
min j(q) = �1(q)� �2(q) +
↵

2

kqk2H2(I) ,

�1(q) �2(q)
⌦q

q

n R2

n = 1

n = 2

n � 3

p



p 2 [1,1] k, n 2 N ⌦ 2 Rn

Lp
(⌦) W k,p

(⌦) k·kWk,p(⌦) s /2 N s = k + �

k = bsc 2 N0 � 2 (0, 1) p 2 (1,1) W s,p
(⌦) u 2W k,p

(⌦)

kukpW s,p(⌦) = kuk
p
Wk,p(⌦)

+ |u|pW s,p(⌦) <1,

|u|pW s,p(⌦) =
X

|↵|=k

✓

Z

⌦

Z

⌦

|@↵u(x)� @↵u(y)|p

|x� y|n+�p
dx dy

◆

.

⌦ ⇢ Rn
(·, ·)⌦ L2

⌦



q 2 Q = H2
(I)

I = (0, 2⇡)

H2
= C1

(I)
k·kH2(I) ,

H2

C1
=

n

v 2 C1
(I)| v(n)(0) = v(n)(2⇡) 8n 2 N0

o

.

⌦q =
�

(x, y) 2 R2
�

�� 2 < x, y < 2

 

⇢ R2,

⌦q 4

⌦q

⌦q,0 =

n

(x, y) 2 R2
�

� r < 1 + q('), r =

p

x2 + y2, ' = arg(x+ iy)
o

,

⌦q,1 = ⌦q\⌦q,0,

⌦q,0 " > 0

Q =

�

q 2 Q| q(') � �1 + " 8' 2 I ⌦q,0 ⇢ ⌦q

 

.

H2
(I) ,! C1,1/2

(I) d > 0

�q,0

⌦q,1

⌦q,0
�q

⌦q

⌦
0

⌦
1

�
0

�

⌦

˜L : H1
0 (⌦q)! H�1

(⌦q)



u 2 H1
0 (⌦q) f 2 H�1

(⌦q)
˜Lu = f u

8

>

<

>

:

�d�u = f ⌦q,0, ��u = f ⌦q,1,

[u]q = 0 �q,0 = @⌦q,0, u = 0 �q = @⌦q,

d @nuq,� = @nuq,+ �q,0,

[u]q x 2 �q,0

uq,+(x) = lim

y!x
y2⌦q,1

u(y), uq,�(x) = lim

y!x
y2⌦q,0

u(y),

�q,0 ⌦q,1 ⌦q,0

[u]q = uq,+ � uq,�,

u �q,0

(ru,rv)⌦q,1
+ d (ru,rv)⌦q,0

= (f, v)⌦q
8v 2 H1

0 (⌦q).

H1
0 (⌦q) L2

(⌦q)
˜L�1

L2
(⌦q) q 2 Q

(�i)i2N ⇢ R+
0 < �1  �2  . . .

lim

i!1
�i =1,

(ui)i2N ⇢ H1
0 (⌦q)

˜Lui = �iui 8i 2 N,

L2

i i 2 N

V H V ,! H
a : V ⇥ V ! R b : H ⇥H ! R a(·, ·)

V ↵ > 0 a(v, v) � ↵ kvk2V v 2 V b(·, ·)
H i 2 N V (i) V i

i

a(ui, v) = �i b(ui, v) 8v 2 V,

�i = min

E2V (i)
max

v2E

a(v, v)

b(v, v)
,

E
i

v �i



µq = 1 + (d� 1)�⌦q,0 ,

�⌦q,0 ⌦q,0

aq(u, v) = (ru, µqrv)⌦q
,

bq(u, v) = (u, v)⌦q
.

ui
(

aq(ui, v) = �i bq(ui, v) 8v 2 H1
0 (⌦q),

bq(ui, ui) = 1.

min

q2Q
j(q) = �1(q)� �2(q) +

↵

2

kqk2H2(I) ,

↵ > 0

�i(q) i 2 N q 2 Q i
q

j
�2(q)

q 2 Q

i 2 N c = c(i) > 0 �i(q) 2 (0, c] q 2 Q

˜�i i ⌦q q

�i(q) = min

E2V (i)
max

v2E

(rv, µqrv)
(v, v)

 max {1, d} min

E2V (i)
max

v2E

(rv,rv)
(v, v)

= max {1, d} ˜�i.

