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A TRANSFORMATION APPROACH IN SHAPE OPTIMIZATION:
EXISTENCE AND REGULARITY RESULTS

BERNHARD KINIGER!

Abstract. In this paper we consider a model shape optimization problem. The state variable solves
an elliptic equation on a star-shaped domain where the radius is given via a control function. First
we reformulate the problem on a fixed reference domain, where we put a focus on the regularity which
is needed to ensure the existence of an optimal solution. Second, we introduce the Lagrangian and
use it to show that the optimal solution possesses a higher regularity, which allows for the explicit
computation of the derivative of the reduced cost functional as a boundary integral. We finish the
paper with some second order optimality conditions.
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INTRODUCTION

In this paper we consider the following shape optimization problem governed by a linear elliptic equation:

.= 1 2 a0
min J(q, u) = ) l[u— UZHLz(Qq) + 9 H‘I||H2((o,27r)) )

subject to
—Au+u=f? in Qg
{ u=0 only =09,

where the domain €, is star-shaped with respect to the origin with radius given by the control ¢, see Figure 1.
The data functions u} and f? are restrictions of functions defined on a sufficiently large (holding-all) domain
Q. The problem is analyzed by using a transformation 7; onto a reference domain €y. The precise formulation
including a functional analytic setting is presented in Section 1.

Similar shape optimization problems, where the unknown part of the boundary is parametrized as the graph
of a function, are considered in various publications, see e.g., [17,18,27,35]. The problem formulation in
these publications involves a bound on an appropriate norm of ¢. Our formulation utilizes a Tikhonov-type
term \|q|\§12((072ﬂ)) instead. In [26] the authors consider a similar approach with a simpler domain, where the
transformation 77 is given explicitly. Generally speaking, our approach leads to a problem on a fixed domain
where the coefficients of the differential operator are variable. In a more abstract setting, such types of problems
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FIGURE 1. The domain €,

have already been considered in [8]. Concerning the existence of optimal shapes in a general setting, we would
like to refer to [6,19].

The main contribution of this paper is the implementation of the standard control theoretic approach for
optimization with partial differential equations as presented in [37] and the references cited therein. In the
context of shape optimization, calculus is often carried out formally, the needed regularity of the domain and
the involved functions is often left unclear or has to be kind of C*, whereas within the theory of optimal
control one mainly has a look at regularity results with respect to Sobolev Spaces. Within this paper we state
the exact requirements regarding the Sobolev regularity that ensure that the transformation actually exists, is
bijective and that the derivative of the reduced cost functional can be computed via a boundary integral. Our
approach also aims at providing the theoretical background for a numerical implementation and related error
estimates. For this very reason, we are using a transformation approach, which avoids remeshing, is therefore
easier to implement and allows for the comparison of states corresponding to different controls. Choosing the
H2-norm for regularization is due to computational aspects, our approach can also be carried out using the
weaker H3/2t¢_norm instead. We would also like to mention that our approach can also be carried out in three
dimensions. In that case one has to use the H2**-norm for regularization in order to ensure that the domain
, is Lipschitz.

In papers which follow a similar approach, cf. [5,13,21,22], the existence of such a transformation with the
desired regularity is very often just assumed. Within the setting of the Level set method, as considered in [1,20]
one defines the domain 2, as the zero level set of a function ¢, which evolves in time according to a descent
direction of the cost functional. Again, the needed regularity is often just assumed to hold.

The paper is organized as follows: In the next section we discuss a precise formulation of the shape optimiza-
tion problem under consideration, reformulate the problem using a transformation to a reference domain 2y and
show the existence of at least one globally optimal solution applying standard techniques. In Section 2 we first
show the differentiability of the control-to-state operator and the reduced cost functional. In order to introduce
the Lagrangian, we first present the concept of the very weak formulation. Using the first-order optimality
conditions we show higher regularity of the optimal control g, i.e. § € H%?((0,2r)) and the corresponding
state, which allows for the definition of the derivative as a boundary integral. Similar ideas have already been
used in [7,29,30]. Due to the fact that the considered optimization problem is not convex in general, we also
deal with second order optimality conditions, where we adapt the technique from [10].
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Throughout the paper, Id shall denote the identity function, whereas I shall denote the identity matrix.
With ¢ and ¢; we will denote generic constants which are — if not stated otherwise — independent of the other
variables and have different values on different appearances. With ¢ we will denote a positive real number
which can be made arbitrarily small. For 1 < p < oo, k,n € N and  C R™ let LP(2) and W*P(Q2) denote the

usual Lebesgue spaces with norm |[-[|yyr.» () and seminorm ||y, (q)- It is well known that on WEP(€), the

set of all functions in W*(£2) whose derivatives up to order & — 1 vanish on the boundary in the trace sense,
||-|\W§,p(m = |[wrw(q) is equivalent to ||-||wes(q). Furthermore, we set HE(Q) = Wr2(Q). If s¢ N, s =k +o

with k& = |s| € Ny, 0 € (0,1) and p € (1,00), let W*P(Q) be the space of all functions u € WkP(Q) with

e[|y, p(Q) = = [lulljyx. p) T |ulfy. () < 00

O“u(z) — 0%u
|u|€VS,pQ = (// | n+0£ Ol dmdy).

lee| =k

where

If V is a Banach space, its dual will be denoted with V’. For any Hilbert space X, (-,-)y shall denote the
corresponding scalar product. As in most cases we will be dealing with the Hilbert space L?, let (-, -)g, denote
the L2-scalar product over the domain €2, whereas (-, -)r shall denote the L2-scalar product over the boundary
. If the domain is clear, we skip the subindices. For k € Ny and « € (0, 1], let C*%(Q) be the set of all k-times
continuously differentiable functions whose derivatives of order k are Holder continuous with exponent «.

1. OPTIMIZATION PROBLEM

1.1. Problem formulation

In this section we first describe the shape optimization problem under consideration. The control variable ¢
is an element of the control space @ = H2_ (1) with I = (0,27) and

H2,, (1) = T, (D)1, (1)

per
equipped with the standard H2-norm, where
Ce () = {v e C=(D)] v™(0) = o™ (21) Vn € NO} .
The control ¢ characterizes the domain €2, through
Q= {(@.y) €Rr <14 q(p), r = Va? + o7, p —arg (v +iy) }
To exclude a possible degeneracy of the domain (2,, we fix € > 0 and define the set

@ad:{qu\q(go)2—1+Eforall<p€l}. (2)

Because of H2(I) — C1/2(T), (2) is well-defined. For each ¢ € @ad the domain 2, is a Lipschitz domain, which
allows for the definition of the state variable u € H{(2,) being the weak solution of the state equation

—Au+u=f? in )y, 5

{ u=0 onl, =00, (3)
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The shape optimization problem is then given as:
C s 1 2 a —ad
Minimize J(q,u) = B |lw — uZHLz(Qq) + ) ||q||§12(1) , g€EQ ,uc H(l)(Qq), (4)

subject to (3), where @ > 0 is fixed.
We define the solution operator S, which assigns to each ¢ € @ad the unique solution S(q) = @(q) of (3).
This allows to introduce the reduced cost functional j: @ad — R by

. . . —ad .
In order to prove the existence of an optimal solution to (4), we need to bound Q" in H2(I).

Lemma 1.1. There exists C = C(a) > 0 such that the search for a solution to (4) can be restricted to the set

Q' ={4€Q"| lallry < €} (5)

Furthermore it holds that lim,_, o, C'() = 0.
Proof. We set ¢o =0 € @ad. A necessary condition for ¢ € @ad to be a solution to (4) is
Ji(q) < j(qo0),

which reads as

5@~
= —u
2 17\ ™ Y,

« 2 .
+ 5 lalliary < 7(90),

or equivalently

) 2/ 1~
ol < = (itan) - 5|8 - o

i ) < EJ(QO)

L2(Qq) o

Setting C(a) = 2 j(qo) finishes the proof. O

Due to the boundedness of Q*! in C'(I) it follows that there exists a bounded so-called holding-all domain
), such that 97(1 C Q for all ¢ € Q2. Throughout we assume for the data

uf = udlg, 1= flo, , with ug, f € C¥(Q), )

we will therefore just write f and ug instead of f9 and .

