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Abstract

In this paper, we establish convergence to equilibrium for a drift-diffusion-recombination system
modelling the charge transport within certain semiconductor devices. More precisely, we consider
a two-level system for electrons and holes which is augmented by an intermediate energy-level for
electrons in so-called trapped states. The recombination dynamics uses the mass action principle by
taking into account this additional trap level.

We first prove existence of global solutions using Banach’s fixed-point theorem. The main part of
the paper is concerned with the derivation of an entropy-entropy production inequality, which entails
exponential convergence to the equilibrium via the so-called entropy method.
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1 Introduction and main results
In this paper, we consider the following PDE-ODE drift-diffusion-recombination system:

On =V - Jyu(n) + Rn(n,ny,),
Op =V - Jp(p) + Rp(p, nur), (1)
€ 8tntr = Rp(pa nt’!') - Rn(ny nt7')7

with

1 1
R, = — <ntr - (1 - ntr)) ) R;D = <]- — Ntr — P ntr) )
Tn noln Tp Pokp

where ng, po, Tn, Tp > 0 are positive recombination parameters and ¢ € (0,¢¢] for arbitrary ¢o > 0 is a
positive relaxation parameter to be detailed in the following.
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Figure 1: A schematic picture illustrating the allowed transitions of electrons between the various energy
levels.

The physical motivation for system originates from the studies of Shockley, Read and Hall [SR52]
Hal52] on the generation-recombination statistics for electron-hole pairs in semiconductors. The involved
physical processes are sketched in Figure [Il The starting point for our considerations is a basic model
of a semiconductor consisting of two electronic energy bands: In this model, charge carriers within the
semiconductor are negatively charged electrons in the conduction band and positively charged holes (these
are pseudo-particles, which describe vacancies of electrons) in the valence band. The corresponding charge
densities of electrons and holes are denoted by n and p, respectively. In Figure[T] the in-between trap-level
is a consequence of appropriately distributed foreign atoms in the crystal lattice of the semiconductor
material. In general, there might be multiple intermediate energy levels due to various crystal impurities.
In the sequel, we will restrict ourselves to exactly one additional trap level. The intermediate energy
states facilitate the excitation of electrons from the valence band into the conduction band since this
transition can now take part in two steps, each requiring smaller amounts of energy. On the other hand,
charge carriers on the trap level are not mobile and their maximal density ny, is limited.

The equations for n and p in system include the drift-diffusion terms V - J,, and V - J, as well
as the recombination-terms R,, and R,. The quantities V,, and V,, within the fluxes .J,, and .J, are given
external time-independent potentials, which generate an additional drift for n» and p. Note that more
realistic drift-diffusion models would additionally consider Poisson’s equation coupled to in order to
incorporate drift caused by a self-consistent electrostatic potential. However, including a self-consistent
drift structure into leads to great and still partially open difficulties in the here presented entropy
method and is thus left for future works.

The reaction-term R,, models transitions of electrons from the trap-level to the conduction band
(proportional to ny,.) and vice versa (proportional to —n(1 — ny,)), where the maximum capacity of the
trap-level is normalised to one. Similarly, R, encodes the generation and annihilation of holes in the
valence band. But one has to be aware that the rate of hole-generation is equivalent to the rate of an
electron moving from the valence band to the trap-level, which is proportional to (1 — ng,.). Similar, the
annihilation of a hole corresponds to an electron that jumps from the trap-level to the valence band,
which yields a reaction rate proportional to —pny,..

The dynamical equation for n, in is an ODE in time and pointwise in space with a right hand side
depending on n and p via R, and R,,. In the same manner as above, one can find that all gain- and loss-
terms for ny, are taken into account correctly via R, — R,,. We stress that there is no drift-diffusion-term
for ny,.. This is due to the correlation between foreign atoms and the corresponding trap-levels which are
locally bound near these crystal impurities. As a consequence, an electron in a trap-level cannot move
through the semiconductor, hence, the name trapped state.

In the recombination process, ng,py > 0 represent reference levels for the charge concentrations n
and p, while 7,,, 7, > 0 are inverse reaction parameter. Finally, ¢ > 0 models the lifetime of the trapped
states, where lifetime refers to the expected time until an electron in a trapped state moves either to
the valence or the conduction band. Note that the concentration n;. of these trapped states satisfies
ny € [0,1] provided this holds true for their initial concentration (cf. Theorem [1.1]).