D = (�2, 2)⇥ (�2, 2)
n

⇡2

16

�

m2
+ n2

�

�

�

�

m,n 2 N
o

lim

kqkH2(I)!1
j(q) =1.

˜C =

˜C(↵)

Q =

n

q 2 Q| kqkH2(I)  ˜C
o

.

˜C

Q ⇢ Q Q



TF

⌦ = ⌦q ⌦0

⌦1 = ⌦\⌦0 F

8

>

<

>

:

��F = 0 ⌦j , j 2 {0, 1} ,
F = 0 � = @⌦,

F = q n �0 = @⌦0,

n ⌦0 TF = Id+F

⌦q,j = TF (⌦j),

j 2 {0, 1} ˜C TF ⌦q

⌦ q 2 Q

F (q) q 2 Q

q, p 2 Q F E

F0 = F |⌦0
2 H5/2

(⌦0) ,!W 2,4
(⌦0) ,! C1,1/2

(⌦0),

F1 = F |⌦1
2W 2,4

(⌦1) ,! C1,1/2
(⌦1),

F 2W 1,1
(⌦) = C0,1

(⌦), kFkW 1,1(⌦)  c" kqkH3/2+"(I) ,

kF � EkW 1,1(⌦)  c" kq � pkH3/2+"(I) .

F0 F1

F0 F1 �0

F ⌦ x, y 2 ⌦

x, y 2 ⌦0 x, y 2 ⌦1

F0 F1 x 2 ⌦0 y 2 ⌦1 z 2 �0

xy �0 |x� y| = |x� z|+ |z � y| L0 L1

F0 F1

|F (x)� F (y)|  |F (x)� F (z)|+ |F (z)� F (y)|
 L0 |x� z|+ L1 |z � y|
 max {L0, L1} (|x� z|+ |z � y|)
= max {L0, L1} |x� y| .

q 2 C1,"
(I) F0 F1

L0 L1 kqkC1,"(I) H3/2+"
(I) ,! C1,"

(I)

|F (x)� F (y)|  c" kqkH3/2+"(I) |x� y| ,

q 7! F (q)



q 2 Q F = F (q) TF

(

(rui(q), µAF ·rv) = �i(q) (ui(q), v�F ) 8v 2 H1
0 (⌦),

(ui(q), ui(q)�F ) = 1,

µ = 1 + (d� 1)�⌦0 �⌦0 ⌦0

�F = det (DTF ) ,

AF = DT�1
F ·DT�T

F �F .

a(F )(u, v) = (ru, µAF ·rv) ,
b(F )(u, v) = (u, v�F ) ,

(

a(F )(ui(q), v) = �i(q) b(F )(ui(q), v) 8v 2 H1
0 (⌦),

b(F )(ui(q), ui(q)) = 1.

ui(q) i q 2 Q i 2 N

min

q2Q
j(q) = �1(q)� �2(q) +

↵

2

kqk2H2(I) ,

q 2 Q F = F (q) L = Lq : H1
0 (⌦)! H�1

(⌦)

Lu = � div(µAF ·ru) .

L�1
: H�1

(⌦) ! H1
0 (⌦) L

b(F )(·, ·) u = L�1f

(ru, µAF ·rv) = (f, v�F )H�1,H1
0

8v 2 H1
0 (⌦).

q 2 Q L�1 L2
(⌦)

H1
0 (⌦)



˜L�1

˜L�1 L2
(⌦) H3/2�"

0 (⌦) " > 0 H3/2�"
0 (⌦) H1

0 (⌦)

" < 1/2 ˜L�1 L2
(⌦) H1

0 (⌦) L�1
(f) =

⇣

˜L�1
(f � T�1

F )

⌘

� TF

L�1 H1
0 (⌦)

µAF q 2 Q
(⌫i)i2N ⇢ R+

0 0

(ui)i2N ⇢ H1
0 (⌦)

L�1ui = ⌫iui.

H1
0,a(⌦)

�

r
�

L�1ui
�

, µAF ·rv
�

= (r (⌫iui) , µAF ·rv) 8v 2 H1
0 (⌦).

�i = ⌫�1
i L�1

(rui, µAF ·rv) = �i (ui, v�F ) 8v 2 H1
0 (⌦).

