a unique optimal solution ūγ,δ,h. Based on ūγ,δ,h we define
ȳγ,δ,h := Shūγ,δ,h and p̄γ,δ,h := S∗h(Shūγ,δ,h − yΩh). For h → 0 the triple
(ūγ,δ,h, ȳγ,δ,h, p̄γ,δ,h) converges to the continuous optimal triple (ūγ,δ, ȳγ,δ, p̄γ,δ)
in an appropriate sense, as we show next.
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5.2 Convergence

In this section we prove convergence of the Finite Element approximation.
We will tacitly use that extension-by-zero yields for each v ∈ Yh ⊂ H1

0 (Ωh) a
function in H1

0 (Ω). Also, we need the following density result.

Lemma 14 Let (11) hold. For each ϕ ∈ C∞(Ω̄) ∩ H1
0 (Ω) there exists a

sequence (ϕh) ⊂ Yh such that limh→0+‖ϕh − ϕ‖H1(Ωh) = 0.

Proof Given ϕ and a sufficiently small h we define ϕh ∈ Yh on the in-
ner nodes x1, x2, . . . , xdim(Yh) of Ω̄h \ ∂Ωh as ϕ and as zero on the nodes
xdim(Yh)+1, . . . , xdim(Vh) on the boundary. That is, we set

ϕh(xi) :=

{
ϕ(xi) if xi ∈ Ωh,
0 if xi ∈ ∂Ωh.

Inserting the nodal interpolant Ihϕ ∈ Vh and utilizing an inverse inequality,
e.g. [25, Corollary 1.141], we find

‖ϕ− ϕh‖H1(Ωh) ≤ ‖ϕ− Ihϕ‖H1(Ωh) + Ch−1‖ϕh − Ihϕ‖L2(Ωh),

where C > 0 is independent of h. An interpolation error estimate shows that the
first term on the right-hand side converges to 0 for h→ 0+, see for example [25,
Theorem 1.103]. Owing to the definition of ϕh the second term only involves
elements near the boundary ∂Ωh, hence

h−2‖ϕh − Ihϕ‖2L2(Ωh) = h−2
∑
T∈Th

T̄∩∂Ωh 6=∅

‖ϕh − Ihϕ‖2L2(T )

≤ ChN−2
∑
T∈Th

T̄∩∂Ωh 6=∅

‖ϕh − Ihϕ‖2L∞(T ).

By (11) and the quasi-uniformity we find that the number of boundary triangles
is proportional to Ch−(N−1), hence

h−2‖ϕh−Ihϕ‖2L2(Ωh) ≤ Ch
−1 max

xi∈∂Ωh

∣∣ϕh(xi)−Ihϕ(xi)
∣∣2 = Ch−1 max

xi∈∂Ωh

∣∣ϕ(xi)
∣∣2.

We find due to ϕ = 0 on ∂Ω, dist(∂Ωh, ∂Ω) ≤ Chc and the boundedness of
∇ϕ that the term on the right-hand side is bounded by Ch−1+2c. After taking
square roots this concludes the proof as c > 1

2 . ut

Theorem 10 Let (11) hold. We have

lim
h→0+

‖(ūγ,δ,h, ȳγ,δ,h, p̄γ,δ,h)− (ūγ,δ, ȳγ,δ, p̄γ,δ)‖L2(Ω)3 = 0,

where ūγ,δ,h, ȳγ,δ,h and p̄γ,δ,h are extended by zero to Ω.
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Proof By the optimality of the function values it is easy to see that there
exists a constant C > 0, independent of h, such that ‖ūγ,δ,h‖H1(Ωh) ≤ C. Using
extension by zero we now find that ‖ȳγ,δ,h‖H1(Ω) ≤ C.

Let (hn)n∈N be a zero sequence. After taking a subsequence, not rela-
beled, we may assume that it is monotonically decreasing. From the compact
embedding of H1

0 (Ω) into L2(Ω) and the reflexivity of H1
0 (Ω) we obtain a

subsequence and a ŷ ∈ H1
0 (Ω) such that ȳγ,δ,hn

n→∞−−−−→ ŷ strongly in L2(Ω) and
weakly in H1

0 (Ω). Extending ūγ,δ,h by 0 to Ω and using the fact that L2(Ω)
is a Hilbert space we obtain on a subsequence, denoted the same way, that
ūγ,δ,hn · 1Ωhn

n→∞−−−−→ û weakly in L2(Ω) for some û ∈ L2(Ω). Let ϕ ∈ C∞c (Ω)
and ϕhn be defined as in Lemma 14. We then have

0 = A(ȳγ,δ,hn)ϕhn − (ūγ,δ,hn , ϕhn)L2(Ωh)
n→∞−−−−→ A(ŷ)ϕ− (û, ϕ)L2(Ω).

Thus ŷ = Sû by the density of C∞c (Ω) in H1
0 (Ω). The analogous arguments

show that the adjoints converge in the same way to some p̂ ∈ H1
0 (Ω) with

p̂ = S∗(ŷ−yΩ). It therefore remains to show that (û, ŷ, p̂) is the unique optimal
triple to (ROCγ,δ). We will use Theorem 3 for that. Let u ∈ H1(Ω) ∩ C∞(Ω̄)
and Ihu ∈ H1(Ωh) denote the usual nodal interpolant. Then it is well-known,

e.g. [25, Theorem 1.103], that ‖u − Ihnu‖H1(Ωhn )
n→∞−−−−→ 0. Moreover, it is

straightforward to see that û and p̂ satisfy (2) iff û minimizes

H1(Ω) 3 u 7→ γ

2
‖u‖2H1(Ω) + β

∫
Ω

√
δ + |∇u|2 dx+ (p̂, u)L2(Ω) =: G(u).

By (13) we also have that ūγ,δ,h minimizes Gh, which is defined analogously
to G with Ωh and p̄γ,δ,h. Let n̂ ∈ N be arbitrary and n ≥ n̂. We therefore find
by hn̂ ≥ hn that Ωhn̂ ⊂ Ωhn and

Ghn̂(ūγ,δ,hn) ≤ Ghn(ūγ,δ,hn) ≤ Ghn(Ihnu).

By ‖u − Ihnu‖H1(Ωhn )
n→∞−−−−→ 0, |Ω \ Ωhn |

n→∞−−−−→ 0 and p̄γ,δ,hn
n→∞−−−−→ p̂ in

L2(Ω) we obtain
lim sup
n→∞

Ghn̂(ūγ,δ,hn) ≤ G(u).

As in previous arguments we have 1Ωhn ūγ,δ,hn
n→∞−−−−→ 1Ωhn û weakly in H1(Ωhn̂)

and strongly in L2(Ωhn̂). Since u 7→
∫
Ωhn̂

√
δ + |∇u|2 dx is weakly lower semi-

continuous with respect to the L2(Ωhn̂) norm, cf. [1, Section 2], we obtain

Ghn̂(û) ≤ lim inf
n→∞

Ghn̂(ūγ,δ,hn) ≤ lim sup
n→∞

Ghn̂(ūγ,δ,hn) ≤ G(u).

Sending n̂ → ∞ shows that û is a minimizer of G, hence G′(û) = 0, which
implies the condition of Theorem 3. Together with ŷ = Sû and p̂ = S∗(ŷ − yΩ)
this demonstrates (û, ŷ, p̂) = (ūγ,δ, ȳγ,δ, p̄γ,δ), thereby concluding the proof. ut

Corollary 1 Let (11) hold. We have

lim
h→0+

‖(ȳγ,δ,h, p̄γ,δ,h)− (ȳγ,δ, p̄γ,δ)‖H1(Ω)2 = 0,

where ȳγ,δ,h and p̄γ,δ,h are extended by zero to Ω.
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Proof Let Rhȳ ∈ Yh denote the Ritz projection with respect to A. Extending
ȳγ,δ,h ∈ Yh and Rhȳ by zero to Ω we clearly have

‖ȳγ,δ,h − ȳ‖H1(Ω) ≤ ‖ȳγ,δ,h −Rhȳ‖H1(Ωh) + ‖Rhȳ − ȳ‖H1(Ω).