The rest of this paper is mainly devoted to show the following theorems concerning the existence of an optimal
solution and the improved regularity of every optimal solution. The first theorem is proven in Subsection 1.3,
the second theorem is proven in Subsection 2.4.

Theorem 1.2. If the constant C from (5) is chosen sufficiently small in the sense of Assumption 1.16, then
the problem (4) has a global solution.

Theorem 1.3. Let G be an optimal solution to problem (4) which lies in the interior of Q*. Then it holds that
g€ HY2(I).
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1.2. Transformation of the problem

The aim of the following subsection is to reformulate the original problem (4) on a fixed reference domain
Q. This method is called the method of mapping, a short overview can be found in [12,36]. We define g to
be the unit circle and then compute a transformation 7, such that the domain €, is just the image of €2y under
that transformation, 0, = T,(Q). All the results remain true if € is replaced by any other sufficiently smooth
domain sufficiently close to €2, in the sense of Assumption 1.16. In order to compute 717 it is often necessary to
solve an additional partial differential equation like the equations of linear elasticity or the Laplace equation.
Within this paper we will focus on the Laplace equation. Our results remain true as long as Theorem 1.5 holds
for the chosen equation.

If one worked locally near the optimal shape instead of transforming the whole domain, then one would have
to remesh the working domain every step, which is costly. As already mentioned, we bypass this remeshing at
the cost of two additional Laplace equations. The reason why we choose this approach is the fact that it allows
for comparing states corresponding to different shapes, which is important in the context of error estimation.
Furthermore, from a practical point of view, adding some Laplace equations to the numerical solver is often less
complicated than including a remeshing step.

Let F = (Fy, F»)T be the weak solution of the following boundary value problem.

(7)

—AF =0 in Qq,
{ F=qn onlTy,

where n shall denote the outer unit normal to I'y and the Laplacian shall act on each component separately. If
F = F(q) solves (7) for a given ¢ € Q, then define T, = Tp,) = Id+F(g). This transformation will now be
used to reformulate the original problem (4) on €. In order to do so, we will need regularity results for elliptic
partial differential equations of various types. Here we state them all at once.

Theorem 1.4. Let  C R? be bounded with Lipschitz boundary T, f € H=1(Q), and let the matriz A be
symmetric and uniformly elliptic with coefficients a; ; € L*(Q). Furthermore, let uw € H{(Q) be the weak
solution of

—div(A-Vu)=f inQ,
u=0 onl.
(1) If 1/2 > t > s > 0 and the coefficients of A belong to C%*(Q), then for all f € H=1T5(Q) it holds
u € HyT*(Q) and there exists ¢, > 0 with [ullies ) < s 1 flla-14:(q)-
(2) If the coefficients of A are Lipschitz and f € H™1/27¢(Q), then v € H32(Q). In addition, if f € L2(Q),
then there exists ¢ > 0 with [|ullgs/2(q) < || fllp2(q)-
(3) If Q is conver, the coefficients of A are Lipschitz and f € L2(Q), then u € H2() and there exists ¢ > 0,
depending only on the diameter of 0, with [[ul[y2(q) < || flli2(q)-
(4) If Q is sufficiently smooth, the coefficients of A are Lipschitz and f € LP(2) for a p < oo then it holds
that uw € W?P(Q) and there exists ¢, > 0, depending on p and the Lipschitz-constant of A, such that
‘UHW’AP(Q) S 6 ||f||Lp(Q)-
Proof. Part (1) can be found in [33], (2) can be found in [23,24,34], part (3) is proven in [14,25] and the proof
of the last part can be found in [14]. O

The following regularity result can be found in [16], Theorem 9.1.20.
Theorem 1.5. Let Q C R? be a bounded and open domain with C*°-boundary T'. Assume s >0, s # 1/2 and
g € HtY/2(T). Then the weak solution u of
{ —Au=0 1in €,

u=g¢g onl,
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belongs to HS1(Q), and there holds the estimate ||u]

He+1(Q) < cs ||g| Hs+1/2(D)"

Furthermore, we will also need the Trace Theorem several times. The following version can be found in [14],
Theorem 1.5.1.2.

Theorem 1.6. Let Q be a bounded and open subset of R? with a C*' boundary T for k > 0. Let 1 < p < oo
and assume that s — 1/p is not an integer, s <k+1,s—1/p=1+0,0< 0 <1 andl is a nonnegativ integer.
ou 0'u

Then the mapping
U= < Ulpy, —| oo, =— ,
{ v In|p on' r}

which is defined for u € C*Y(Q), has a unique continuous extension as an operator from

l
W*P(Q) onto HWs_j_l/p’p(F).
§=0
This operator has a continuous right inverse which does not depend on p.
Corollary 1.7. For ¢ € Q*, the solution v € H}(Q,) defined via (3) possesses the higher regularity u €
H/2(Q).
Proof. This corollary follows from Theorem 1.4, part (2). O
Corollary 1.8. For q € @ it holds that F' = F(q) as the weak solution to (7) possesses the regularity F €
2 — 12
(H5/2(Qo)) - (01’1/2(90)) and ||F||(Hs+1/2(QO))2 < ¢ |lq] He (1) Jor s> 1.

Proof. As the outer unit normal n of the unit circle is uniformly bounded in (CQ(FO))Q, we get

||QTLH(H2(FO))2 < C||”H(c2(r0))2 ||Q||H2(1) <c H(IHH2(I) )
cf. [14], Theorem 1.4.1.1, and the result follows with Theorem 1.5. O
Remark 1.9. For ¢ € Q, F(q) shall always denote the unique solution to (7) for that given g.

Remark 1.10. With a slight abuse of notation we will just write F' € W*?(Q) instead of F € (Wk’p(Q))Q,
for both components of F' possess the same regularity. This kind of notation will be applied throughout to
vector-valued functions.

Let
F = {F € H5/2(Q0)’ dg € @ such that F' = F(q) solves (7)} ) (8)

Fad = {F c H5/2(QO)’ 3¢ € Q! such that F = F(q) solves (7)} : 9)

where 724 is a bounded set in H>/?(€p) due to Corollary 1.8 and (5). Note that F2 need not be closed in
H/2(Qg) for the trace is not surjective as an operator from H**1/2(Q) to H*(Ty) for k € Ny as follows from
Theorem 1.6.

Before we can proceed, we need some results concerning the regularity of the product of functions. The
following lemma can be found in [14], Theorem 1.4.4.2 and the comment afterward.

Lemma 1.11. Let Q@ C R” be bounded, open, with sufficiently reqular boundary T, let s1,so > s > 0 and
p1,p2,p € (1,00) such that either

1 1 1 1 1 .
s1+syg—s>n|——+——-]2>0, sj—s>n|———|, 71 =1,2,
pr p2 P p; P
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or

1 1 1 1 1 .
S1+sg—s>n|—+———] >0, sj—sz>2n|———|, j=12.
b1 P2 P p; P

Then u,v — uv is a continuous bilinear form from W31P1(Q) x W52:P2(Q) into WP ().

In what follows we will also have to work with the inverse transformation 7' 1 The following two lemmas
ensure that the multiplicative inverse of a functions also possess a desired regularity.

Lemma 1.12. Let Q C R™ be open an bounded. Let v € HY(Q) and k € N. If there exists co > 0 such that
v(x) > ¢ for almost every x € 0, then v—F € HY(Q).

Proof. We only have to show that
V(v7F) = —kv " 1'Vv € L*(Q),
which follows from the generalized Holder inequality and
v P e L(Q), Vo e L2(Q). O

Lemma 1.13. Let Q C R™, n < 2, be open an bounded. Let s > 0 and v € H*(Q). If there exists cog > 0, such
that v(x) > ¢y for almost every x € 2, then v—! € H*(Q).

Proof. Let s =k + o, where k € Ny and o € [0,1). First, consider the case k = 0. For o = 0 the result is clear.