�i (ui, uj�F ) = (rui, µAF ·ruj) = �j (ui, uj�F ) ,

a(F )(ui, uj) = b(F )(ui, uj) = 0,

i 6= j

T1 T2

V i 2 N ⌫i(T1) ⌫i(T2) i

|⌫i(T1)� ⌫i(T2)|  sup

v2V

(v, (T1 � T2)v)V
kvk2V

 sup

v2V

k(T1 � T2)(v)kV
kvkV

= kT1 � T2kV .

q, p 2 Q F E

kAF �AEkL1(⌦)  c" kq � pkH3/2+"(I) ,

k�F � �EkL1(⌦)  c" kq � pkH3/2+"(I) .



AF �F

i 2 N q, p 2 Q F E

|�i(q)� �i(p)|  c sup

u2H1
0 (⌦)

|(ru, µ (AF �AE) ·ru)|+
�

�

�

u2, �F � �E
�

�

�

kuk2H1
0 (⌦)

 c" kq � pkH3/2+"(I) .

(qn)n2N ⇢ Q

lim

n!1
j(qn) = inf

q2Q
j(q) = j.

Q Q
q 2 Q (qn)n2N

qn * q H2
(I),

qn ! q H2�"
(I),

H2
(I) H2�"

(I)
�i(qn)! �i(q) n!1 i 2 {1, 2}

lim inf

n!1
kqnk2H2(I) � kqk

2
H2(I) ,

lim inf

n!1
j(qn) � j(q),

j

j(q) = j.

q 7! �i(q) q

(ui,�i)

(rui, µAF ·rv) = �i (ui, v�F ) 8v 2 H1
0 (⌦),

AF 2 C0,1/2
(⌦j) j 2 {0, 1}

ui q



q 2 Q i 2 N ui = ui(q)

kuikH1
0 (⌦)
 ci kuikL2(⌦) .

F = F (q) �i = �i(q) µAF q 2 Q

c kuik2H1
0 (⌦)
 a(F )(ui, ui) = �i b(F )(ui, ui)

 c�i kuik2L2(⌦) ,

p 2 (2,1) q 2 Q i 2 N ui(q) 2W 1,p
(⌦)

kuikW 1,p(⌦)  ci,p kuikL2(⌦) .

F = F (q) �i = �i(q) q 2 Q
µAF p > 2

kuikW 1,p(⌦)  cp k�iui�F kLp(⌦)  ci,p kuikLp(⌦)

 ci,p kuikH1
0 (⌦)
 ci,p kuikL2(⌦) ,

H1
(⌦) ,! Lp

(⌦) p < 1 n = 2

f 2 C1,↵
(Y, Z) g 2 C1,↵

(X,Y ) ↵ 2 (0, 1] X,Y
Z f � g 2 C1,↵

(X,Z)

kf � gkC1,↵(X,Z)  c kfkC1,↵(Y,Z) kgkC1,↵(X,Y ) .

q 2 Q F = F (q) j 2 {0, 1} K ⇢⇢ ⌦j F |K

F ⌦j j 2 {0, 1}

i 2 N q 2 Q ui = ui(q) j 2 {0, 1} K ⇢⇢ ⌦j

ui 2 C1,1/2
(K) i 2 N ci = ci(K)

kuikC1,1/2(K)  ci kuikL2(⌦) .

F = F (q) K 0
= T�1

F (K) F |K TF

K 0 K 0 uq,i = ui � T�1
F ��uq,i = ˜�uq,i

˜�i = �i ˜�i =
�i
d j 0 1

kui,qkW 2,4(K0)  c(i,K) kui,qkL2(⌦q)

ui|K = ui,q � TF

W 2,4
(K 0

) ,! C1,1/2
(K 0

)



�0

⌦ ⇢ Rn C1,↵
� ↵ 2 (0, 1) L 2 N

1  m  L ⌦m ⌦ C1,↵
⌦ =

SL
m=1⌦m

1  m  L A(m) 2 C0,µ
(⌦m) µ 2 (0, 1]

A A|⌦m
= A(m)