By definition, ȳγ,δ,h −Rhȳ satisfies

A(ȳγ,δ,h −Rhȳ)(ϕh) = (ūγ,δ,h − ū, ϕh)L2(Ωh) ∀ϕh ∈ Yh.

Thus, choosing ϕh = ȳγ,δ,h−Rhȳ and using the ellipticity of A and c0 ≥ 0 in Ω
together with the Poincaré inequality in Ω yields a constant C > 0, independent

of h, such that ‖ȳγ,δ,h −Rhȳ‖H1(Ω) ≤ C‖ūγ,δ,h − ū‖L2(Ω)
h→0+

−−−−→ 0, where we

also used extension by zero and Theorem 10. Since Rhȳ
h→0+

−−−−→ ȳ in Y , the

H1(Ω) convergence ȳγ,δ,h
h→0+

−−−−→ ȳ follows. The proof for p̄γ,δ,h− p̄ is analogue.
ut

6 Numerical solution

Based on the Finite Element approximation from section 5 we now study an
inexact Newton method to compute the discrete solution (ȳγ,δ,h, p̄γ,δ,h, ūγ,δ,h)
and we embed it into a practical path-following method.

6.1 A preconditioned inexact Newton method for the discrete problems

In this subsection we prove local convergence of an inexact Newton method
when applied to a discretized version of (7) for fixed (γ, δ) ∈ R2

>0. To this end,
let us introduce the discrete adjoint-to-control mapping uh. (We recall that
the constant h0 > 0 is introduced at the beginning of section 5.)

Lemma 15 Let h ∈ (0, h0]. For every p ∈ L2(Ωh) there exists a unique
uh = uh(p) ∈ Vh that satisfies the following discrete version of (3)(
γ∇uh + f

(
∇uh

)
,∇ϕh

)
L2(Ωh)

+ γ
(
uh, ϕh

)
L2(Ωh)

= (p, ϕh)L2(Ωh) ∀ϕ ∈ Vh.

(12)

The associated solution operator uh : L2(Ωh)→ Vh is Lipschitz continuously
Fréchet differentiable. Its derivative u′h(p) ∈ L(L2(Ωh), Vh) at p ∈ L2(Ωh) in
direction d ∈ L2(Ωh) is given by zh = u′h(p)d ∈ Vh, where zh is the unique
solution to([

γI + f ′
(
∇uh(p)

)]
∇zh,∇ϕh

)
L2(Ωh)

+ γ
(
zh, ϕh

)
L2(Ωh)

= (d, ϕh)L2(Ωh)

∀ϕ ∈ Vh.
(13)
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Proof The proof is similar to the continuous case, but easier, so we omit it. ut

With uh at hand we can discretize (7) by

Fh : Yh × Yh → Y ∗h × Y ∗h , Fh(y, p) :=

(
Ay − uh(−p)
y − yΩh −A∗p

)
.

The same Fh is obtained if we consider the optimality conditions of (ROCγ,δ,h)
and express them in terms of (y, p). Moreover, (ȳγ,δ,h, p̄γ,δ,h) is the unique root
of Fh and the properties of F from Lemma 12 and Lemma 13 carry over to Fh.

Lemma 16 Let h ∈ (0, h0]. The map Fh : Yh × Yh → Y ∗h × Y ∗h is Lipschitz
continuously Fréchet differentiable. Its derivative at (y, p) ∈ Yh × Yh is given
by

F ′h(y, p) : Yh × Yh → Y ∗h × Y ∗h , (δy, δp) 7→
(
A u′h(−p)
I −A∗

)(
δy
δp

)
.

Moreover, F ′h(y, p) is invertible for every (y, p) ∈ Yh.

Proof The differentiability follows from Lemma 15. Since dim(Yh × Yh) =
dim(Y ∗h × Y ∗h ), it is sufficient to show that F ′h(y, p) is injective. This can be
done exactly as in Lemma 13. ut

Similar to Theorem 9 we have the following result.

Theorem 11 Let h ∈ (0, h0] and η ∈ [0,∞). Then there is a neighborhood
N ⊂ Yh × Yh of (ȳγ,δ,h, p̄γ,δ,h) such that for any (y0, p0) ∈ N any sequence
(yk, pk) that is generated according to (yk+1, pk+1) = (yk, pk)+(δyk, δpk), where
(δyk, δpk) ∈ Yh × Yh satisfies for all k ≥ 0

‖Fh(yk, pk) + F ′h(yk, pk)(δyk, δpk)‖ ≤ ηk ‖Fh(yk, pk)‖

with (ηk) ⊂ [0, η], converges r-linearly [q-linearly/q-superlinearly/with q-order
1 + ω] to (ȳγ,δ,h, p̄γ,δ,h), provided η < 1 [η is sufficiently small/ηk → 0/ηk =
O(‖Fh(yk, pk)‖ω)]. Here, ω ∈ (0, 1] is arbitrary.

As a preconditioner for the fully discrete Newton system

F ′h(y, p) =

(
A u′h(−p)
M −AT

)
one can use P̂ :=

(
diag(A) 0

M −diag(AT )

)
.

(14)
It is sparse, cheaply invertible, and it does not change for fixed discretization.
In [47] it is shown that diagonal preconditioning has a favorable effect on the
distribution of the eigenvalues for Galerkin matrices. Our numerical experiments
suggest that it can also be sensible to employ better approximations than
diag(A) in P̂, e.g., a (modified incomplete) LU factorization of A.
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Algorithm 2: Inexact path-following inexact Newton method

Input: (ŷ0, p̂0) ∈ Yh × Yh, (γ0, δ0) ∈ R2
>0, κ > 0

1 for i = 0, 1, 2, . . . do
2 set (y0, p0) := (ŷi, p̂i)
3 for k = 0, 1, 2, . . . do
4 if ‖Fh(yk, pk)‖ ≤ ρ(γi, δi) then
5 set (ŷi+1, p̂i+1) := (yk, pk)
6 go to line 11

7 end
8 choose ηk > 0 and use preconditioned gmres to determine (δyk, δpk) such

that ‖rk‖ ≤ ηk‖Fh(yk, pk)‖
9 call Algorithm 3, input wk := (yk, pk), δwk := (δyk, δpk); output: λk

10 set (yk+1, pk+1) := (yk, pk) + λk(δyk, δpk)

11 end
12 select σi ∈ (0, 1)

13 if ‖(ŷι+1, β−1p̂ι+1)− (ŷι, β−1p̂ι)‖H1 ≤ (1− σι)κ‖(ŷi+1, β
−1p̂i+1)‖H1 for

ι = i, i− 1 then set (y∗, p∗) := (ŷi+1, p̂i+1); stop
14 set (γi+1, δi+1) := (σiγi, σiδi)

15 end
Output: (y∗, p∗)

6.2 A practical path-following method

The following Algorithm 2 is a practical path-following inexact Newton method
to solve (ROCγ,δ,h). We use the residual rk := Fh(yk, pk)+F ′h(yk, pk)(δyk, δpk).

The function ρ : R2
>0 → R>0 prescribes how small the Newton residual

should be for fixed γ, δ. In the implementation we use ρ(γ, δ) = max{10−6, γ},
which may be viewed as inexact path-following. For the forcing term ηk we use
the two choices ηk = η̄k := 10−6 and ηk = η̂k := max{10−6,min{10−k−1,

√
δi}},

where k = k(i). For η̄k we have η̄k ≤ ‖Fh(yk, pk)‖ since we terminate the
inner loop if ‖Fh(yk, pk)‖ < 10−6. Theorem 11 therefore suggests quadratic
convergence for the choice ηk = η̄k and this can indeed be observed. Similarly,
ηk = η̂k corresponds to superlinear convergence. For both choices, however, we
found in the numerical experiments that it is more efficient to also terminate
gmres if the Euclidean norm of rk drops below η̄k, respectively, η̂k although
this can prevent quadratic, respectively, superlinear convergence.

The control uh(−pk) is computed with a globalized Newton method. The
method terminates when the Newton residual falls below a threshold that
decreases with (γi, δi). The linear systems are solved using SciPy’s sparse direct
solver spsolve. As an alternative we experimented with a preconditioned
conjugate gradients method (PCG). The results were mixed: While the use of
PCG diminished the total runtime of Algorithm 2 if all went well, we observed
on several instances that it broke down for smaller values of (γi, δi).