A particular situation is obtained in the (formal) limit ¢ — 0. This quasi-stationary limit allows to
derive the well known Shockley—Read—Hall-model for semiconductor recombination, where the concen-
tration of trapped states is determined from the algebraic relation 0 = R, (p,ny) — Rn(n,ny,), which



results in

Tn+ Tp

Ny = NoHn
tr — D n
Tn + Tp + Tnpoll«p + Tp"ONn

Thus, the trapped state concentration ny,. and its evolution can (formally) be eliminated from system ,
while the evolution of the charge carriers n and p is then subject to the Shockley—Read—Hall recombination
terms

_
Rn ;) = R , ;) = nopPoHnHp .
(n,ng) o (D, ) T (1+ m’;p) + 7 (1+ no’;ﬂ)

Note that the above quasi-stationary limit has been rigorously performed in [GMSQ7], even for more
general models. See also [MRS90] for semiconductor models assuming a reaction term of Shockley—
Read—Hall-type.

The main goal of this paper is to prove exponential convergence to equilibrium of system with
rates and constants, which are independent of the relaxation time e. We will therefore always consider
e € (0,e0] for some arbitrary but fixed €9 > 0. Our approach also allows us to study the limiting case
e —0.

In the following, system is considered on a bounded domain 2 C R™ with sufficiently smooth
boundary 99Q. In addition, we suppose that the volume of 2 is normalised, i.e. || = 1, which can be
achieved by an appropriate scaling of the spatial variables. We impose no-flux boundary conditions for
Jp and Jp,

A-J,=n-J,=0 on 09, (2)

where 7 denotes the outer unit normal vector on 9f2.
The potentials V,, and V), are assumed to satisfy

Vi, V, e W22(Q)  and  A-VV,, 2-VV, >0 on 0, (3)
where the last condition means that the potentials are confining. For later use, we introduce
V= max(|[Val e ), [VallLe (@)
Finally, we assume that the initial states fulfil
(n1,p1,ner1) € LT (Q)?, 1ner 1]l Lo (@) < 1.
As a consequence of the no-flux boundary conditions, system features conservation of charge:
On—pt+eny)=V-(J,—Jp)

and, therefore,

/(n—p—l—entr)dx:/(nI—pI—i—Enm])da: =: M, (4)
Q Q

where M € R is a real and possibly negative constant and e € (0, g¢] for arbitrary gy > 0.

The following Theorem[I.I]comprises the existence and regularity results which provide the framework
for our subsequent considerations. In particular, we will show that there exists a global solution to ,
and that ng,(¢,2) € [0,1] for all ¢ € [0,00) and a.a. z € Q.

Theorem 1.1 (Time-dependent system). Let ng,po, Tn, 7p and € be positive constants. Assume that V;,
and V), satisfy and that Q C R™ is a bounded, sufficiently smooth domain.

Then, for any non-negative initial datum (ny,pr,ne. 1) € L°°(Q)? satisfying ner,1]l Lo (@) < 1, there
exists a unique non-negative global weak solution (n, p,ny.) of system , where (n,p) satisfy the boundary
conditions in the weak sense.

More precisely, for all T € (0,00) and by introducing the space

W2(0,T) = {f € L*((0,T), H'(Q)) | 0 € L*((0,T), H'(2)*) } = C([0,T], L*(%)), ()



where we recall the last embedding e.g. from [Chi00], we find that
oo o0 2
(n,p) € (C([0,T), L*(2)) N W5(0,T) N L=((0,T),L=(2)))", (6)

and
Nir € O([OvT]v LOO(Q))a atntr € C([O7T]7L2(Q)) (7)

Moreover, there exist positive constants Cp(||nrlloc, V), Cp(llP1lloo, Vp) and K, (Vy,), Kp(V,) inde-
pendent of € such that

[, Moo < Cn + Knt,  lp(t;)lloo < Cp+ Kypt,  for allt > 0. (®)

In addition, the concentration ny.(t,x) is bounded away from zero and one in the sense that for all
times T > 0 there exist positive constants n = (g, T, Tn, Tp), 0 = 6(Cy,Cp, Kpn, K,) and a sufficiently
small constant y(1,Cp, Cp, Ky, K})) > 0 such that

ne(t, ) € {min{nt, ﬁ} max{l —nt,1— 1—:015}] forallt >0 and a.a. v € Q2 (9)

where nT = H# such that the linear and the inverse linear bound intersect at time 7. As a consequence
of (@, there exist positive constants p, I' > 0 (depending on 7, n, 0, v, V,,, V,,) such that
2 T

n(t,z), p(t,z) > min{ug, m} for allt >0 and a.a. v € Q (10)

where ,uTQ—Z = such that the quadratic and the inverse linear bound intersect at the same time T.