If o € (0,1), then
> @ e
Hs(Q) aJa = y‘n+20 ray

* o(z) = v(y)l®

o™

1
= dx dy
/Q /Q v(z)o(y) ‘ @ —y["7
L2
< i vl -

Now consider the case s = 1+0, v € H'T7(Q). Due to Lemma 1.12 it remains to consider the case o € (0,1).
As Vv € H7(Q) and v € H'(Q) due to Lemma 1.12, it follows from Lemma 1.11 that —2v™3Vv =V (v72) €
He(Q2) for ¢ < 0. Hence, v=2 € H'*¢((2), and again with Lemma 1.11 it follows that —v=2Vv = V (v7!) €
H(Q), and v € H(Q).

The next case is s = 2. Due to Lemma 1.12 we only have to show that

v? (v_l) =203V - Vol — 072V € L2(Q),

which follows from v=2,v73 € L>°(Q), Vv € H! () — L*(Q), and V?v € L*(Q).

We finish this proof with induction. Assume that the statement has been shown for all s < k for some
k€ Nwithk >2. Let s=k+o0, 0 €[0,1) and v € H**7(Q2). We can further assume that o > 0 if k = 2.
As v~! € HE=D+7(Q) by induction hypothesis, we get v=2 € H*~1D+9(Q) with Lemma 1.11. Furthermore,
Vo € HF=D+9(Q), and again with Lemma 1.11 we end up with —v=2Vv = V (v71) € H*k~D+o(Q), which
leads to v=1 € HFFo(Q). O

With those results at hand, we can now proceed in transforming the optimization problem. For F € F2d,
0F, TF € F, the following functions derived from the transformation

Tp =1d+F (10)
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will be used in the sequel. Some regularity as well as stability results concerning these functions can be found
in the Annex, Section 3.

DTp(z,y) = 1+DF(z,y) = ( 0 Fa(z,y) 1+ (%Fg(ﬂ?,g) ) (11)
vr(z,y) = det (DTr(z,y)), (12)
d
Vror(@y) = Frresr(@y)| (13)
t=0
" d !
“YF,sF,TF(Uny) = &VFH.TF@F(%Z/) ) (14)
t=0
Ap(z,y) = (vwwDT7'-DTRT) (2,y), (15)
where DT ! = (DTF) ™',
, d
AF,(SF(x, y) = &AFH-(SF(Q:» y) ) (16)
t=0
1 d /
F,JF,TF(xvy) = at F+t-'rF,6F('T7y) (17)
t=0

Lemma 1.14. There exist ¢cg > 0, 0 < ¢1 < ¢ and 0 < c3 < ¢4 such that for ||q||H2(I) < ¢g it holds
that yp(g) € [c1,c2] and the two Eigenvalues of Apq) are elements of the interval [c3,cq4]. If co — 0, then
C1,C2,C3,Cq4 — 1.

Proof. This lemma follows from Lemma 3.2 and the fact that the Eigenvalues of a matrix continuously depend
on its entries. 0

As we use the transformation T4 to map € onto €2, it is desirable that this transformation is one-to-one.
Lemma 1.15. For ||qHH2(I) sufficiently small, the transformation Tpq): Qo — Qq is bijective.

Proof. As T'y = Tp(q)(I'0) by definition of F(g), surjectivity follows by continuity and injectivity follows from
Lemma 3.2. O

Assumption 1.16. We assume that the constant C' in (5) is chosen sufficiently small such that Lemma 1.14
and Lemma 1.15 hold for all ¢ € Q9.

Remark 1.17. With Lemma 1.1 it follows that Assumption 1.16 holds if « is sufficiently large. Furthermore,
within practical applications like computing the optimal shape of an airfoil, a good approximation of the optimal
shape is very often already known a priori.

For the ease of notation, for F' € F24, u, 2 € H'(Qy) we will make use of the following bilinear forms

a(F)(u,z) = Vul - Ap - Vz + uzyp dz, (18)
Qo

I(F)(2) = / (f o Tr)zyp da. (19)

Lemma 1.18. Let F € F24. Then there exists a unique u € H}(Qo) such that
a(F)(u,z) =1(F)(z) Yz € Hy(Q), (20)

and [[ullgy iy < cllflliza,)-
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Proof. As the bilinear form a(F)(-,-) is continuous and coercive due to Lemma 3.8, this lemma is a direct

consequence of the Theorem of Lax-Milgram. O
For more stability results concerning the forms (18) and (19) we refer to the Annex, Section 3.

Remark 1.19. For g1, ¢z € Q*d and F3 € F24, u(qy), u(Fy) and u(F3) shall denote the unique solutions to (20)
for F = F(q1), F' = Fy = F(q2) and F = Fj, respectively.

Lemma 1.18 motivates the introduction of another solution operator S which assigns to each control ¢ € Q¢
the ”transported” solution, i.e. let S(q) = u(q) € H{(Qo) be the solution of (20) for F' = F(q).

Lemma 1.20. Let ¢ € Q*, F = F(q) € F* and v € L2(Qy,). Then it holds that v € HY(Qy) if and only if
voTr € HY (). Furthermore, the two norms [l ) and |- 0 Tr ||y (o) are equivalent.

Proof. Let v € H'(2,). We have
|\U||12{1(Qq) = / 0?2 + |Vol|* dz = / (voTr)* vk + |Vv o Tr|* v dz
Qq Qo

< c/ (voTr) + |DT§-WOTF}2 dx
Qo

2
= cllvo Trlli (g,

§c/ (UOTF)2—|—|VUOTF|2 dec/ (UOTF)27F+\VUOTF|27Fdx
Qo Qo

2 2
= c/ 0¥+ |Vol" dz =c HU”Hl(Qq) )

Q’I
where we also used Assumption 1.16. 0

Lemma 1.21. Let F € F* w? € HY(Q,), u = u? o Tr € H{(Qo). Then the following two variational
formulations are equivalent

/ (Vu?)" - V27 +ui29) dz = / fzdx V29 € Hy(Q,), (21)
Q‘I QLI
/ (Vu - Ap - Vz+uzyp) dz = / (foTg)zypdx Yz € Hy(Q). (22)
Q(] QO
Proof. In order to proof this lemma one has to use integration by substitution and Lemma 1.20. O

We are now able to reformulate problem (4) on the reference domain.

. 1 «@
winJ(g.u. F) =5 [ (w0 o) e do+ G lalieg. (23)
Qo
subject to
—-AF =0 in Qq, —div(Ap - Vu) +uyp = foTpyp in Q,
{ F=qn onTy, { u =0 on I'y.

Theorem 1.22. The two problems (4) and (23) are equivalent.

Proof. Let ¢ € Q*, w4 = u(q) o Tr) € H{(€,). This theorem now follows from the fact that J(q,ud) =
J(g,u(q), F(g)) and the fact that the state equations on €, and Qo, (3) and (20), respectively, are uniquely
solvable. g
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1.3. Existence of an optimal solution

Within this subsection we are going to proof Theorem 1.2. The following proof relies on Assumption 1.16
which can be omitted as mentioned in Remark 1.25. Due to Theorem 1.22 it is sufficient to show that (23) has
a global solution.

Proof. Let j(q) = J(q,u(q), F(q)) > 0 be the reduced cost functional. There exists a minimizing sequence
(Qna Up = u(Qn)v Fn = F(Qn))neN with

J= inf j(Q) = lim ](Qn) = 11_)111 J(QnaunyFn)'

quad n—o0

As Q24 is a convex, closed and bounded subset of the Hilbert space H?(I) there exists § € Q¢ such that, up to
extracting a subsequence, it holds that

n —4q in H? (1),
Gn — G in H27¢(1) for n — oo,
due to the compact embedding of H3(I) into H2~5(I). Let F = F(g) € F*! and u = u(F). Due to Corollary 1.8

it follows that F,, — F in H>/27¢(Qy). Hence, u(F,) — u(F) = @ in H*(Qp) by Lemma 3.11. In addition,
Yr, = 77 and ug o Tp, — ug o T in L*°(£) due to Lemma 3.3, which leads to

n—oo

lim (/QO (w(F,) —ugoTr ) vr, dx) = /QD (w(F) —ug o Tf)Qﬁdx. (24)

As the squared norm is continuous and convex it is lower semicontinuous,

lim inf [|gallzes 1) > 152 (25)

and by adding (24) and (25) we arrive at
J(q, W, F) < liminf J(gn, tn, Fr) = j, (26)
and conclude that J(g,u, F') = j. Hence (q, u, F) is a global solution to (23). O

Corollary 1.23. Every minimizing sequence (¢y), ey C Q@™ contains a subsequence (qn,, ).y Such that q,, —q
in H2(I) for k — oo, where q is an optimal solution to (23).