We choose σi based on the number of Newton steps that are needed to
compute the implicit controls {uh(−pk)}k in outer iteration i. If this number
surpasses a predefined m ∈ N, then we choose σi > σi−1. If it belongs to
[0, 0.75m], then we choose σi < σi−1. Otherwise, we let σi = σi−1. In addition,
we respect the bound σi ≥ 0.25 for all i, since we found in the numerical exper-
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iments, cf. Table 3 below, that choosing σi too small can prevent convergence
in some cases. The weighing 1/β in the termination criterion is made since the
amplitude of the adjoint state is roughly of order β in comparison to the state.
In all experiments we use κ = 10−3.

Algorithm 3 augments Algorithm 2 by a non-monotone line search global-
ization introduced in [35]. The non-monotonicity allows to always accept the
inexact Newton step and yields potentially larger step sizes than descent-based
strategies. The intention is to keep the number of trial step sizes low since
every trial step size requires the evaluation of Fh and hence a recomputation
of uh(−pk). Assuming for simplicity that uh(−pk) is determined exactly for
each k, it is possible to show convergence of (yk, pk) from arbitrary starting
points and to prove that eventually step size 1 will be accepted, which in turn
ensures that the convergence rates of Theorem 11 are available for every fixed
(γi, δi). In the numerical experiments we use τ = 10−4 and we observe that in
the vast majority of iterations full steps are taken.

All norms without index in Algorithm 2 and 3 are L2(Ωh) norms.

Algorithm 3: Computation of step size

1 Input: (wk, δwk), τ > 0
2 for l = 0, 1, 2, . . . do

3 if ‖Fh(wk + 2−lδwk)‖ ≤
(

1 + 1
(l+1)2

)
‖Fh(wk)‖ − τ‖2−lδwk‖2 then set

λk := 2−l; stop

4 end
Output: λk

7 Numerical results

We provide numerical results for two examples. Our main goal is to illustrate
that Algorithm 2 can robustly compute accurate solutions of (OC). The results
are obtained from a Python implementation of Algorithm 2 using DOLFIN
[38,39], which is part of FEniCS [3,37]. The code for the second example is
available at https://imsc.uni-graz.at/mannel/publications.php.

7.1 Example 1: An example with explicit solution

The first example has an explicit solution and satisfies the assumptions used
in this work. We consider (OC) for an arbitrary β > 0 with non-convex C∞

domain Ω = B4π(0) \B2π(0) in R2, A = −∆ and c0 ≡ 0. The desired state is

yΩ(r) =
β

2r3

(
(1 + r) sin(r)− 1− (2r2 − 1) cos(r)

)
+ ȳ

https://imsc.uni-graz.at/mannel/publications.php
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(a) ūh (b) ūh with circles of radii jπ, j ∈ {2, 3, 4}

(c) ȳh (d) −p̄h

Fig. 1: Numerically computed optimal solutions for Example 1

where r(x, y) =
√
x2 + y2, and the optimal state ȳ is

ȳ(r) =

{
− r

2

4 +A ln(r/(4π)) +B if r ∈ (2π, 3π),

C ln(r/(4π)) if r ∈ (3π, 4π)

with constants A,B,C whose values are contained in appendix D. The optimal
control is

ū(r) = 1(2π,3π)(r).

The optimal value is j(ū) ≈ 24.85β2 +59.22β. In appendix D we provide details
on the construction of this example and verify that (ȳ, ū) is indeed the optimal
solution of (OC) If not stated otherwise, then β = 10−3 is employed.

We use unstructured triangulations that approximate ∂Ω increasingly better
as the meshes become finer, cf. (11). Figure 1 depicts the optimal control ūh,
optimal state ȳh and negative optimal adjoint state −p̄h, which were computed
by Algorithm 2 on a grid with 1553207 degrees of freedom (DOF).

We begin by studying convergence on several grids. We use the fixed ratio
(γi/δi) ≡ 102 and apply Algorithm 2 with (γ0, δ0) = (1, 0.01) and (ŷ0, p̂0) =
(0, 0). We use the two forcing terms ηk = 10−6 =: η̄k for all k (and all i) and
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Table 1: Example 1: Number of Newton steps and errors for several meshes; the
first value is for the forcing term η̄k, the second for η̂k (only shown if different)

DOF γfinal #it #itu Ej Eu Ey Ep
1588 1.2× 10−8/9.3× 10−9 58/72 390/428 3.4× 10−2 18.7 2.3 6.0× 10−2

6251 1.7/1.6× 10−10 78/91 597/608 4.0× 10−3 7.3 1.1 3.3× 10−2

24443 2.1/1.5× 10−11 55/64 454/491 9.4× 10−4 5.1 0.50 1.3× 10−2

97643 5.4/6.2× 10−11 46/48 407/380 3.3× 10−4 3.7 0.22 5.6× 10−3

389027 4.6/4.3× 10−10 32/34 367/358 1.2× 10−4 2.8 0.09 2.9× 10−3

Table 2: Example 1: Course of Algorithm 2

i γi σi (#iti,#itiu) Eij Eiu Eiy Eip τ i τ iu

0/1/2 1.0/0.45/0.18 0.45/0.41/0.37 (0, 0) 575 155 38.5 9.8× 10−3 0 0
3 6.8× 10−2 0.33 (1, 1) 5.7 44 1.8 1.4 1440 11.3
4 2.2× 10−2 0.30 (1, 2) 2.0 38 1.0 0.48 959 0.83
.
..

.

..
.
..

.

..
.
..

.

..
.
..

.

..
.
..

.

..
12 8.7× 10−6 0.32 (3, 18) 1.8× 10−3 5.1 0.23 8.8× 10−3 3.5 0.22
13 2.8× 10−6 0.31 (3, 20) 8.7× 10−4 4.3 0.23 6.8× 10−3 2.0 0.15
14 8.7× 10−7 0.28 (3, 18) 5.1× 10−4 3.9 0.22 6.0× 10−3 0.84 0.073
15 2.4× 10−7 0.26 (5, 20) 3.8× 10−4 3.7 0.22 5.7× 10−3 0.32 0.027
16 6.4× 10−8 0.25 (3, 15) 3.5× 10−4 3.7 0.22 5.6× 10−3 0.13 8.2× 10−3

17 1.6× 10−8 0.25 (3, 16) 3.3× 10−4 3.7 0.22 5.6× 10−3 0.081 2.2× 10−3

18 4.0× 10−9 0.25 (3, 15) 3.3× 10−4 3.7 0.22 5.6× 10−3 0.060 7.0× 10−4

19 9.9× 10−10 0.25 (3, 20) 3.3× 10−4 3.7 0.22 5.6× 10−3 0.045 3.6× 10−4

20 2.5× 10−10 0.25 (3, 22) 3.3× 10−4 3.7 0.22 5.6× 10−3 0.028 2.2× 10−4

21 6.2× 10−11 — (3, 33) 3.3× 10−4 3.7 0.22 5.6× 10−3 0.017 1.4× 10−4

ηk = max{10−6,min{10−k−1,
√
δi}} =: η̂k. Table 1 shows #it, which represents

the total number of inexact Newton steps for (y, p), and #itu, which is the
total number of Newton steps used to compute the implicit function u. Table 1
also contains the errors

Ej :=
∣∣jγfinal,δfinal,h − j̄

∣∣, Eu := ‖ûfinal − ū‖L1(Ω∗),

as well as

Ey := ‖ŷfinal − ȳ‖H1(Ω∗), Ep := ‖p̂final − p̄‖H1(Ω∗).

where Ω∗ represents a reference grid with DOF = 1553207. To evaluate the
errors, ûfinal, ŷfinal and p̂final are extended to Ω∗ using extrapolation. Table 2
provides details for the run from Table 1 with DOF = 97643 and ηk = η̂k.
Table 2 includes τ i := ‖(ŷi+1, β