L
1+6T1
Remark 1.2. The existence theory of Theorem for the coupled ODE-PDE problem applies
standard parabolic methods and pointwise ODE estimates. The proof is therefore postponed to the
Appendix. It relates to previous results like [GMSQ7] by assuming L initial data and by proving L°°-
bounds in order to control nonlinear terms. We remark that the main objective of this article is the
following quantitative study of the large-time behaviour of global solutions to system .

The main tool in order to quantitatively study the large-time behaviour of global solutions to system
(1)), is the entropy functional

—(n —nopn) +pln

E(n,p,n )—/ nln— P —(p—pu)JrE/mrln( > )ds dr. (11)
e Q 1o fn, Pokp o 1/2 I—s .

For n and p, we encounter Boltzmann-entropy contributions alna — (a — 1) > 0, whereas ny, enters the
entropy functional via a non-negative integral term. Note that the integral f{;g ln(l—)ds is non-negative

S
—S
and well-defined for all n,.(z) € [0, 1].
It is straight forward to calculate that the entropy functional is indeed a Ljapunov functional:
By introducing the entropy production functional

it holds true along solution trajectories of system that

D(n,p,ntr):—/((V.JH—FR,L)ln( & >+(V»Jp+Rp)ln< P )+sln<1f” )&ntr)dx
Q Po N

o n Hp
:/<J g, R 1n< & )—R ln( P )—m( ftr )(R —R))dx
al" n Poop " nofbn P Doty 1 —ny, P "
n2 2 1* r T
:/ <"]'+"]P_Rn1n<’w>_3,,1n(p"t))mzo. (13)
Q n p NonMNtr pOMp(l - ntT)



The entropy production functional involves flux-terms, which are obviously non-negative, and reaction-
terms of the form (a—1)Ina > 0. Thus, the entropy F and its production D are non-negative functionals,
which formally implies the entropy £ to be monotonically decreasing in time.

In order to rigorously verify (a weak version of) the entropy-entropy production law , note that
the last two reaction terms in are unbounded for n.(t,z) — 0,1 or n(t,z),p(t,x) — 0 and that
the entropy production is therefore potentially unbounded even for smooth solutions. However, the
regularity of n and p of Theorem as well as the lower and upper bounds @ for ny. and the lower
bounds for n and p allow to prove that any solution of Theorem satisfies the following weak
entropy-entropy production law

t1
E(t1) +/ D(s)ds = E(to), for all 0 < tp <1 < 0. (14)
¢

0

Note that implies that solutions of Theoremmay only feature singularities of D at time zero (due
to a lacking regularity of the initial data or due to initial data ng,. (x) € [0,1], ny(z),pr(z) € [0,0)).

We will further prove that there exists a unique equilibrium (10, Poo, Mtr,00) Of System in a suitable
(and natural) function space. This equilibrium can be seen as the unique solution of the stationary
system or, equivalently, as the unique state for which the entropy production vanishes. Note
that from both viewpoints, uniqueness of the equilibrium is only satisfied once the mass constant M
in the conservation law is fixed. For simplicity of the presentation, we shall introduce the following
notation for integrated quantities.

Notation 1.3. For any function f, we set

7= /Q f(@) de

which is consistent with the usual definition of the average of f since |Q| = 1. Using this notation, the
conservation law rewrites as
n—p+engy =MeR.

Theorem 1.4 (Stationary system). Let M € R, € € (0, 0] for arbitrary g > 0 and (Moo, Doos Ntr,c0) € X
where X is defined via

X :={(n,p,ny,) € H' (> x L=®(Q) [n—P+enpr = MA3y>0):n,p>yae Any € [7,1 —7]a.e}.
Then, the following statements are equivalent.