Proof. In the proof of Theorem 1.2 we have alieady shown the existence of such a subsequence with ¢,, — @
in H3(I). As J(qn,,uw(qn,), F(qn,)) — J(q,u, F) it follows that lgnillg2(ry = Nlallgzry- It is well-known that
within Hilbert spaces weak convergence plus convergence of the norm implies strong convergence, and the result
follows. .

Remark 1.24. Although the state equation (20) is linear, the mapping ¢ — u(g) is highly nonlinear and one
cannot expect the reduced cost functional j to be convex. Therefore uniqueness of an optimal solution cannot
be shown in general.

Remark 1.25. Although the proof of Theorem 1.2 depends on Assumption 1.16, this assumption can be
omitted. In [17], Theorem 2.8, the authors show existence of an optimal solution for a similar shape optimization
problem where they just need some sort of compactness of @*d in Q. As the proof mentioned in the source cited
above is more invloved than the one presented here, and as Assumption 1.16 is needed throughout the paper,
we decided to include the proof as stated.
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2. THE OPTIMALITY SYSTEM

2.1. Differentiability of the control-to-state mapping and first-order optimality conditions

Within this subsection we investigate the differentiability of the control-to-state mapping ¢ — u(q). In order
to show this we will use the Implicit Function Theorem, the following version can be found in [3], Theorem 2.3.

Theorem 2.1. Let B € C* (X“d x Yod, Z), k > 1, where Z is a Banach space and X, Y are open subsets
of Banach spaces X and Y, respectively. Suppose B(z*,y*) = 0 and that B, (z*,y*) is continuously invertible.

Then there exist neighborhoods © of x* in X and ® of y* in'Y and a map g € C¥(©,Y) such that

e B(x,g(x)) =0 forallz € O,
e B(z,y) =0, (z,y) € © X &, implies y = g(z),
o ¢'(z) = — (By(w,9(x))) " 0 Bu(w, g(x)) for z € ©.

Lemma 2.2. The mapping Q 3 q— F(q) € F is twice continuously Fréchet differentiable.

Proof. As the mapping g — F(q) is linear, the result follows with Corollary 1.8. O

Lemma 2.3. The mapping int (Q*) 5 q — u(q) € H§(Q) is twice continuously Fréchet differentiable.
Proof. We set X =@, X* =int (Q*), Y =Y = H{(Q) and Z = H"!(). Furthermore, let

B:Q x Hy(Q) — H H(Qo),
B(q,u) = a(F(q))(u,-) — 1(F(q))(-).

Then B is affine linear in u and twice continuously differentiable with respect to ¢, as follows from Lemma 3.4,
Lemma 2.2 and (6). The result now follows with Theorem 2.1. O

In order to be able to use Lemma 2.3 we make the following assumption.

Assumption 2.4. We assume that the optimal control § under consideration is an element of the interior of
the admissible set, g € int(Q*?).

We also recall the definition of the operator S and its derivatives, which follow by a direct calculation.

(1) u = S(q) € H}(Qp) is the solution of
a(F)(u,z) =1(F)(z) Yz € Hy(Qo), (27)

where F' = F(q).
(2) du = S"(q)(dq) € Hy(Qp) is the solution of

a(F)(6u,z) = (f o Tp, zdiv ('yFDT},?1 OF)) + ((Vf oTp)" - 6F, z’yp)

(28)
— (Vu, A sp - V2) = (u, zdiv (ypDTR" - 6F)) ¥z € HY(Qo),

where 6F = F'(q)(dq) = F(dq).
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(3) dtu = S"(q)(dq,7q) € H§(R) is the solution of

a(F)(67u, z) = (f o TF, (tr(D(SF) tr(DrF) — te(DOF - DT F)))
+ (rF" - NV?foTp - 6F, zyr) — (Vu, AL sprp - V2)
+ ((VfoTp)" - 6F, zdiv (vsDT;" - 7F))
+ ( (VfoTp)  7F, zdiv (ypDI5" - 0F) ) (29)
— (Vru, A sp - Vz) — (Vou, A p - V2)
— (Tu, zdiv (’)/FDT},?1 5F)) — (5u7 zdiv (’yFDT L. )

(

)
— (uz,tr(DOF) tr(DTF) — tr(DOF - DTF)) Vz € Hy(Q),

where 7u = S'(q)(7q) and 7F = F'(q)(7q) = F(7q).

Furthermore we also state the definitions of the reduced cost functional j and its derivatives, which follow
by a direct calculation. The fact that j is at least twice continuously differentiable follows from Lemma 2.3.

#0) = 5 (8(6) = wa o T, (8(a) ~ wa o Tr) ) + 5 (@ a)yogr) (30)

7' (q)(6q) = % (S(q) — ug o Tr, (S(q) — uq o Tr) div (v DT ' - 6F)) .

+ (8'(@)(6) = (Vua o Ti)" - 6. (S(a) = ua© Te) 1r ) + 0 (0. 60) 2
(0)(64,79) = 5 (S(a) — wa© Tr (S(q) — 4 © Tr) (1x(DSF) tr(D7F) ~ tx(DSF - D7 F))

+ (8'(9)(39) = (Vuao Te)" -6, (5'()(rg) = (Vua o Tr)" - 7F) 1)
+ (8(a) = wao Tr, (8'(a)(00) = (Vua o Tp)" - 0F ) div (DT - 7F) ) (32)
+ (S(q) —ugoTs, ( (@)(rq) — (Vug o Tp)" F) div (ysDT5" - 5F))
+ (

(S(q) —uwaoTr,(5"(q)(8q,7q) — TF" - V?uq o Tp - 6F) vr) + (8¢, 7q) 2 1)

Remark 2.5. The representations (29) as well as (32) show that the second derivatives are symmetric with
respect to the directions.

For stability results concerning these operators and functionals, which will be needed in the context of
second-order calculus in Subsection 2.5, we again refer to the Annex, Section 3.
Due to Assumption 2.4 and the differentiability of j, the first-order optimality condition in § is just

J'@(q) =0 Voq € Q. (33)

Our goal is to use the first-order optimality condition (33) to show higher regularity of the optimal control
q. As we are using a control-theoretic approach, we first need to introduce the very weak formulation for the
transformation equation and the Lagrangian.

2.2. The very weak formulation

As the control ¢ enters the equation for the transformation F on the boundary, (7) is kind of a Dirichlet
control problem which is known not to be of variational type. In [28] the authors present various possibilities
on how to deal with such problems. They propose the use of the so-called very weak formulation, which is also
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used in [9] and [11]. We will also stick to that formulation, therefore we are having a closer look at the solution
u to the problem

(34)

—Au=f inQ,
{ u=g onl.

If f € HY(Q) and g € H'/2(T"), then one can proceed in a standard way as follows. Let B: H'/2(T") — H'(Q)
be an arbitrary right inverse to the trace operator. The existence of such a B is ensured by Theorem 1.6. Now
set u = ugq + ur, where ur = B(g) and ug € H}(Q) solves

(Vug, Vv) = — (Vur, Vo) + (f,) Yo € H(Q). (35)

The drawback of formulation (35) is the fact that one has to split v into the sum of the two functions ur and
uq. This makes it more difficult to take the derivative of u with respect to g, which is crucial in order to derive
an optimality system, where we have to take the derivative of (7) with respect to g. One possibility to overcome
this difficulty is the use of the very weak formulation, which can be obtained from the weak formulation of (34)
by partial integration,

— (u, Av) + (g, 0,v) = (f,v) Yo € HY(Q) N H(Q), (36)
which also allows for solutions u € L?(£2) of the boundary value problem. For an overview see [4,14,15,31].