−1p̂i+1)− (ŷi, β
−1p̂i)‖H1(Ωh), which appears in

the termination criterion of Algorithm 2, and also τ iu := ‖u(p̂i+1)−u(p̂i)‖L2(Ωh).
Table 1 indicates convergence of the computed solutions (ûfinal, ŷfinal, p̂final)

to (ū, ȳ, p̄) and of the objective value jγfinal,δfinal,h to j̄. It also suggests that
convergence takes place at certain rates with respect to h. Moreover, the
total number of Newton steps both for (y, p) and for u stays bounded as DOF
increases, which may suggest mesh independence. The choice ηk = η̄k frequently
yields lower numbers of Newton steps for (y, p) and for u, yet the runtime
(not depicted) is consistently higher than for ηk = η̂k since more iterations
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Table 3: Example 1: Results for fixed values (σi) ≡ σ; the first value is for the
forcing term η̄k, the second for η̂k (only shown if different)

σ γfinal #it #itu Ej Eu Ey Ep
0.2 6.6× 10−12 48/51 505/512 9.4× 10−4 5.1 0.50 1.3× 10−2

0.3 3.5× 10−11 51/57 408/405 9.4× 10−4 5.1 0.50 1.3× 10−2

0.5 2.3× 10−10 70/86 454/466 9.4× 10−4 5.1 0.50 1.3× 10−2

0.7 5.1× 10−10 97/130 522/552 9.4× 10−4 5.1 0.50 1.3× 10−2

0.9 1.1/8.0× 10−9 276/474 1261/1329 9.4/9.5× 10−4 5.1 0.50 1.3× 10−2

Table 4: Example 1: Results for a sequence of nested grids

DOF γfinal #it #itu Ej Eu Ey Ep
6655 6.7× 10−3 7 39 6.5× 10−1 30 1.2 1.8× 10−1

25596 4.8× 10−5 13 175 7.7× 10−3 8.3 0.51 1.7× 10−2

100336 8.6× 10−7 16 117 5.5× 10−4 4.1 0.23 5.6× 10−3

397248 4.4× 10−11 34 387 1.4× 10−4 2.8 0.09 3.2× 10−3

of gmres are required to compute the step for (y, p). Specifically, using η̂k
saves between 5% and 36% of runtime, with 36% being the saving on the finest
grid. In the vast majority of iterations, step size 1 is accepted for (yk, pk). For
instance, all of the 52 iterations required for DOF = 97643 and ηk = η̂k use
full steps; for DOF = 6251 and ηk = η̄k, 86 of the 87 iterations use step size 1.

Table 3 displays the effect of fixing (σi) ≡ σ in Algorithm 2. The mesh uses
DOF = 24443 and is the same as in Table 1.

For both forcing terms, σ = 0.3 yields the lowest runtime. In comparison,
the adaptive choice of σi that we employ requires about 6% more runtime. For
σ = 0.1 the iterates failed to converge for both forcing terms once γ12 = 10−12

is reached because uh(−pk) could not be computed to sufficient accuracy within
the 200 iterations that we allow for this process. Together with Table 3 this
shows that small values of σi can increase the number of steps required for
u and even prevent convergence. We therefore let σi ≥ 0.25 for all i in all
experiments, although this diminshes the efficacy of Algorithm 2 in some cases.

Table 4 shows results for ηk = η̂k and a sequence of nested grids, where the
grids are refined once γi < 10−2, γi < 10−4 and γi < 10−6, respectively.

We note that the errors Ej , Eu, Ey and Ep in the last line of Table 4 are of
similar size as their counterparts in the last line of Table 1. Since the iteration
numbers in these lines are similar as well, the variant on the fixed grid somewhat
surprisingly requires a lower runtime than the nested variant. The reason is that
the computation of uh(−p0) after the last grid refinement at γi = 8.6× 10−7

requires 200 iterations. We leave the issue of reducing this large number (and
correspondingly the runtime) as a future topic and mention that, in contrast,
in example 2 the usage of nested grids is clearly advantageous.
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Table 5: Example 1: Results for various values of β; the first line is for the
choice (γi/δi) ≡ 102, the second for (γi/δi) ≡ 1

β 10−1 10−2 10−4 10−5

(#it,#itu)/Eu (28, 373)/21 (37, 217)/7.2 (100, 914)/4.3 (153, 1230)/4.1
(#it,#itu)/Eu (40, 435)/21 (78, 795)/7.3 (126, 996)/4.3 (137, 1147)/4.1

Table 6: Example 1: Iteration numbers and errors for several ratios γi/δi; the
computations for γi/δi ∈ {10−1, 10−2} use a lower accuracy

γi
δi

δfinal #it #itu Ej Eu Ey Ep

10−2 3.0× 10−8 71 288 9.9× 10−4 5.1 0.50 1.3× 10−2

10−1 3.0× 10−8 58 246 9.9× 10−4 5.1 0.50 1.3× 10−2

1 1.8× 10−12 102 469 9.4× 10−4 5.1 0.50 1.3× 10−2

101 2.9× 10−12 80 396 9.4× 10−4 5.1 0.50 1.3× 10−2

102 2.3× 10−12 70 454 9.4× 10−4 5.1 0.50 1.3× 10−2

103 1.9× 10−12 59 475 9.4× 10−4 5.1 0.50 1.3× 10−2

We now turn to the robustness of Algorithm 2. We emphasize that in our
numerical experience the robustness of algorithms for optimal control problems
involving the TV seminorm in the objective is a delicate issue. Table 5 displays
the iteration numbers required by Algorithm 2 for different values of β on
the mesh with DOF = 24443 along with the error Ej for ηk = η̂k for the
two choices (γi/δi) ≡ 102 and (γi/δi) ≡ 1. The omitted values for β = 10−3

and (γi/δi) ≡ 102 are identical to those from Table 1 for DOF = 24443 and
ηk = η̂k. Table 6 provides iteration numbers and errors for various fixed choices
of (γi/δi) on the mesh with DOF = 24443 for β = 10−3, ηk = η̄k and (σi) ≡ 0.5.
For the ratios 10−1 and 10−2 we increased κ from 10−3 to 5 · 10−3 to obtain
convergence. Since our goal is to demonstrate robustness, no further changes
are made although this would lower the iteration numbers.

Table 5 and 6 suggest that Algorithm 2 is able to handle a range of parameter
values without modification of its internal parameters.

7.2 Example 2

From section 3 onward we have required Ω to be of class C1,1. To show that
Algorithm 2 can still solve (OC) if Ω is only Lipschitz, we now consider an
example from [22, section 4.2] on the square Ω = [−1, 1]2. We have A = −∆,
c0 ≡ 0, β = 10−4 and yΩ = 1D, where D = (−0.5, 0.5)2. We use uniform
triangulations throughout this example and denote by n + 1 the number of
nodes in coordinate direction. Figure 1 depicts the optimal control ūh, optimal
state ȳh and negative optimal adjoint state −p̄h, which were computed with
n = 1024. Apparently, ūh is piecewise constant.
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(a) ūh (b) ūh (top view)

(c) ȳh (d) −p̄h

Fig. 2: Numerically computed optimal solutions for Example 2

Table 7: Example 2: Number of Newton steps and errors for several meshes

n γfinal #it #itu Ej Eu Ey Ep
32 1.7× 10−11 43 321 1.8× 10−2 8.6 0.75 9.0× 10−3

64 1.7× 10−11 48 551 9.9× 10−3 4.3 0.37 4.9× 10−3

128 3.2× 10−11 46 902 4.9× 10−3 2.3 0.19 2.4× 10−3

256 3.3× 10−11 50 1212 2.2× 10−3 1.1 0.081 1.1× 10−3

512 5.6× 10−11 58 2868 7.3× 10−4 0.42 0.031 4.2× 10−4

Throughout, we use the fixed ratio (γi/δi) ≡ 10−2 and apply Algorithm 2
with (γ0, δ0) = (0.01, 1) and (ŷ0, p̂0) = (0, 0). As in example 1, cf. Table 6, other
ratios for γi/δi can be employed as well. We only provide results for η̄k since
the forcing term η̂k does not yield lower runtimes in this example; both forcing
terms produce the same errors, though. Table 7 displays iteration numbers and
errors for different grids, while Table 8 shows details for n = 256.