1. (Moo, Poos Nitr,00) 18 @ solution of the stationary system

V- Jn(neo) + Rin(Noo, Nir.0o) = 0, (15a)
A Jp(poo) + Rp(pwyntr,oo) =0, (15b)
Rp(pooa ntr,oo) - Rn(noov ntr,oo) =0 (150)
2. D(nooapoovntr,oo) =0.
3. Jn(Neo) = Jp(Poo) = Rin(Noos Nir.00) = Rp(Doo, Mir0o) = 0 a.e. in Q.
4. The state (Moo, Poo, Nir,c0) Satisfies
v v Ty Po
Noo = Ny€ '™ =p«e P n = = 16
o0 9 Poo p ) tr,00 N + no . +p0 ( )
where the positive constants Ny, px > 0 are uniquely determined by the condition
N4Pe = NoPo (17)
and the conservation law
n*m_p*%+€ntr,m = M7 (18)
where the uniqueness follows from the strict monotonicity of f(n) = Nufin — %ﬁ”ﬁp +¢€ nﬂ*no on

(0,00) and the asymptotics f(n.) — —oo for n, — 07 and f(n.) — oo for n, — oc.



Consequently, there exists a unique positive equilibrium (Moo, Poo, Mirco) € X given by the formulae in
(16). Furthermore, this equilibrium satisfies

T D

Ntr,co = *(1 - ntr,oo)a 1- Ntr,co = —Nitr,co- (19)

o Po
Remark 1.5. The characterisation of the equilibria of Theorem [I.4] can be further improved. The below
Proposition will prove that for all M € R the solutions n., p, of f are uniformly positive and
bounded for all e € (0, &), i.e. that there exist constants y(eq9, M, ng,po, V) and I'(eq, M, ng, po, V') such
that

0< 7(507 M’ 10, Pos, V) < Ny P < F(E()v M7 1o, Po, V) < 0

for all e € (0,gp] and arbitrary eg > 0. Note that the above bounds also imply that any relevant

equilibrium state (No, Poo, Nr,c0) tO 7 with Jp, (neo) = Jp (Do) = Rn(Moos Nir,00) = Bp(Poos Mir,eo) =
0 a.e. in  lies necessarily in the function space X for a suitable choice v > 0.

The main result of this article is to prove exponential convergence to the unique positive equilibrium
(Moo, Poo, Mir,0o) for solutions of system f and to obtain explicit bounds for the rates and constants of
convergence. Following the idea of the so-called entropy method, we aim to derive a functional inequality
of the form

E(na]% ntr) - E(nooapooa ntr,oo) < CD(",]?, ntr)a

where n, p and ny. are non-negative functions satisfying the conservation law 7 and C > 0 is a
constant which we shall estimate explicitly. This approach, which establishes an upper bound for the
relative entropy in terms of the entropy production, is referred to as the entropy method. Using a
Gronwall-argument, the entropy-entropy production (EEP) inequality applied to the entropy-entropy
production law entails exponential decay of the relative entropy. Finally, by using a Csiszar—
Kullback-Pinsker-type estimate, we deduce exponential convergence in L' for solutions to system .

The derivation of an EEP-estimate is quite an involved task in our situation. The crucial part is
the proof of a functional EEP-inequality, which is first shown in the special case of spatially homoge-
neous concentrations, which fulfil the conservation law and the natural L!-bounds (cf. Proposition
5.3). This core estimate is then extended to the case of arbitrary concentrations satisfying the same
assumptions in Proposition [5.5

Based on these preliminary results, Theorem [I.6] formulates the key EEP-inequality, which is the main
ingredient of the entropy method for proving exponential convergence to the equilibrium. Note that our
method allows for an expression of the associated constant Cggp in the subsequent estimate , which
is independent of ¢ for all ¢ € (0,20] and for any g9 > 0. As a consequence, also the convergence rate of
the relative entropy is independent of € in this sense.

Theorem 1.6 (Entropy-Entropy Production Inequality). Let o, T, Tp, 1o, Po, M1 and V' be positive
constants and consitder M € R.

Then, for all € € (0,e9] there exists an explicitly computable constant Cggp > 0 such that for all
non-negative functions (n,p,ny.) € L' (Q)? satisfying |[n|| o) < 1, the conservation law

n—p+eng =M
and the L'-bound
n,p < Mlv
the following entropy-entropy production inequality holds true:
E(n,p, ntr) - E(noo;poov ntr,oo) < OEEPD(TL,p, nt?“)v (20)
where the equilibrium (Moo, Poo; Nir,co) € X is given in Theorem [1.4}

Remark 1.7. We point out that the functions (n, p, ns,.) considered in Theorem are not necessarily
solutions of 7, although we have to assume that the functions (n,p,n;.) share some few natural
properties like the L'-bound. In particular, we emphasise that the above entropy-entropy production
inequality does not depend on the lower and upper solution bounds 7, which are only needed
to prove that any solution to f satisfies the weak entropy production law .