In what follows we always assume that the domain € is sufficiently smooth in the sense that problem (34) is
H2-regular, i.e. for arbitrary f € L?(Q) and g € H3/2(F) it holds that the weak solution u possesses the regularity
u € H2(Q). In [16], Theorem 9.1.20, it is shown that this assumption is satisfied if Q has a C2-boundary. If
H;2(Q2) denotes the dual space of Hy() N H2(2), then the following lemma can be shown, cf. [31].

*

Lemma 2.6. For any given f € H;2(Q) and g € H-'Y/2(T"), the very weak formulation (36) possesses a unique
solution u € L2(Q). There holds the a-priori estimate

sy < € (Il 20 + l9lla-12qr)) -
Corollary 2.7. Any weak solution u to (34) is also a very weak solution. Vice versa, if the very weak solution
possesses the additional reqularity u € HY(Q), then it is also a weak solution.

Proof. Tt follows from the definition that every weak solution also fulfills the very weak formulation (36),
uniqueness has already been shown in Lemma 2.6. If the very weak solution is more regular, then one can
perform partial integration and the result follows. 0

2.3. The Lagrangian
The aim of this subsection is to introduce the Lagrangian for problem (23). Let
L£:Q x H(Q0) x Hy(€o) x H?(Q) x Hy(€0) NH*(Q) — R,
‘C(qaua ZvFa G) = J(Qauv F) + Z(F)(Z) - a(F)(u7Z) + (F7 AG) - <qn7anG>
Furthermore, define
G = Hy(Q0) N H?(Qo), (38)
. 2 2 2
with norm [|-lg = [| i1 () + *[f2(00)-
Lemma 2.8. In G, the norms [|A-||;2(q,) and ||-[|g are equivalent.
Proof. Let v € G be arbitrary. First, we have

2 2 2 2 2 2
HA’UHLz(QO) = /Q Uy + Uyy + 2'Umx'Uyy dz S QA Vpw + vyy dx S 2 |U‘H2(Qo) .
0

0
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As v € H}(Qp), we know that there exists cq, > 0 such that

||UHL2(QO) < cqq ”vHHé(QO) )

and hence

2
ol = [ T Tode = [ oavds < [olls oy 180l a0,
QO QO
< cqyq ”’UHH})(QO) ||AU||L2(QO) )
so we arrive at
||UHH(1,(QO) < cqyq ”AUHL2(QO) :
In [16], Zusatz 9.1.27, it is proven that for convex Qg it holds that
|U|H2(QO) < ||AU||L2(QO)7

which finishes the proof. O

If u=u(q) and F = F(q), then L(q,u,z, F,G) = j(q) for all z € H}(Qo) and G € G. This fact is well known
and exploited in order to receive an optimality system. In general, one is looking for a stationary point of L,
but in order to ensure that every local minima of (23) is also a stationary point of £, one needs some additional
regularity which does not hold in general in our case.

Lemma 2.9. Let ¢ € Q*. Then F(q) € F*4 is the unique solution to

Le(qu,z, F,G)(0G) =0  VéG € g. (39)
Proof. As L is linear in G, it follows that (39) just reads as

(F,A6G) — (gn,0,0G) =0 VoG € G.

which is just the very weak formulation. The result follows with Lemma 2.6 and Corollary 2.7. O

Lemma 2.10. Let ¢ € Q*! and F = F(q). Then it holds that u(q) € Hi(Q0) is the unique solution to
L (q,u,z, F,G)(dz) =0  Véz € H(Qo). (40)
Proof. As I(F)(-) as well as a(F)(u, -) are linear it immediately follows that £/, exists. As (40) just reads as
I(F)(6z) = a(F)(u,dz) vz € Hy(Q),

the result follows with Lemma 1.18. O

Lemma 2.11. Let ¢ € Q*, F = F(q) and uw = u(q). Then there exists a unique z € H}(Q) such that
L (g u, 2, F,G)(6u) =0 Vou € Hy(Q). (41)
Proof. First, equation (41) can be rewritten as

a(F)(6u,2) = J! (q,u, F)(5u) You € HE(Qo),
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which reads as
a(F)(0u, z) = ((u — ug o Tr)yr, ou) You € Hy(Qo). (42)
As the right hand side in (42) is a continuous functional on L?(€)), existence and uniqueness follow with

standard arguments. O

Remark 2.12. With z(q), z(F) or z(u) we will denote the adjoint state z as the solution to (41) for given ¢,
F or u, cf. Remark 1.19.

To follow the standard procedure, we are now going to compute the derivative of £ with respect to F', which
exists due to Lemma 3.4. The goal is to show the existence of an adjoint transformation G € G such that
Le(q,u, 2, F,G)(6F) = 0 for all §F € F. As the transformation F enters £ in a highly nonlinear way, we split
the computation. First, it holds that

1
Je(q,u, F)(6F) = 5 /Q (u— ug o Tp)* div (VFDTgl 6F) dz

—/Q (u—ugoTr)(VugoTr)" - 6Fyp dx (43)
0
1
= / i(u — Ug o TF)27F6FT . DT;T -nds — / (u—uq o TF)VUT . DT];1 - 0F~pdx,
Ty Qo
In(F)(6F,2) = | foTrdiv(yeDTs' - 6F)z+ (VfoTp) - 6Fypzda
Qo
(44)
= — o fOTF’yFVZTDTI;I (SFd.’IJ,
ap(F)(6F,u,z) = | Vu' - Apsp - Vz+uzdiv(ypDT " - 6F) da
- (45)
= vul - Apsp-Vz— (uVz + 2vu)" DT, - 6Fyp da,
Qo

where we used the Divergence Theorem, Vf o Tr = DT v (foTr) as well as the analog formula for wug
and uz € WP (€) for p < 2 due to Lemma 1.11. By combinig (43), (44) and (45) with the definition of the
Lagrangian, (37), we get

1
E%(q,u,z,F,G)(éF):/ §(u—ud0TF)2'yF5FT~DT;T-nds—/ (u—uqoTr)Vul - DT - §Fypda

Iy Qo
— | foTpypV:T DT, 6Fdx (46)
Qo
- vl A sk -Vzdx—i—/ (uVz+ 2Vu)" DT, 6Fyp da
Qo Qo
+ IFAG dx.
Qo

Lemma 2.13. For ¢ € Q*, u =u(q), 2 = z(q), F = F(q) and G € G there exists d € H' () such that
L(g,u, 2, F,G)(6F) = (—=d, 6 F )y ) + (0F, AG) YoF € HY(Q).

i.e. the derivative L'n(q,u, 2, F, G) is a continuous linear functional on H' ().
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Proof. Linearity of L(q,u, 2, F, G) follows from (46) and Lemma 3.4. Boundedness in H!({)g) with respect to
O F follows with Lemma 3.6, Lemma 3.7 and Theorem 1.6. We also have to make use of the improved regularity
u(q), 2(q) € Wy*(€Q), which follows from [32], Theorem 1. The Riesz Representation Theorem (cf. [2], Theorem
4.1) now ensures the existence of such an element d € H* (). O

Remark 2.14. As u,z € H3/27%(Qp) due to Theorem 1.4 and the definition of Al 5, Lemma 3.4, it follows
that £%(q,u,z, F,G) is in general not a continuous linear functional on L?(Qp). As A: G — L?*(Qp) is an
isomorphism, it follows that the equation

Lp(g,u(a),2(q), Fq),G)(6F) =0 VoF € H(Q),

need not have a solution G € G for general ¢ € Q.

With Remark 2.14 it follows that, in order to show the existence of an adjoint transformation G, it is
necessary that the (adjoint) state as well as the transformation have a higher regularity. This is the case if the
corresponding control is more regular.