Table 7 hints at possible mesh independence for (y, p), but suggests that
the number of Newton steps for u increases with n. The depicted errors are
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Table 8: Example 2: Course of Algorithm 2

i γi σi (#iti,#itiu) Eij Eiu Eiy Eip τ i τ iu

0–4 0.01/ . . . 0.45/ . . . (0, 0) 0.42 34 3.4 1.7× 10−2 0 0
5 6.7× 10−5 0.27 (2, 7) 6.0× 10−2 27 1.9 4.2× 10−2 498 7.3
6 1.8× 10−5 0.26 (2, 37) 3.4× 10−2 23 1.6 2.4× 10−2 212 3.4
...

...
...

...
...

...
...

...
...

...
11 2.9× 10−7 0.55 (2, 59) 3.1× 10−3 12 0.50 4.6× 10−3 16.4 1.6
12 1.6× 10−7 0.55 (2, 59) 1.6× 10−3 9.6 0.39 3.4× 10−3 12.6 1.6
13 9.0× 10−8 0.53 (2, 56) 4.4× 10−4 7.4 0.29 2.5× 10−3 9.5 1.4
14 4.7× 10−8 0.53 (3, 70) 4.5× 10−4 5.3 0.21 1.9× 10−3 7.6 1.4
...

...
...

...
...

...
...

...
...

...
21 9.5× 10−10 0.52 (3, 64) 2.1× 10−3 1.3 0.084 1.1× 10−3 0.62 0.32
22 5.0× 10−10 0.47 (2, 23) 2.1× 10−3 1.1 0.083 1.1× 10−3 0.38 0.24
23 2.4× 10−10 0.45 (2, 56) 2.1× 10−3 1.1 0.081 1.1× 10−3 0.28 0.27
24 1.1× 10−10 0.59 (2, 80) 2.1× 10−3 1.1 0.081 1.1× 10−3 0.15 0.17
25 6.2× 10−11 0.53 (2, 15) 2.2× 10−3 1.1 0.081 1.1× 10−3 0.062 0.052
26 3.3× 10−11 — (2, 17) 2.2× 10−3 1.1 0.081 1.1× 10−3 0.042 0.037

Table 9: Example 2: Results for a sequence of nested grids

n γfinal #it #itu Ej Eu Ey Ep
64 4.0× 10−5 5 26 3.9× 10−2 25 1.8 3.4× 10−2

128 4.8× 10−7 12 260 1.7× 10−3 14 0.64 6.3× 10−3

256 6.3× 10−9 19 481 1.7× 10−3 2.1 0.10 1.2× 10−3

512 5.6× 10−11 20 792 7.3× 10−4 0.42 0.031 4.2× 10−4

Table 10: Example 2: Results for various values of β. A sequence of nested
grids is used and the displayed iteration numbers are for the finest grid only

β 10−3 10−4 10−5 5× 10−6

(#it,#itu)/Ej (12, 117)/3.3× 10−3 (22, 355)/2.8× 10−3 (70, 958)/2.4× 10−3 (104, 1569)/2.2× 10−3

computed by use of a reference solution that is obtained by Algorithm 2 with
ηk = η̄k on the mesh with n = 1024. As in the first example it seems that
convergence with respect to h takes place at certain rates. The majority of
iterations use full Newton steps for (y, p). For instance, all but one of the 50
iterations for n = 256 use step length one.

Table 9 shows the outcome of Algorithm 2 if a sequence of nested grids is
used, where the grids are refined once γi < 10−4, γi < 10−6 and γi < 10−8,
respectively. This simple strategy reduces the runtime by about 57% while
providing the same accuracy as a run for n = 512, cf. the last line of Table 7.

Table 10 adresses the robustness of Algorithm 2 with respect to β. The
computations are carried out on nested grids and the displayed iteration
numbers are those for the finest grid, which has n = 128. The reference solution
is computed for n = 256. The final grid change happens once γi < 10−8.
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Table 10 indicates that Algorithm 2 is robust with respect to β. As in
example 1 it is possible to achieve lower iteration numbers through manipulation
of the algorithmic parameters. For instance, if the final grid change for β = 10−5

happens once γi < 10−9 instead of γi < 10−8, then only (41, 638) iterations
are needed on the final grid instead of (70, 958).

8 Summary

We have studied an optimal control problem with controls from BV in which the
control costs are given by the TV seminorm. By smoothing the TV seminorm
and adding an H1 regularization term we obtained a family of auxiliary
problems whose solutions converge to the optimal solution of the original
problem in appropriate function spaces. For fixed smoothing and regularization
parameter we showed local convergence of an infinite-dimensional inexact
Newton method applied to a reformulation of the optimality system that
involves the control as an implicit function of the adjoint state. Based on a
convergent Finite Element approximation a practical algorithm was derived
and it was demonstrated that the algorithm is able to robustly compute the
optimal solution of the control problem with considerable accuracy. To verify
this, a two-dimensional test problem with known solution was constructed.

A Differentiability of ψδ

Lemma 17 Let δ > 0, N ∈ N and let Ω ⊂ RN be open. The functional

ψδ : H1(Ω)→ R, u 7→
∫
Ω

√
δ + |∇u|2 dx

is Lipschitz continuously Fréchet differentiable and twice Gâteaux differentiable. Its first
derivative at u in direction v and its second derivative at u in directions v, w are given by

ψ′δ(u)v =

∫
Ω

(∇u,∇v)√
δ+|∇u|2

dx and ψ′′δ (u)[v, w] =

∫
Ω

(∇v,∇w)√
δ + |∇u|2

−
(∇u,∇v) (∇u,∇w)

(δ + |∇u|2)
3
2

dx.

Proof First Gâteaux derivative
Let u, v ∈ H1(Ω). As s 7→

√
δ + s is Lipschitz on [0,∞) with constant 1

2
√
δ
, we obtain for

all t ∈ [−1, 1], t 6= 0,∣∣∣∣∣
√
δ + |∇u+ t∇v|2 −

√
δ + |∇u|2

t

∣∣∣∣∣ ≤ |∇v| · (2 |∇u|+ |∇v|)2
√
δ

a.e. in Ω. (15)

Thus, we can apply the theorem of dominated convergence, which yields

lim
t→0

ψδ(u+ tv)− ψδ(u)

t
=

∫
Ω

lim
t→0

√
δ + |∇u+ t∇v|2 −

√
δ + |∇u|2

t
dx =

∫
Ω

(∇u,∇v)√
δ + |∇u|2

dx.

From∣∣∣∣∣
∫
Ω

(∇u,∇v)√
δ + |∇u|2

dx

∣∣∣∣∣ ≤
∫
Ω

∣∣∣∣∣ (∇u,∇v)√
δ + |∇u|2

∣∣∣∣∣ dx ≤
‖∇u‖L2(Ω)‖∇v‖L2(Ω)√

δ
≤
‖u‖H1(Ω)‖v‖H1(Ω)√

δ
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we see that the functional v 7→ ψ′δ(u)v is linear and continuous.
Second Gâteaux derivative
Let u, v, w ∈ H1(Ω). Since g : RN → R, g(y) :=

(y,z)√
δ+|y|2

, with z ∈ RN fixed, is Lipschitz

continuous on RN with constant 2√
δ
|z|, we obtain for all t ∈ R, t 6= 0,∣∣∣∣1t

∣∣∣∣
∣∣∣∣∣ (∇u+ t∇w,∇v)√

δ + |∇u+ t∇w|2
−

(∇u,∇v)√
δ + |∇u|2

∣∣∣∣∣ ≤ 2
√
δ
|∇v||∇w| a.e. in Ω. (16)

Dominated convergence yields

lim
t→0

ψ′δ(u+ tw)v − ψ′δ(u)v

t
=

∫
Ω

lim
t→0

1

t

(
(∇u+ t∇w,∇v)√
δ + |∇u+ t∇w|2

−
(∇u,∇v)√
δ + |∇u|2

)
dx

=

∫
Ω

(∇v,∇w)√
δ + |∇u|2

−
(∇u,∇v) (∇u,∇w)

(δ + |∇u|2)
3
2

dx,

where we used the directional derivative of g to derive the last equality. From (16) we deduce
the boundedness of the bilinear mapping (v, w) 7→ ψ′′δ (u)[v, w] by∣∣∣∣∣

∫
Ω

(∇v,∇w)√
δ + |∇u|2

−
(∇u,∇v) (∇u,∇w)

(δ + |∇u|2)
3
2

dx

∣∣∣∣∣ ≤ 2
√
δ
‖v‖H1(Ω)‖w‖H1(Ω). (17)

Lipschitz continuous Fréchet differentiability
From (17) we infer that supu∈H1(Ω)‖ψ′′δ (u)‖H1(Ω)∗∗ ≤ 2√

δ
, which implies that u 7→ ψ′δ(u)

is Lipschitz with constant 2√
δ

, hence u 7→ ψδ(u) is Fréchet differentiable. ut

B Hölder continuity for quasilinear partial differential equations

To prove results on the Hölder continuity of solutions to quasilinear elliptic PDEs, we first
discuss linear elliptic PDEs.