The following main result (Theorem establishes exponential convergence to equilibrium in relative
entropy and in L'. We stress that the convergence rate, subsequently denoted by K, is uniformly positive
for all € € (0,e0] and arbitrary 9 > 0. Up to our knowledge, this is the first time where the entropy
method has successfully been applied uniformly in a fast-reaction parameter.

Moreover, the relative entropy and the L'-distance to the equilibrium of n and p can be estimated
from above independent of € for e € (0,&¢]. Only ||n4 — Nir ool L1 () is multiplied with a prefactor .

Theorem 1.8 (Exponential convergence). Let (n,p,ng.) be a global weak solution of system as
giwen in Theorem corresponding to the non-negative initial data (ng,pr,ne. 1) € L>(Q)? satisfying
Iner1llL=(o) < 1. Then, this solution satisfies the entropy-production law

E(n,p,ng)(t1) + /t ' D(n,p,ny)(s)ds = E(n, p,ny)(to)

for all 0 < ty < t1 < 0.
Moreover, the following versions of the exponential decay towards the equilibrium (Moo, Doos Ntr,co) € X

from Theorem[1.4] hold true:
E(n,p,nir)(t) — B < (Er — Exo)e X,

where E; and E., denote the initial entropy and the equilibrium entropy of the system, respectively.
Moreover,

In = noollZs () + 1P = PocllLr () + llner — niroollLai) < C(Br — Exo)e™™! (21)

where C == Cggp and K = Cppp are explicitly computable constants independent of e € (0,e0] for
arbitrary 9 > 0 (cf. Theorem and Proposition .

Corollary 1.9. The solutions n and p of Theorem[I.1] are uniformly-in-time bounded in L, i.e. there
exists a constant K > 0 such that

[7t; Moo [Ip(8: Moo < K for all ¢ > 0. (22)

This global bound follows from the exponential convergence in L' to the bounded equilibrium (no, Poo,
Nir.co) and the linearly growing L™ -bounds via an interpolation argument.

Moreover, the bounds (22]) allow to improve the bounds @D, (10) and to obtain uniform-in-time bounds
in the sense that for all T > 0, there exist sufficiently small constants n,v, u,I' > 0 such that

nee(t,x) € [min{nt,v}, max{1 —nt,1 — ~}] (23)
and
2
n(t, ), plt,2) > min{ u= T} (24)

for allt >0 and a.a. © € Q where nt and v as well as ut?>/2 and T intersect at time 7 > 0.

The final results of this paper consider the limit € — 0. Up to our knowledge, Theorem [T.6]is the first
result of an entropy-entropy production inequality which holds uniformly in a fast-reaction parameter,
i.e. uniformly for all 0 < & < gg. Intuitively, one thus expects the corresponding entropy method to
extend to the limiting case € = 0. The details of this singular limit are subject of the last part of this
paper. In particular, one has to bypass the e-dependency of the conservation law .

First, we point out that the limiting PDE system for ¢ = 0 is the following well known Shockley—
Read—-Hall drift-diffusion recombination model

on =V - Ju(n) + R(n,p), JIn = Vn+nVV,, (25)
dp =V - Jp(p) + R(n,p), Jp = Vp+pVV,,
where
___nmp
R(n,p) — noPoHnp - .
Tn(l + poz/)_tp) + Tp(]' + noun)

The existence theory of the Shockley—Read-Hall model follows from classical methods (see e.g. [MRS90])
or can also be carried out similar to Theorem [1.1] Therefore, we state here the corresponding results
without proof.



Theorem 1.1’ (Shockley—Read-Hall for ¢ = 0). Under the assumptions of Theorem there exists
a unique non-negative global weak solution (n,p) € (C([0,T], L*(Q)) N Wo(0,T) N L>((0,T), LOO(Q)))Z,
of system for all T € (0,00) satisfying the boundary conditions .
Moreover, there exist positive constants Cp(||n1]lco, Vo), Cp(llP1lloo, Vo) and Ky (Va), Kp(Vy) such
that
It Moo < Co+ Kty ot low < Cp+ Kty for all £ 0. (26)

Finally, there exist positive constants p, I', 0 > 0 (depending on 7, Cy, Cp, Ky, Ky, Vi, V) such that

r
n(t,x), p(t,z) > min{ut, m} for allt >0 and a.a. © € Q (27)

where pur = H% such that the bounds ut and T'/(1 + 0t) intersect at time 7.