2.4. Higher regularity of the optimal solution

This subsection is devoted to proof Theorem 1.3 regarding the improved regularity of the optimal control g.
In order to do so, we exploit the first-order optimality condition (33), which relies on Assumption 2.4. First,

o d __ _ _
7' (@)(dq) = E‘](q*t dq,u(q+1t dq), (g +1t 0q))
t=0

d
= —L(@+1tdq,u(@+16q),2z, F@+t dq),G) Vz € Hj(Q0),G €G.

dt

t=0

We now choose z = z(g), G = 0. With (33), (28) and Lemma 2.11 we get

3'(@)(6q) = L(q,u(q), 2(q), F(@),0)(dq)
+ L%(q,u(q), 2(9), F(7),0)(6F) = 0 Véq € Q,0F = F'(q)(dq) € F (47)

With Lemma 2.13 we can rewrite (47) as
o(q,6q)u2(r) — (d, 0F )i (q) =0 Voq € Q,0F = F'(q)(dq) € F, (48)
with some d € H! (). With Cauchy-Schwarz it holds that
|(d, 6 ) ()| < s gy 10F Il ) -

Furthermore dg +— 0F is linear and [[0F |1 ) < ¢|0[g1(f), which proofs the existence of d; € HY(I) such
that

(d,0F ) (0) = (d1,0q)ur(r) Vg € Q. (49)
Inserting (49) into (48), we get
a(q,0q)u2(ry = (d1,9q)m (1 Viq € Q. (50)

To proceed, we need the following lemma.
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Lemma 2.15. Let A € H2 (), v € H!_(I) such that

per per
(A, ‘P)H2(1) = (¢, ‘P)Hl([) Vo € C;Zr(j)a (51)

Then it holds that X € H3_(I).

per

Proof. Equation (51) just reads as

per

27 27
/o No" + XN + Mpdr = ; o'+ ppda Vo € C2 ().

Partial integration yields

27 27
/0 N = X+9)¢"dz = /0 (—A+ ) pdx Vo € Cxe,(I). (52)

As (52) is just the definition of the second weak derivative, and —\ + 1 € H._ (I), this yields

per

N =X+ e 3 (1) c HE(]),

per per

and because of X\, € H}_ (I) we end up with \” € HL (I), hence X € H3_(I). O

per per

DF € H%/%(Q) — C1/2(Qg). Hence, A, v5 € CH1/2(Qg), and Theorem 1.4 yields @,z € WP (Qg) for p < occ.
Theorem 1.6 now implies Vu|FO , VZ\FO € Wl_l/p’p(Fo). Due to this improved regularity we can further simplify
some of the expressions in (46). First, we recall that

By applying Lemma 2.15 to (50) we get § € H*(I). This improved regularity then yields F € H7/2(Qy),

Al s =tr(DT;" -DSF) Ap — DT " -DSF - Ap — Ap - DSFT - DT,

hence

- Vul - Ap - Vztr(DTR' - DEF) da = — i vul - DT,' DT - Vediv(ypDTy" - 6F) da
- f/r (DT - Vu)' - (DTR" - V2) ye6FT -DTT - nds  (53)
+/Q v((DT;T.vu)T-(DT;T.VZ))T.DTgl.aFdex.
It also holds that
/Q v (7" vu)" - (D77 VZ))T DT 6Fyp +Vu® - (DT7' - DOF - Ap + Ap - DOFT - DT") - Vzda
!
=/ Vul - Ap -V (V2T -DIG - 6F) + V2" Ap -V (Vu! - DI" - 6F) da (54)
o

:/ —div(Ap - Vu) V2! - DTt - 6F — div(Ap - V2) Vu! - DT,' - 6F dx
Qo

+2 / (DT V)" - (DTR" - V2) 70 FT - DT T - nds.
o
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So, if we insert (53) and (54) into (46), we finally arrive at

Ly (q,u, 2, F,G)(6F) = / %(u —ugoTr)*ypdFT - DT, - nds
T'o

+/ (DTET~VU)T~(DTET~VZ)’}/F5FT~DTF_1~7LC1$
o

+/ (—div(Ap - Vu) +uyp — fo Tpyy) (V' - DT - 6F) dz
Qo

=0

+ / (= div(Ap - V2) + 27F — (u — ug o Tp)vyp) (Vul -DTL" - 6F) da (55)
Qo 0

+ / OFAG dx
Qo

= 1u—udoTF?jL D77 - va) - (DTET - V2) ) ypdFT - DT - nds
r 9 F F F

+ [ 6FAGdx,
Qo

where we made use of the strong formulations of the (adjoint) state equation, (40) and (41), which hold due to
the improved regularity of v and z.

Remark 2.16. One may note that (55) looks similar to shape derivatives obtained by different methods as
done for example in [26] and [36]. The fact that we end up with a boundary integral is due to the well-known
Hadamard-Zolesio Theorem (cf. [36], Theorem 2.27), which holds if all the involved functions are sufficiently
smooth.

As in the proof of Lemma 2.13 it is now possible to show that there exists do € H'/?(T) such that

@1,z F,G)(0F) = —(d2,6F) + (6 F, AG) VoF € F. (56)

If we want to choose G € G such that (56) vanishes, then this G has to fulfill certain boundary conditions.
Lemma 2.17. The normal derivative 0, : H}(Q0) N H2(Qp) — HY2(Ty) is continuous and surjective.

Proof. Continuity follows from Theorem 1.6. Furthermore, this theorem ensures that the mapping v —
(vlp, » Onvlp,) from H2(Q) to H¥2(Ig) x H/2(Iy) is surjective and the result follows, cf. [37], page 70. O

This proves the existence of G € G with 9,,G = ds. It now holds that
(6F,AG) = — (V6F,VG) + (0,G,0F) = (0,G, 6F), (57)

where the first term vanishes due to the fact that §F' is harmonic and G € G C H} (). Inserting (57) into (56)
yields

L (q,u,z, F,G)(6F) =0 VOF € F,
and we arrive at

7'(@)(dq) = L4(3, 4, %, F,G)(dq)
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Remark 2.18. One may notice that G' € G is not uniquely defined as H3({)g) is in the kernel of the operator
On, as presented in Lemma 2.17. As easily follows from (57), all computed values just depend on 9,,G, which is
indeed unique.

The following lemma can be proven similar to Lemma 2.15.

Lemma 2.19. Let A € H3_(I), v € HL2(I) such that

per
(%‘P)Hz(n = (¢790)L2(I) VSD € C;oer(‘[)

Then it holds that A € HulZ(I).
With the help of Lemma 2.19 it easily follows that § € H%/?(I) which finally proves Theorem 1.3. O

Remark 2.20. By using a bootstrap argument it is possible to show an even higher regularity of g. With [16],
Theorem 9.1.20, one can show that g € H(I), F € H'/2(Qy), u,Z € H®(Q) and G € H/275(Qy). A further
improvement is not possible in general due to the regularity of f and wug, cf. (6). Any further improvement in
the regularity of f and ug would result in a further improved regularity of g,%,%, F,G. For f ug € COO(Q) we
get g€ C2 (1) and W, z, F, G € C®(Qy).

per
2.5. Second order optimality conditions

Within this subsection we are going to state a sufficient second-order optimality condition, which is necessary
due to the nonlinearity of the problem. The following lemmas and proofs have been inspired by [10].