0 < c1  A  c2 < 1 ⌦

h(m) 2 C0,µ
(⌦m)

h|⌦m
= h(m) f 2 L1

(⌦) g 2 C1,µ
(�) u

(

� div(A ·ru) = f + div(h) ⌦,

u = g �,

⌦m C1,↵0
(⌦m) 0 < ↵0  min

n

µ, ↵
(↵+1)n

o

max

1mL
kukC1,↵0 (⌦m)  c

✓

kfkL1(⌦) + max

1mL

�

�

�

h(m)
�

�

�

C0,↵0 (⌦m)
+ kgkC1,↵0 (�)

◆

,

c f h(m) g

i 2 N q 2 Q ui = ui(q) " > 0 ⌦" = {x 2 ⌦| dist(x,�) > "}

ui|⌦0
2 C1,1/6

(⌦0),

kuikC1,1/6(⌦0)
 ci kuikL2(⌦) ,

ui|⌦1\⌦" 2 C1,1/6
(⌦1 \ ⌦"),

kuikC1,1/6(⌦1\⌦")  ci," kuikL2(⌦) .

K ⇢⇢ ⌦1 @⌦" ⇢ K

kuikC1,1/6(@⌦")  c kuikC1,1/2(K)  ci kuikL2(⌦) .

ui 2 L1
(⌦)

H3/2�"
(⌦) \W 1,p

(⌦) ui

q 2 Q i 2 N ui = ui(q) p 2 [2,1) " > 0

ui,� 2W 1,p
0 (⌦) \W 1+1/p�",p

(⌦),

ui,�|�0 = ui|�0

kui,�kW 1+1/p�",p(⌦)  ci,",p kuikL2(⌦) .

ui|�0 2 C1,1/6
(�0) ,! W 7/6,p

(�0) p  1
" > 0 K

K = {x 2 ⌦1| dist(x,�0)  "} ⇢ ⌦1.



p 2 [6/5,1)

ui,� 2 L1
(⌦0 [K)

ui,�|⌦0
2W 7/6+1/p,p

(⌦0) ,! C1,1/6�1/p
(⌦0),

ui,�|�0 = ui|�0 ,
@nui,�|�0 = 0,

kui,�kW 7/6+1/p,p(⌦0)
 cp kuikW 7/6,p(�0)

,

ui,�|K 2W 7/6+1/p,p
(K) ,! C1,1/6�1/p

(K),

ui,�|@K\�0 = @nui,�|@K\�0 = 0,

kui,�kW 7/6+1/p,p(K)  cp kuikW 7/6,p(�0)
.

ui,� �0

kui,�kpW 1,p(K[⌦0)
= kui,�kpW 1,p(K) + kui,�k

p
W 1,p(⌦0)

 cp kuikpW 7/6,p(�0)

 cp kuikpC1,1/6(⌦0)

 ci,p kuikpL2(⌦) ,

|ui,�|pW 1+1/p�",p(K[⌦0)
=

Z

K[⌦0

Z

K[⌦0

|rui,�(x)�rui,�(y)|p

|x� y|2+p(1/p�") dx dy

 cp

 

⇣

|ui,�|pW 1+1/p�",p(K)
+ |ui,�|pW 1+1/p�",p(⌦0)

⌘

+

Z

K

Z

⌦0

|rui,�(x)�rui,�(y)|p

|x� y|2+p(1/p�") dx dy

!

 c",p kui,�kpW 7/6,p(�0)
+max

n

kui,�kpC1(K) , kui,�k
p

C1(⌦0)

o

Z

K

Z

⌦0

1

|x� y|2+p(1/p�") dx dy

 c",p
⇣

kui,�kpC1,1/6(�0)
+max

n

kui,�kpW 7/6+1/7,7(K)
, kui,�kpW 7/6+1/7,7(⌦0)

o

k1⌦0k
p

W 1/p�",p(K[⌦0)

⌘

 c",p
⇣

kui,�kpC1,1/6(⌦0)
+ kuikpW 7/6,7(�0)

k1⌦0k
p

W 1/p�",p(K[⌦0)

⌘

 c",p kuikpC1,1/6(⌦0)

⇣

1 + k1⌦0k
p

W 1/p�",p(K[⌦0)

⌘

 ci,",p kuikpL2(⌦) ,

C1

W 1/p�",p
(R2

) ui,�
⌦ W 1+1/p�",p

(⌦)

q 2 Q i 2 N ui = ui(q) p <1 ui 2W 1,p
(⌦)

kuikW 1,p(⌦)  ci,p kuikL2(⌦) .