Secondly, the entropy functional extends continuously to the limit € = 0:

n
Eo(n,p) := / (nln — (n —nopn) +pln —(p —popp)) dz,
Q noln

Poltp
which is indeed an entropy (the free energy) functional of the Shockley—Read—Hall model with the entropy
production (free energy dissipation) functional

d | Tal? )2 np
D, = —— = _— _— 1 R > 0. 2
o(n,p) tho(n,p) /Q < . + ) Rln F—— dx >0 (28)

Next, we define nj! = nj/(n,p) such that R, (n,n;’) = R,(p,nyg}), ie.

n
n + Tp noHn

Tn +Tp + Tn—m’;p + 7

eq .__
Ny =

(29)

n
noHn

and ny!(n, p) denotes the pointwise equilibrium value of the trapped states in for fixed n and p, which
corresponds to € = 0.

Moreover, we observe that the Shockley—Read—Hall entropy production functional can be iden-
tified as the entropy production functional D(n,p, n;}) along trajectories of with € = 0 in the sense
that ng,. = nyl(n,p):

Jn 2 J 2 1— eq eq
D(n,p,ngl) = / [In[” + ol R,In nll =) nﬁ;) —R,In S L — = dx
a\ n p no Mg Popp(l — nyt)

Jal? )2
-/ (”pl_mﬂ (p)) dz = Do(n, p)
Q n p 1o UnPotp

where one uses R = R,, = R, at ng, = ng! and that the involved integrals are finite.
Analog to Theorem there exists a unique equilibrium (ne0,0, Poo,0) € Xo in the case e = 0, where

Xo:={(n,p) e H'(Q)? | n—p=MA3y>0)n,p>vyae Anil € [y,1—~]ae.}.

This equilibrium reads
—Va _ -V,
Noo,0 = Mx,0€ 5 Poo,0 = Px,0€ P, (30)

where 1. o, p«,0 > 0 are uniquely determined by

N, 0P+,0 = Nopo  and N ofty — Proflp = M.

We are now in the position to formulate the EEP-inequality

Eo(n,p) — Eo(Noo,0,Psc,0) < CeepDo(n,p)

involving the entropy Ey and its production Dy by applying an appropriate limiting argument to the
EEP-inequality from Theorem [1.6



Theorem 1.6’ (Entropy-Entropy Production Inequality for € = 0). Let 7,, 7, 1o, po, M1 and V' be
positive constants and consider M € R.

Then, recalling the equilibrium (N 0, Poc,0) € Xo, the following EEP-inequality holds true for all non-
negative functions (n,p) € LY(Q)? satisfying the conservation law m —p = M, the L'-bound m,p < M,
as well as the conditions Ey(n,p) < oo, Do(n,p), D(n,p,n;l) < oo for some g9 > 0:

Eo(n,p) — Eo(Noo,05 Poo,0) < CerpDo(n, p), (31)
where Cggp > 0 is the same constant as in Theorem [1.6,

Theorem 1.8’ (Exponential convergence for ¢ = 0). Let (n,p) be a global weak solution of system
as given in Theorem corresponding to the non-negative initial data (ny,pr) € L>(Q)%. Then, this
solution satisfies the entropy-production law

t1

Eo(n,p)(t1) + | Do(n,p)(s)ds = Eo(n, p)(to) (32)
to
for all 0 < ty < t1 < 0.
Moreover, the following versions of the exponential decay towards the equilibrium (Neo.0, Pso,0) € Xo
hold true:
EO(nap)(t) - Eoo g (EI - Eoo)eiKt

and

17— noe0ll 710y + 1P — Poooll Ty < C(Er — Ex)e™ ™ (33)

where C' := 06}1<P and K = Cgép are the same constants as in Theorem . Moreover, E; and E
denote the initial entropy of the system and the entropy in the equilibrium, respectively.

Remark 1.10. We believe that the entropy-entropy production inequality can also be directly
proven by combining estimates of Section [p| with previous works on the entropy method for detailed
balanced reaction-diffusion models, see e.g. [DF08, DFFMO08, MHMI5, [F'T17]. We emphasise, however,
that one key novelty of Theorem [1.67 is to be able to derive an entropy-entropy production inequality
via the fast-reaction parameter & — 0.