Lemma 2.21. Let g € Q*, ¢ € Q and (8¢,),,cny C Q. If 6, — 6q in H3/2T5(I), then it holds that
(1) S'(q)(0gn) — S"(¢)(0q) in H5(),
(2) §"(q)(0an, 0a,) — S"(a)(dq,dq) in Hy(Qo).
Proof. (1) Let 0F = F'(q)(dq) = F(0q) and §F,, = F'(q)(d¢n) = F(0qy). With Corollary 1.8 it follows that
0F, — §F in H?7¢(£y), and with Lemma 1.11 it follows that A}?,(;Fn — A’F’(SF and div (fyFDTl,;1 . 6Fn) —
div (yDTR" - 6F) in H*#(Qg) = C(Q). As aresult, the right hand side in (28) converges in H™(Q),
and the result follows with the standard H'-stability result.
(2) The second part is proven analogously to the first part. In order to show that the right hand side in
(29) converges in H=1(Qg) one has to make use of the first part, Lemma 3.4 and the fact that the trace
of a matrix: X2%? — X is continuous in every Banach space X. O
Lemma 2.22. Let g € Q*, §¢ € Q and (0Gn)pen C Q with 6gn, — dq in H3/24e(I). Let m: Q*! x Q — R and
n: Q* x Q — R be defined by

m(q)(dq)

7'(9)(8q) — alq, 0q)u2(1)
n(q)(dq) = j

7"(9)(3¢,09) — a(dq,0q)u>(1)-

Then it holds that

m(q)(0gn) — m(q)(0q),
—

n(q)(dgn) — n(q)(dg), for n — oo.

Proof. This lemma follows directly from the representations (31) and (32) in combination with Lemma 2.21. O
Lemma 2.23. Let g € Q*, §¢ € Q and (0Gn)pen C Q- If Gy — 0q in H2(I) then

(1) §'(q9)(6gn) — j'(9)(09),
(2) 3" (q)(dq,0q) < liminf, . 5" (q)(dGn, dqn)
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Proof. As H?(I) is compactly embedded into H3/2*¢(I) for e < 1/2, we get dq,, — dq in H3/2+=(I).
(1) As (q,0qn)u2(r) — (¢,0q)m2(r), this part follows from the first part of Lemma 2.22.
(2) The squared H?-norm is a continuous and convex functional on H?(I) and therefore weakly lower

semicontinuous, hence (0q, 6q)p2(ry < liminf, oo (6¢n, 6¢n)u2 (1), and this part follows from the second
part of Lemma 2.22. O

Lemma 2.24. Let g € Q*, 6q € Q, (0Gn)pen C Q and 6q, — 6q in H2(I). If

lim 5" (q)(0qn, 0gn) = j"(q)(6q, 6q),

n—oo

then
0qn — 0q in H(I).

Proof. Again we get dq, — 6q in H3/2t¢(I) for ¢ < 1/2. With the second part of Lemma 2.22 it follows
that [|6gn 2y = [104ly2(7)- The result follows from the fact that strong convergence is equivalent to weak
convergence plus convergence of the norm. O

Theorem 2.25. Let G € Q™ be a solution of (23). If

3"(@)(dg,9q) > 0 Véq € Q\{0}, (58)

then there exists B > 0 such that
5"(@)(8q,8q) > B 1dq|l5= ¥dg € Q. (59)

Proof. Assume that (59) does not hold. Then there exists a sequence (6¢n),ey C @ With [0 [z ) = 1 and

1 1
7"(@)(8an; 0an) < —
Possibly after extracting a subsequence we get the existence of an element 6q € Q with §g,, — dq in H?(I). We
get
- 1
0 < 35"(9)(6q,0q) < liminf 5" (q)(0qn, dqn) < limsup j”(q)(0qn, 6g,) < limsup — = 0. (60)
n—00 n—00 n—oo N

The first inequality is just the necessary optimality condition of second order, and the second inequality is due
to Lemma 2.23. Equation (60) now yields

j//(a)((SQm 5Qn) — j//(a)(&b dq) = 0.

As a result, (58) implies 0¢ = 0, whereas Lemma 2.24 implies d¢,, — d¢ in H?(I), which contradicts ||5qn||H2(1) =
1. O

Lemma 2.26. Let ¢ € Q*! and > 0 such that
3"(a)(8q,8q) > B 16qll= ¥og € Q.

Then there exists § > 0 such that for all p € Q* with |lq — Pllyz(ry < 6 it holds that

0)(650.80) > 2 60l Vog € Q.
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Proof. With Lemma 3.14 one gets

3" (p)(q,0q) = 3" (q)(dq,0q) + 7" (p)(dq,0q) — 7" (q)(8q, dq)
> j"(q)(dq,9q) — 17" (p)(9q,0q) — 7" (q)(dq, 0q)|
> B 184|152y — cllg = Pl 1y 100l 1y

= (B=cllg=pllsz(r)) Ny

and the result follows for § < % O

Lemma 2.27. Let ¢ € Q* be a solution of (23). Then the following two statements are equivalent
(1) There exists B1 > 0 such that

7"(@)(6g,09) > B 0qlly Vg € Q,
(2) There exist B2, > 0 such that

i) = i@+ B llp—alley Y€ QM Ip =Tl <0

Proof. (1) If the first statement holds, then we have for some ¢ € [0, 1]:
i) = 3@+ 5@ - )+ 5" @+t~ D) 2.0 1)
=@+ 57" @+t~ -2.p 1)
> j@ + 2L o~ Ty
whereas in the second step we used the first-order optimality condition (33), in the third step we used

Lemma 2.26.
(2) If the second condition holds, then g is a local solution to

. . -~ 2
qre%gdj(q) = B2 llg = @llwz(ry »

and the necessary optimality conditions of second order yield
3"(@)(0q,6q) — 282 18qf2 ) > 0 Vog € Q. O

3. ANNEX

Within this section we are going to collect various regularity as well as stability results related to the
transformation T, the (bi)linear forms a(F)(-,-) and I[(F)(-), the solution operator S and the reduced cost
functional j.

Lemma 3.1. If s > 3/2 and q € H*(I), then it holds that yp(y), Ar (g € H71/2(Q).
Proof. The regularity result for yp(, follows from (12), Corollary 1.8 and Lemma 1.11. Because of

_ L (1+0,F(q) —0,Fi(q)
DT-! — y Y 61



22 TITLE WILL BE SET BY THE PUBLISHER

and DF € H*~'/2(Q), Lemma 1.13 yields DT}, € H*~'/2(Q), and the regularity for Ap(, follows with (15)
and the first part of this lemma. O
Lemma 3.2. For ||q|ly2(;) — 0 it holds that

(1) Try — 1d in H2(Qg) < C11/2(Qy).

(2) Vg — 1 in H¥2(Qg) — CO/2(0Qy).

(3) DTp(,y — 1 in H/2(Qo).

(4) Apggy — 1 in H¥?(Qy).
Proof. (1) This statement follows from (10) and Corollary 1.8.

(2) This part follows from (12), Lemma 3.1 and the first part of this lemma.

(3) This part follows from (61), Lemma 1.11 and the first two parts of this lemma.
(4) The last part follows from (15), the parts (2) and (3) and again Lemma 1.11. O

With these explicit definitions at hand, one can easily derive some stability results whiqh follow by a direct
calculation and the boundedness of F24 in H®/2(Qy), as well as the fact that ug, f € C>1(Q).

Lemma 3.3. For F, E ¢ F*4 s¢c (1,3/2], we have

e [|vr —vE|
ITr = Tellgeti(ay) < s I1F = Ellgeti )

He(Q0) = Cs |1F = E||Hs+1(go);

° HDTF — DTE‘ He(Q0) <cs HF - E‘ Hs+1(Qq)?
° ||DTI;1 — DTE_l He (Q0) S Cs ||F ) Hs+1(Qg)?
o [Ar = Aplly- () < ¢ 1F = Ellgets g

|foTr—f OTE”LOQ(Qg) <cl||F - E”LOC(Qg)’
|IVfoTr —Vfo TE”LOO(QO) <cl||F - E”LQQ(QO)’
IV2f 0 Tr = V2f 0 Tl e () < ¢ IF = Ellp o)
|ugoTr —ug o TE”LOO(QO) <c|F - EHLO@(QOV
[Vug o Trp — Vug o TEHLOO(QO) <cl|lF - EHLOO(QO)’

[V2ug 0 Tr — V?ug o TEHLW(QO) < cl|F = Ell e gy

Furthermore, the expressions Tr, foTr, VfoTr, V20T, ugo Tk, Vugo Tk and Vuy o Tk are bounded in
H%/2(Q0), vr and DT are bounded in H3/?(Q).
Lemma 3.4. Let F € F24, §F,7F € H%/2(Q). Then the following operators are Fréchet differentiable.