Theorem 12 Let α ∈ (0, 1) and let Ω be a bounded C1,α domain. Let γ0, µ > 0 be given. Let
A ∈ C0,α(Ω,RN×N ) be a uniformly elliptic matrix with ellipticity constant µ and let γ ≥ γ0.
Let a0 > 0 be such that γ, ‖A‖C0,α(Ω) ≤ a0. Then there is a constant C > 0 depending

only on α, Ω, N , µ, a0 and γ0 such that for any p ∈ L∞(Ω) and any f ∈ C0,α(Ω,RN ) the
unique weak solution u to{

− div(A∇u) + γu = p− div(f) in Ω,

∂Aνu = 0 on Γ,
(18)

satisfies u ∈ C1,α(Ω) and

‖u‖C1,α(Ω) ≤ C
(
‖p‖L∞(Ω) + ‖f‖C0,α(Ω)

)
.

Proof A standard ellipticity argument delivers unique existence and ‖u‖H1(Ω) ≤ C‖p‖L∞(Ω),

where C only depends on the claimed quantities. Moreover, by [46, Theorem 3.16(iii)]

‖u‖L2,N+2α(Ω)+‖∇u‖L2,N+2α(Ω) ≤ C
(
‖p‖L2,(N+2α−2)+ (Ω)

+‖f‖L2,N+2α(Ω)+‖u‖H1(Ω)

)
.

Here, C depends on all of the claimed quantities except γ0, and L2,λ(Ω) denotes a Cam-
panato space; for details see [46, Chapter 1.4]. The definition of Campanato spaces im-
plies ‖p‖L2,(N+2α−2)+ (Ω)

≤ C‖p‖L∞(Ω). Using the isomorphism between L2,N+2α(Ω) and

C0,α(Ω) from [46, Theorem 1.17 (ii)] we obtain

‖u‖C1,α(Ω) ≤ C
(
‖p‖L∞(Ω) + ‖f‖C0,α(Ω) + ‖u‖H1(Ω)

)
.

The earlier ellipticity estimate concludes the proof. ut
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The next result follows directly from [36, Theorem 2] and requires no proof.

Theorem 13 Let Ω be a bounded C1,α′ domain for some α′ ∈ (0, 1]. Let A : Ω×R×RN →
RN , B : Ω ×R×RN → R, M > 0 and 0 < λ ≤ Λ. Let κ,m ≥ 0 and suppose that

N∑
i,j=1

∂ηiAj(x, u, η)ξiξj ≥ λ
(
κ+ |η|22

)m|ξ|22, (ellipticity) (19)

N∑
i,j=1

|∂ηiAj(x, u, η)| ≤ Λ
(
κ+ |η|2

)m
, (boundedness of A) (20)

|B(x, u, η)| ≤ Λ
(
1 + |η|2

)m+2
, (boundedness of B) (21)

as well as the Hölder continuity property

|A(x1, u1, η)−A(x2, u2, η)| ≤ Λ
(
1 + |η|2

)m+1(|x1 − x2|α
′

+ |u1 − u2|α
′)

(22)

are satisfied for all x, x1, x2 ∈ Ω, u, u1, u2 ∈ [−M,M ] and η, ξ ∈ RN . Then there exist
constants α ∈ (0, 1) and C > 0 such that each solution u ∈ H1(Ω) of∫

Ω
A(x, u,∇u)T∇ϕdx =

∫
Ω
B(x, u,∇u)ϕ dx ∀ϕ ∈ H1(Ω)

satisfies
‖u‖C1,α(Ω) ≤ C.

Here, C > 0 only depends on α′, Ω, N , Λ/λ, m, and M , while α ∈ (0, 1) only depends on
α′, N , Λ/λ and m.

We collect elementary estimates for Hölder continuous functions.

Lemma 18 Let Ω ⊂ RN be nonempty, let α > 0, and let f, g ∈ C0,α(Ω). Then:
• ‖fg‖C0,α(Ω) ≤ ‖f‖C0,α(Ω)‖g‖C0,α(Ω).

• ‖
√
ε+ f2‖C0,α(Ω) ≤

√
ε+ ‖f‖C0,α(Ω) for all ε > 0.

• If |f | ≥ ε > 0 on Ω for some constant ε > 0, then there holds

‖1/f‖C0,α(Ω) ≤ ε
−2‖f‖C0,α(Ω) + ε−1.

• ‖ |h| ‖C0,α(Ω) ≤ ‖h‖C0,α(Ω,RN ) for all h ∈ C0,α(Ω,RN ).

• Let Ni ∈ N and let Ui ⊂ RNi be nonempty, 1 ≤ i ≤ 4. For φ ∈ C0,1(U2, U3),
h ∈ C0,α(U1, U2) and H ∈ C0,α(U3, U4) there hold

‖φ ◦ h‖C0,α(U1,U3) ≤ |φ|C0,1(U2,U3)|h|C0,α(U1,U2) + ‖φ‖L∞(U2,U3)

and
‖H ◦ φ‖C0,α(U2,U4) ≤ |φ|

α
C0,1(U2,U3)

|H|C0,α(U3,U4) + ‖H‖L∞(U3,U4).

Proof First claim: Because of |f(x)g(x)− f(y)g(y)| ≤ |f(x)| |g(x)− g(y)|+ |g(y)| |f(x)−
f(y)| ≤ ( ‖f‖L∞(Ω)|g|C0,α(Ω) + ‖g‖L∞(Ω)|f |C0,α(Ω) )|x − y|α for all x, y ∈ Ω, we infer

|fg|C0,α(Ω) ≤ ‖f‖L∞(Ω)|g|C0,α(Ω) + ‖g‖L∞(Ω)|f |C0,α(Ω). Together with ‖fg‖L∞(Ω) ≤
‖f‖L∞(Ω)‖g‖L∞(Ω) this implies the first claim.

Second claim: Since φ(t) :=
√
ε+ t2 is Lipschitz continuous with constant 1 in R, the

assertion follows from the fifth claim by use of ‖
√
ε+ f2‖L∞(Ω) ≤

√
ε+ ‖f‖L∞(Ω).

Third claim: Since φ(t) := |t|−1 is Lipschitz continuous with constant ε−2 in R \ (−ε, ε),
the assertion follows from the fifth claim, applied with U2 := {f(x) : x ∈ Ω}, by use of
‖φ‖L∞(U2,U3) = ‖ |f |−1 ‖L∞(Ω) ≤ ε−1.
Fourth claim: The assertion follows from the fifth claim.
Fifth claim: For x, y ∈ U1 we have

|φ(h(x))− φ(h(y))| ≤ |φ|C0,1(U2,U3)|h(x)− h(y)| ≤ |φ|C0,1(U2,U3)|h|C0,α(U1,U2)|x− y|
α.

Together with |φ(h(x))| ≤ supy∈U2
|φ(y)| = ‖φ‖L∞(U2,U3) for all x ∈ U1 we obtain the

assertion for φ ◦ h. The assertion for H ◦ φ can be established analogously. ut
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We can now establish the desired regularity and continuity result for (3).