In the same way as for strictly positive € > 0, we can derive uniform-in-time L*°-bounds for n and p
also in the case e = 0. As before, these bounds further improve the lower bounds on n and p.

Corollary 1.9°. There exists a constant K > 0 such that
[n(t, loos Pt Moo < K for all t > 0. (34)
And for all 7 > 0 there exist sufficiently small constants p,T' > 0 such that
n(t,x), p(t,z) > min {ut, T'} (35)
for allt >0 and a.a. z € Q, where uT = 1" such that the bounds ut and I' intersect at time T > 0.

Outline: The remainder of the paper is organised in the following manner. Section [2| contains the
proof of Theorem as well as the result on the bounds of 1, Poo and 74y oo In Section |3 we collect a
couple of technical lemmata, and within Section [4] we state a preliminary proposition which serves as a
first result towards an EEP-inequality. An abstract version of the EEP-estimate is proven in Section
first for constant concentrations and based on that also for general concentrations. Section[6]is concerned
with the proofs of the EEP-inequality from Theorem the announced exponential convergence from
Theorem and the uniform L°°-bounds from Corollary Moreover, the proofs of Theorem [1.6°] and
Theorem [1.8°] are also part of this section. Finally, the existence proofs of Theorem and Theorem
1.1°l are contained in the Appendix.



2 Properties of the equilibrium

Proof of Theorem .4l We shall prove the equivalence of the statements in the Theorem by a circular
reasoning. Assume that (Neo, Poos Mr0o) € X is a solution of the stationary system . In this case,

Jn(noo)a Jp(poo)a Rn(nooantr,oo)a Rp(pomntr,oo) € L2(Q)

We test equation (15a) with In(ns./(nops)). Due to ne € HY(Q) and no, > v a.e. in Q, the test
function In(ne/(nopn)) belongs to H(£2). We find

2
0= / <<]71(no<>)| — Ry, (Moo, Nir00) In ( fhoo )) dx.
Q Neo noMn

In the same way, we test equation (15b) with In(peo/(nop,)) € H(2). This yields

2
0= / (IJP(M — Ry (Poos Nir00) In ( Poo )) dx.
Q Po Potp

Moreover, we multiply (15d) with In(n. 0o /(1 — nuroo)) € L?(£2), integrate over Q and obtain

0= / ((Rn(noo, Niroe) — Rp(Pocs Nir,oe)) In <1n"°°>) dz.
Q

— Ntr,00

Taking the sum of the three expressions above, we arrive at

2 2
D(nOO7p007ntr,oo) :/ <|Jn(noo) + ‘Jp(pOO)‘
Q

Noo Poo

— Ry (noo, Nier.o0) In (W) — Ry(poos Mir.oe) In <p°°n”°°)) )dw —0.

NoUnNtr co pO,Up(l — Ntr,co

A closer look at the formula above shows that

o 1- 7,00
— Ry (Nos Niroo) In <n(nt)> >0
NonMNtr co

where equality holds if and only if Ry, (nec, Nir00) = 0. The same argument also applies to the other
reaction term. Hence, the relation D(neo, Poo; Nirco) = 0 immediately implies J,,(neo) = Jp(Poo) =
Ry, (Noos Ntr,00) = Rp(Pocs Mir,o) = 0 ace. in £

Because of J,,(neo) = Jp(poo) = 0, we know that

—V,

ez
Noo = Nx€ y  DPoo =P« P

with constants n., p. > 0. Moreover, R, (Moo, Nir.00) = Rp(Poo, Nir,00) = 0 gives rise to

Ty Dx
Nirco = 7(1 - ntr,oo)a 1- Ntr,co = —Ntr,co-
o Po
Consequently, n.p. = ngpg and
s Po
ntr,oo = € (O, 1)

ne+n0  Ps+ Do

The constants n, and p, are uniquely determined by the condition

NP+« = NoPo
and the conservation law
Nl — P*ﬁTp + ENtr,c0 = M.
Finally, the state

_ _ n Do
Vn _ Vi _ * _

Noo = Nx€ y  DPoo =DPx€ Py Niroco = =
Ny + o Dx + Po

obviously satisfies J,,(Noo) = Jp(Poo) = Ru(Noo, Nirco) = Rp(Poos Mireo) = 0 a.e. in © which proves
(Noos Poos Nir,00) t0 be a solution of the stationary system. O
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A key equilibrium property are the subsequent uniform bounds for n., p. and ny, o for all € € (0,¢¢].