(1) ~vp: HY2(Qo) — H3/2(Qq) with derivative

Yiop = yrtr(DTE" - DOF) = div (ypDT5" - 6F).
(2) DT, HY2(Qq) — H32(Qp) with derivative
(DT3Y)}, = —DTR' - DSF - DI
(3) Yrsr: H/2(Qg) x HY2(Qq) — H/2(Qg) with derivative

Visprr = ptr(DT" - D6F) tr(DT"' - DTF) — yp tr(DT" - DrF - DT, " - DSF)
= tr(DSF) tr(D7F) — tr(DSF - DrF).

(4) Ap: H2(Qq) — H3/%(Qp) with derivative

Alpsp =tr(DT" -D6F) Ap — DI -DSF - Ap — Ap - DOFT - DT "
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(5) Apsp: H/2(Qp) x H2(Qg) — H3/2(Q) with derivative

fsprp =—tr(DT" -DTF DT -DSF) Ap + tr (DT " - D6F) tr(DT" - DTF) Ap
—tr(DT" - DSF) DT - DTF - Ap — tr(DTR" - DrF) DT " - DSF - Ap
—tr(DT" - DSF) Ap - DrFT - DT, — tr(DT," - D7F) Ap - D6FT - DT,
+DT,' -DSF DT, -DrF - Ap + DT, - DrF -DT' - DOF - Ap
+DT.' -DSF - Ap - D7FT . DT, " + DI - D7F - Ap - D6FT - DT

+Ap -DSFT - DT" -DrFT - DI" + Ap - DrFT - DT - DFT - DT7
Proof. (1) By a direct calculation it follows that

[vr5r =5 = 1F tr(DT5" - DF)| a2 g

18F | 335,/2 (g, =0 10F 157262y
1020y 8,6 F5 — 0,0 Fy 020 y53/2

= 1m
16F 55/ gy =0 10 F 1157203

2
c ||5F||H5/2(Qo)
< im = =0,
1605 /2 ) =0 H5F||H5/2(QO)

where in the second step we made use of Lemma 1.11.
(2) This part follows from a direct calculation.
(3) This part follows from the fact that the trace is linear, the product rule as well as the first two parts of

this lemma.
(4) The fourth part follows from the previous two parts, the product rule and Lemma 1.11.
(5) The last part follows from a direct calculation and the previous parts. O

Remark 3.5. For A, B € R"*" it holds that tr(A - B) = tr(B - A), hence the second derivatives A% ;r p and
7}’7 sr-p Which are computed in Lemma 3.4 are symmetric with respect to the directions.

Lemma 3.6. For F € F24 §F,7F € F, s € (1,3/2], we have
(1) relhgsrageny < ©

(2) [sr]| gy < o5 160100

(3) H#M’TF ’HS(QO) < €5 [10F [l () 17 llies1 () -
Proof. The first part follows from the definition of F2d and the comment afterward, the second and the third
part follow from the representations obtained in Lemma 3.4. O

Lemma 3.7. For F € 724 §F,7F € F, s € (1,3/2], we have
(1) [ Arllgs/2 () < ¢
@) | Apse],,
9 [ seoe|
() FoF,TF H* ()

Proof. (1) Due to (15) it holds that

< ¢y ||0F |4 .
(Q0) sl ”H*“(QO)

< ¢ ||0F)]

Hs+1(Q) [7F| Hs+1(Q0)"

2
. ||DTF||H3/2(QO) <

—1 -T
HAF||H3/2(QO) = HVFDTF DTy ||H3/2(QO) sc
H3/2(Q0)
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where we made use of Lemma 1.13 and Lemma 1.11.
(2) In order to proof the second assertion we use Lemma 3.4 and get

He(y) = Itr(DT" - DOF) Ap — DTy " - DOF - Ap — Ap - DOF' - DT
<c|sF|

145 5|

Hs+1(Qo)

where we again made use of Lemma 1.11 and the first part of this lemma.
(3) This last part can be proven in the same way as the previous part. O

The following three lemmas are direct consequences of the definitions (18), (19), Lemma 3.3, Lemma 3.6 and
Lemma 3.7.

Lemma 3.8. The bilinear form a(F)(-,-) is continuous and coercive in H*()), i.e. there exist c1,co > 0,
independent of F € F*4, such that for all u,z € H*(Qy) it holds that

|a(F)(u, 2)| < e f[ully o) 1211 @) -

2
a(F)(u,u) =2 e [|ulli g -

Furthermore, there exists c3 > 0, independent of F € F*! and p € [1,00], such that for u € WYP(Qy) and
z € Wl’pl(Qo) with % + ]% =1 the following Hélder-like inequality holds

|la(E)(u, 2)| < csllullywrp g 121w @) -
Lemma 3.9. For F, E € F*! and u,z € H(Qq) it holds that
|a(F)(u, 2) = a(E)(u, 2)| < ¢ |[F = Ellgase o) [l ap) 1211 @q) -
Lemma 3.10. For F,E € F* and z € L%(Q) it holds that
L(F)(2) = UE)(2)| < c|F = Ellmi o) 121200 -
Lemma 3.11. For F,E € F* it holds that
[w(EF) = ulBE)llyi (o) < € 1 = Ellgzte () -

Proof. Let e = u(F) —u(E). With Lemma 3.9, Lemma 3.10 and Lemma 3.12 we have

cllellfr oy < alF)(e,e) = a(F)(u(F). e) — a(F)(u(E),e)

a(F)(u(F),e) = a(E)(u(E), e) + a(E)(u(E),e) — a(F)(u(e),e)

[(F)(e) = UE)(e)] + |a(E)(u(E), ) — a(F)(u(E),e)|

e el o) 1 = Ellgz+e o) - =

<
<c

Lemma 3.12. For ¢ € Q*, 6q € Q, it holds with q-independent constants that
(1) 180 lgia) <
(2) 115" (q )(6Q)HH})(QO) < c[|6gllg2(py»
(3) 115"(a)(54,60) 1 p) < cll0alie -
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Proof. (1) As a(F)(-,-) is uniformly coercive we have

c HU(F)”%{})(QO) < a(F)(u(F),u(F)) = 1(F)(u(F))
< cllf o Trlliz o) () s o) 1P ILe p) -

(2) and (3) are proven in the same way, one additionally has to make use of Lemma 3.6, Lemma 3.7,
Corollary 1.8 and the embedding H?/2(€g) < L>(Q). O

Lemma 3.13. For ¢,p € Q*, 6q € Q, it holds that
(1) 115(a) = SP) g ) < clla = plluz(r)»
(2) 115"(a)(6q) = S (P)(69) lup () < €llg = Plluz(ry 19l w21y
(3) 115"(9)(64, 8q) — " (9)(54,69)ll1z3 0y < lla = Pllzzr) 16llrz -

Proof. (1) Let e = S(q) — S(p), F, = F(q) and F}, = F(p). With Lemma 3.9 we get

cllellfy o) < alFy)(ee) = a(Fy)(S(a),€) — a(Fy)(S(p),¢)
< a(Fy)(5(q),€) — a(Fp)(S(p); ) + ¢ [ Fy = Fpllpzr- (o) 150 llig o) el ) -

Now we use the definition of S(g), S(p) and Lemma 3.10 and get
a(Fy)(S(q),€) — a(Fp)(S(p), e) = 1(Fy)(e) — U(Fp)(e) < c[[Fy = Fyllyr q) el ) -

The proof is finished with Corollary 1.8 and Lemma 3.12.
(2) and (3) are proven in the same way. O

The following lemma can be proven in essentially the same way as Lemma 3.13.

Lemma 3.14. For q,p € Q*, §q € Q, it holds that
(1) lila) = i)l < cllg = pllgz(p)»
(2) 17'(@)(6q) — 5" (p)(6q)| < cllg = pllyz(ry 19q]l (1)
(3) 15" (9)(3q,69) — 3" () (54, 69)| < ¢ lq = pllgz () 16! 1y -
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