Theorem 14 Let Ω ⊂ RN be a bounded C1,α′ domain for some α′ ∈ (0, 1]. Let β > 0 and
γ0 ≥ γ ≥ γ0 > 0 and δ0 ≥ δ ≥ δ0 > 0. By u = u(p) ∈ H1(Ω) we denote for each p ∈ L∞(Ω)
the unique weak solution of

− div

([
γ +

β√
δ + |∇u|2

]
∇u
)

+ γu = p in Ω,([
γ +

β√
δ + |∇u|2

]
∇u, ν

)
= 0 on Γ.

(23)

Then for every b0 > 0 there exists α ∈ (0, 1) such that u : Bb0 → C1,α(Ω) is well-
defined and Lipschitz continuous, i.e. ‖u(p1)− u(p2)‖C1,α(Ω) ≤ L‖p1 − p2‖L∞(Ω) for all

p1, p2 ∈ Bb0 ⊂ L∞(Ω) and some L > 0. The constants L and α are independent of γ and δ,
but may depend on α′, Ω, N , β, b0, γ0, γ0, δ0 and δ0.

Proof Let b0 > 0 and let p1, p2 ∈ L∞(Ω) with ‖p1‖L∞(Ω), ‖p2‖L∞(Ω) < b0.

Part 1: Showing existence of u1,u2 ∈ H1(Ω).
For i = 1, 2 we define

Fi : H
1(Ω)→ R,

v 7→ γ‖v‖2
H1(Ω)

+ β

∫
Ω

√
δ + |∇v|2 dx− (pi, v)L2(Ω).

Invoking the convexity of ψδ, cf. Lemma 2, we obtain that Fi is strongly convex, which
implies the existence of a unique minimizer ui ∈ H1(Ω). Since Fi is Fréchet differentiable by
Lemma 17, we have F ′(ui) = 0 in H1(Ω)∗, which is equivalent to (23).

Part 2: Showing u1,u2 ∈ L∞(Ω) and an estimate for ‖u1‖L∞(Ω) and ‖u2‖L∞(Ω)

Fix M > γ−1
0 b0 and let ui,M := min(M,max(−M,ui)), i = 1, 2. For any N 3 p ≥ 1 we have

∇
(
u2p−1
i,M

)
= (2p− 1)u2p−2

i ∇ui · 1{−M<ui<M} ∈ L
2(Ω).

Testing (23) with u2p−1
i,M yields

γ(ui, u
2p−1
i,M )L2(Ω)

= (p, u2p−1
i,M )L2(Ω) − (2p− 1)

∫
{−M<ui<M}

γu2p−2
i |∇ui|2 + βu2p−2

i

|∇ui|2√
δ + |∇ui|2

dx

≤ ‖p‖L∞(Ω)‖u
2p−1
i,M ‖L1(Ω) ≤ b

0‖1‖L2p(Ω)‖u
2p−1
i,M ‖

L
2p

2p−1 (Ω)
= b0|Ω|

1
2p ‖ui,M‖2p−1

L2p(Ω)
.

In combination with

γ(ui, u
2p−1
i,M )L2(Ω)

= γ

(∫
{−M<ui<M}

u2p
i dx+

∫
{ui≤−M}

ui(−M)2p−1 dx+

∫
{M≤ui}

uiM
2p−1 dx

)

≥ γ
(
‖ui‖2pL2p({−M<ui<M})

+

∫
{ui≤−M}

(−M)2p dx+

∫
{M≤ui}

M2p dx

)
≥ γ0‖ui,M‖2pL2p(Ω)

this yields γ0‖ui,M‖L2p(Ω) ≤ b0|Ω|
1
2p . Sending p → ∞ gives ‖ui,M‖L∞(Ω) ≤ γ−1

0 b0. As

M > γ−1
0 b0 by assumption we conclude that

‖ui‖L∞(Ω) ≤ γ−1
0 b0 for i = 1, 2. (24)
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Part 3: Obtaining C1,α regularity of u1,u2

We use Theorem 13 to establish the C1,α(Ω)-regularity of u1 and u2. We apply it with

m = 0, A(x, u, η) = γη+βη/
√
δ + |η|2, B(x, u, η) = pi(x) for i = 1, 2, κ = 0, identical values

for α′, λ = γ0, Λ = max{b0, γ0N + δ
−1/2
0 β(N +N2)} and M = γ−1

0 b0, cf. (24). Since A is
independent of (x, u) and continuously differentiable, it is easy to see that the requirements
of Theorem 13 are met. This shows u1, u2 ∈ C1,α(Ω) for some α > 0 and yields

‖ui‖C1,α(Ω) ≤ C, (25)

where C > 0 and α ∈ (0, 1) depend only on the quantities α′, Ω, N , Λ/λ = γ−1
0 Λ and

M = γ−1
0 b0.

Part 4: Lipschitz continuity of p 7→ u(p)
Taking the difference of the weak formulations supplies∫
Ω
∇ϕT

(
γ∇ũ+ β

∇u1√
δ + |∇u1|2

− β
∇u2√

δ + |∇u2|2

)
+ γϕũ dx =

∫
Ω
ϕp̃ dx ∀ϕ ∈ H1(Ω),

(26)
where we abbreviated ũ := u1 − u2 and p̃ := p1 − p2. The function H : RN → R given by
H(v) :=

√
δ + |v|2 is convex. Let t ∈ [0, 1] and denote by uτ : Ω → R the C1,α(Ω) function

uτ (x) := u2(x) + τũ(x). For every x ∈ Ω it holds that

∇u1(x)√
δ + |∇u1(x)|2

−
∇u2(x)√

δ + |∇u2(x)|2
= ∇H

(
∇u1(x)

)
−∇H

(
∇u2(x)

)
=

∫ 1

0
∇2H(∇uτ (x)) dτ ∇ũ(x),

where the integral is understood componentwise. Together with (26) we infer that ũ satisfies− div
(
Ã∇ũ

)
+ γũ = p̃ in Ω,

∂ν
Ã
ũ = 0 on Γ,

where Ã : Ω → RN×N is given by

Ã(x) := γI + β

∫ 1

0
∇2H(∇uτ (x)) dτ.

In order to apply Theorem 12 to this PDE, we show Ã ∈ C0,α(Ω,RN×N ). The convexity of
H implies that ∇2H is positive semi-definite. Thus we find for any v ∈ RN and any x ∈ Ω

vT Ã(x)v ≥ γ|v|2 ≥ γ0|v|2.

For x ∈ Ω and 1 ≤ i, j ≤ N it holds that

|Ãij(x)| ≤ γ + β

∫ 1

0

∣∣∣[∇2H(∇uτ (x))
]
ij

∣∣∣ dτ ≤ γ0 + β sup
τ∈[0,1]

∥∥∥[∇2H(∇uτ )
]
ij

∥∥∥
L∞(Ω)

.

We also have for all x, y ∈ Ω∣∣∣Ãij(x)− Ãij(y)
∣∣∣ ≤ β ∫ 1

0

∣∣∣∣[∇2H(∇uτ (x))−∇2H(∇uτ (y))
]
ij

∣∣∣∣ dτ

≤ β sup
τ∈[0,1]

∣∣∣∣[∇2H(∇uτ (x))−∇2H(∇uτ (y))
]
ij

∣∣∣∣
≤ β sup

τ∈[0,1]

∣∣∣∣[∇2H(∇uτ )
]
ij

∣∣∣∣
C0,α(Ω)

|x− y|α ,
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which shows |Ãij |C0,α(Ω) ≤ β supτ∈[0,1]|[∇2H(uτ )]ij |C0,α(Ω). Together, we infer that∥∥Ãij∥∥C0,α(Ω)
≤ γ0 + 2β sup

τ∈[0,1]

∥∥∥[∇2H(∇uτ )
]
ij

∥∥∥
C0,α(Ω)

(27)

for all 1 ≤ i, j ≤ N . From Lemma 18 we obtain for every fixed 1 ≤ i, j ≤ N∥∥∥[∇2H(∇uτ )
]
ij

∥∥∥
C0,α(Ω)

≤

∥∥∥∥∥ 1√
δ + |∇uτ |2

∥∥∥∥∥
C0,α(Ω)