ũ = (ui � ui,�) ui,� ũ

(

� div(µAF ·rũ) = �iui�F + div(µAF ·rui,�) ⌦j ,

ũ = 0 @⌦j ,

j 2 {0, 1} µ ⌦j ũ 2W 1,p
0 (⌦j)

kũkW 1,p(⌦j)
 cp

⇣

k�iui�F kLp(⌦j)
+ kAF ·rui,�kLp(⌦j)

⌘

 ci,p
⇣

kuikH1(⌦j)
+ kAF kL1(⌦j)

kui,�kW 1,p(⌦j)

⌘

 ci,p kuikL2(⌦) ,

ũ 2 W 1,p
0 (⌦j)

ũ 2W 1,p
0 (⌦)

q 2 Q i 2 N ui = ui(q) ui 2 H3/2�"
(⌦)

kuikH3/2�"(⌦)  ci," kuikL2(⌦) .

ũ = (ui � ui,�) ũ
j 2 {0, 1} ⌦

ũ|⌦j
2 H3/2�"

(⌦j)

kũkH3/2�"(⌦j)
 c"

⇣

k�iui�F kL2(⌦j)
+ kAF ·rui,�kH1/2�"(⌦j)

⌘

 ci,"
⇣

kuikL2(⌦) + kAF kH3/2(⌦j)
kui,�kH3/2�"(⌦j)

⌘

 ci," kuikL2(⌦) ,

H3/2�"
(⌦)

q 2 Q �1(q) �2(q)

�1(q) 6= �2(q)
q q

�2(q) 6= �3(q) q 2 Q
kq � qkH2(I)



�i ui

�i ui q

X K K = R
K = C T X T 0 � 2 K � 6= 0

•

�x� Tx = 0,

x = 0

�x� Tx = y,

y 2 X

• n = dim(ker(� Id�T ))

�x0 � T 0x0 = 0,

n
y 2 (ker(� Id�T 0

))

?

q 2 Q F = F (q) i 2 N (ui = ui(q),�i = �i(q))
�i g 2 H�1

(⌦)

(ru, µAF ·rv) = �i (u, v�F ) + (g, v)H�1,H1
0

8v 2 H1
0 (⌦)

u 2 H1
0 (⌦) (g, ui)H�1,H1

0
= 0

L h = L�1
(g/�F )

(u, v)H1
0,a(⌦)

= �i
�

L�1u, v
�

H1
0,a(⌦)

+ (h, v)H1
0,a(⌦)

8v 2 H1
0,a(⌦),

⌫iu� L�1u = ⌫ih H1
0,a(⌦),

⌫i = ��1
i

(h, ui)H1
0,a(⌦)

= 0,

0 = (rh, µAF ·rui) = (g, ui)H�1,H1
0
.



A : Q ! L1
(⌦) q 7! AF (q) � : Q ! L1

(⌦) q 7! �F (q)

�q 2 Q �F = F 0
(q)(�q)

A0
F,�F = trace

�

DT�1
F ·D�F

�

AF �DT�1
F ·D�F ·AF �AF ·D�F T ·DT�T

F ,

�0F,�F = �F trace

�

DT�1
F ·D�F

�

= div

�

�F DT�1
F · �F

�

.

q 7! F (q)

q 2 Q �q 2 Q i 2 N �i(q)
q 7! �i(q) q 7! ui(q)

F = F (q)

B : H2
(I)⇥H1

0 (⌦)⇥ R! H�1
(⌦)⇥ R,

B(q, u,�) =

✓

� div(µAF ·ru)� �u�F
R

⌦ u
2�F dx� 1

◆

.

B
B(q, ui,�i) = 0 ui �i

q B u �

Du,�B(q, ui,�i)(v,#) =

✓

� div(µAF ·rv)� �iv�F � #ui�F
2

R

⌦ uiv�F dx

◆

.

Du,�B(q, ui,�i)
(w, ⌧) 2 H�1

(⌦)⇥R (v,#) 2 H1
0 (⌦)⇥ R

(

(rv, µAF ·r')� �i (v,'�F ) = # (ui,'�F ) + (w,')H�1,H1
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