+

∥∥∥∥∥ ∂xiu
τ∂xju

τ√
δ + |∇uτ |23

∥∥∥∥∥
C0,α(Ω)

≤ C
(

1 +
∥∥∥√δ + |∇uτ |2

∥∥∥
C0,α(Ω)

+
∥∥∇uτ∥∥2

C0,α(Ω)

∥∥∥(δ + |∇uτ |2
)− 3

2

∥∥∥
C0,α(Ω)

)
,

where C only depends on δ0. Since ‖∇u1‖C0,α(Ω), ‖∇u2‖C0,α(Ω) ≤ C by (25), there holds

‖∇uτ‖C0,α(Ω) ≤ C with the same C > 0. This C only depends on α′, Ω, N , β, b0, γ0, γ0

and δ0. This and Lemma 18 show∥∥∥[∇2H(∇uτ )
]
ij

∥∥∥
C0,α(Ω)

≤ C
(

1 +
∥∥∥√δ + |∇uτ |2

∥∥∥
C0,α(Ω)

+
∥∥∥√δ + |∇uτ |2

∥∥∥3

C0,α(Ω)

)
≤ C

(
1 +

(√
δ + ‖∇uτ‖C0,α(Ω)

)3)
≤ C,

where C > 0 is independent of τ and only depends on the quantities stated in the theorem.
Hence, with the same C there holds

sup
τ∈[0,1]

∥∥∥[∇2H(∇uτ )
]
ij

∥∥∥
C0,α(Ω)

≤ C ∀ 1 ≤ i, j ≤ N.

Inserting this into (27) yields Ã ∈ C0,α(Ω,RN×N ) with ‖Ã‖C0,α(Ω) ≤ γ0 + 2βC, so

Theorem 12 is applicable. We obtain ‖ũ‖C1,α(Ω) ≤ C‖p̃‖L∞(Ω), where C only depends on

the claimed quantities. This proves the asserted Lipschitz continuity of p 7→ u(p). ut

C The original problem: Optimality conditions

The first order optimality conditions of (ROC) can be obtained by use of [8]. The space
W q

0 (div;Ω), q ∈ [1,∞), that appears in the following is defined in [8, Definition 10].

Theorem 15 Let Ω ⊂ RN , N ∈ {1, 2, 3}, be a bounded Lipschitz domain and let rN = N
N−1

if N > 1, respectively, rN ∈ [1,∞) if N = 1. Then we have: The function ū ∈ BV(Ω) is the
solution of (ROC) iff there is

h̄ ∈ L∞(Ω,RN ) ∩W rN
0 (div;Ω)

that satisfies ‖|h̄|‖L∞(Ω) ≤ β and div h̄ = p̄, where p̄ is defined as in section 2.1, as well as

h̄ = β
∇ūa
|∇ūa|

LN -a.e. in Ω \ {x : ∇ūa(x) = 0} ,

T h̄ = β
ū+(x)− ū−(x)

|ū+(x)− ū−(x)|
νū H1-a.e. in Jū,

T h̄ = βσCū |∇ūc|-a.e.

Here, the first, second and third equation correspond to the absolutely continuous part, the
jump part, respectively, the Cantor part of the vector measure ∇ū. Also, σCū is the Radon-
Nikodym density of ∇ūc with respect to |∇ūc|, cf. e.g. [9, Theorem 9.1]. Moreover, νū is the
jump direction of ū and Jū denotes the discontinuity set of ū in the sense of [4, Definition
3.63]. Further, H1 is the Hausdorff measure of Jū. The operator T : dom(T ) ⊂Wdiv,q(Ω)∩
L∞(Ω,RN ) → L1(Ω,RN , |∇u|) is called the full trace operator and is introduced in [8,
Definition 12]. We emphasize that h̄ ∈ dom(T ).

Proof The well-known optimality condition 0 ∈ ∂j(ū) from convex analysis can be expressed
as − p̄

β
∈ ∂|ū|BV(Ω), so the claim follows from [8, Proposition 8]. ut

Remark 8 Theorem 15 implies the sparsity relation {x : ∇ūa(x) 6= 0} ⊂ {x : |h̄(x)| = β}.
Since {x : |h̄(x)| = β} typically has small Lebesgue measure (often: measure 0), ū is usually
constant a.e. in large parts (often: all) of Ω; cf. also the example in section D.
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D An example with explicit solution

Using rotational symmetry we construct an example for (OC) for N = 2 with an explicit

solution. We let A = −∆ and c0 ≡ 0 in the governing PDE. We define ĥ : [0,∞) → R,

ĥ(r) := β
2

(cos( 2π
R
r)− 1) and Ω := B2R(0) \BR(0), where the parameters R > 0 and β > 0

are arbitrary. We introduce the functions

r(x, y) :=
√
x2 + y2, h̄(x, y) := ĥ(r(x, y))∇r(x, y) and ū(x, y) := 1

(R, 3R
2

)
(r(x, y)),

all of which are defined on Ω. The problem data is given by

p̄ := div h̄, ȳ := Sū and yΩ := ∆p̄+ ȳ.

We now show that these quantities satisfy the properties of Theorem 15. By construction ȳ and
p̄ are the state and adjoint state associated to ū and we have p̄ = div h̄. We check the properties
of h̄. Since |∇r| = 1 for (x, y) ∈ Ω, we obtain |h̄(x, y)| = |ĥ(r(x, y))| ≤ β

2
2 = β. We also see

that h̄ is C1 in Ω̄ and satisfies h̄ = 0 on ∂Ω so that h̄ ∈ L∞(Ω,RN ) ∩W q
0 (div;Ω) for any

q ∈ [1,∞). By [8, Proposition 6] we have T h̄ = h̄. As ∇ū(x, y) = −∇r(x, y)H1
∂B 3R

2
(0)

(x, y),

we find that ∇ū has no Cantor part and no parts that are absolutely continuous with
respect to the Lebesgue measure. Thus, the first and third condition on h̄ in Theorem 15 are
trivially satisfied. For (x, y) ∈ ∂B 3R

2
(0) = Jū we have h̄(x, y) = −β∇r(x, y) = −βνū and

ū+(x) = 0, ū−(x) = 1 for x ∈ Jū, hence the second condition on h̄ in Theorem 15 holds. Let
us confirm that p̄ satisfies the homogeneous Dirichlet boundary conditions. From ∆r = r−1

and |∇r|2 = 1 we obtain

p̄ = div h̄ = ∇ĥ(r)T∇r + ĥ(r)∆r = ĥ′(r)|∇r|2 + r−1ĥ(r) = ĥ′(r) + r−1ĥ(r).

Thus, p̄ satisfies the boundary conditions. Let us confirm that ȳ satisfies the boundary
conditions. The Ansatz ȳ(x, y) = ŷ(r(x, y)), with ŷ : Ω → R to be determined, yields

−1(R,3R/2)(r) = −ū(x, y) = ∆ȳ(x, y) = div(ŷ′(r)∇r) = ŷ′′(r) + r−1ŷ′(r).

This leads to

ŷ(r) =

{
− r

2

4
+A ln(r/(2R)) +B if r ∈ (R, 3R/2),

C ln(r/(2R)) if r ∈ (3R/2, 2R),

and it is straightforward to check that ȳ satisfies the boundary conditions and is continuously
differentiable for the parameters

A =
R2

8
·
18 ln(3/4)− 5

ln(1/4)
, B =

9R2

8

(
1

2
− ln(3/4)

)
and C =

R2

8
·
18 ln(3/2)− 5

ln(1/4)
,

All in all, the optimality conditions of Theorem 15 are satisfied. Moreover, the optimal value
in this example is given by

j(ū) =
1

2
‖ȳ − yΩ‖2L2(Ω)

+ β|ū|BV(Ω) =
1

2
‖∆p̄‖2

L2(Ω)
+ β|ū|BV(Ω),

which for R = 2π results in

j(ū) =
β2π

4

(
3π2 + ln(8) +

15

4
Ci(2π)−

27

4
Ci(4π) + 3 Ci(8π)

)
+ 6π2β ≈ 24.85β2 + 59.22β

with Ci(t) := −
∫∞
t

cos τ
τ

dτ .
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