Proposition 2.1 (Uniform-in-¢ bounds on the equilibrium). Let (oo, Poo, Nir.co) € X be the unique
positive equilibrium as characterised in Theorem 1.4} Then, for all M € R and for all € € (0,e0] and
arbitrary €9 > 0, there exist various constants v € (0,1/2) and T' € (1/2,00) depending only on £¢, no,
po, M,V such that

N, px € [V, 1], oo €[v,1 =91 and  noo(), poc(@) € [7,1]
for a.a. x € Q.
Proof. We recall the equilibrium conditions 7 from Theorem and observe that in the equation

— nOPOVp Tk
Ny by, — n :M_gntT7OO:M_Em7
* * 0

the left hand side is strictly monotone increasing from —oo to 400 as n, € (0,00), while the right
hand side is strictly monotone decreasing and bounded between (M, M — g¢) as n. € (0,00). Both
monotonicity and unboundedness/boundedness imply uniform positive lower and upper bounds for n,
as explicitly proven in the following: First, we derive that

Ny =

>0 (36)

M — engr oo M —eng. )2 nopoliy
Elirco | ( 71; o) + Opiﬂp
2/JJ7L 4:“’71 Hn

for all € € (0,&0]. Note that is not an explicit representation of n, since 1. oo depends itself on n,.
Because of nyy oo € (0, 1), we further observe that

_ _ 2 T 7
n, < M= enwoel | [ iné”"’o") 4ol < [Ml+eo (B < B < oo,

where 8 = B(eg,no,po, M, V). And as a result of the elementary inequality va +b > \/a + 2\/Eb+\fb for
a >0 and b > 0, we also conclude that

nopPofp noPofp

M — eny M — eny — —

EMbr,co | 7r,00| Fn _ > Fn _>a>0
21y, 20y, M —enir,o0| 4/ mopok |M|+eo | /mopoiy
Hn Hn Hn Hn

where a = a(eg,no,po, M, V). Similar arguments show that corresponding bounds « and f§ are also
available for p,. Hence,
a B }

Ny =2

n S
k00 [a+no’b’+no

Due t0 Moo = Ny~ V", Poo = pre~"» and the L>®-bounds on V,, and Vp, the claim of the Proposition
follows. 0
3 Some technical lemmata

A particularly useful relation between the concentrations n, p and ny, is the following Lemma.

Lemma 3.1. The conservation law n —p + eng. = M and the equilibrium condition imply

Vt>0: (7—7s)ln (") + (7 —Ps) In <p> = e(Tir — Nroe) In <1_"t°°) . (37

o Po Nir,co

Proof. With Tics — Poo + € Nir,00 = M (note that ny. oo = Mgy o0 1S constant), we have p— Pog = T — oo +
e(Mr — Nir.00). We employ this relation to replace P — oo on the left hand side of and calculate

S T _ D« — Oy S D=
N—TNo)In| — |+ D@—"Po)In|— )= —71)In| — | + e(Mgy — Nproo)In | — | .
- (%) + - (2) = 1wt (20 ) o o)t ()

11



Now, the first term on the right hand side vanishes due to n.p. = ngpo while we use p./po = (1 —
Nir.co)/Mir 0o for the second term and obtain

— T« D« — ]- — Nitr,co
— Noo 1 - oo 1 = r — Tr,co 1 EE——
(7 — 7o) In <n0> +(P—Po)In (p()) e(Mr — Ny 00) n( — )

as claimed above. O

Lemma 3.2 (Relative Entropy). The entropy relative to the equilibrium reads

E(n,p, ntr) - E(nm7pooa ntr,oo) =

ner ()
/ (nlnn —(n—Ns) —l—plnL —(p—poo) +5/ (ln (s) —In (ntroo)) ds) dx.
Q Neo Poo n 1-s 1- Ntr 0o

Vi, oo

Proof. By the definition of E(n,p,n:.) in 7 we note that
E(nvpantr)_E(nm7pooantr,oo):/ <TZ1D< n > —nooln( oo ) _(n_noc)
Q noln noln

ney ()
+pln< P )—pooln<p°°>—(p—poo)+8/ ln( i >ds)da:.
Pofp Potp Nt 00 l—s

We expand the first integrand as nln(nO’Ln) = nln( ) + nln(
/ (nln( n ) —nooln( oo > —(n—noo))dx
Q o n Noln
= /Q (nln <nzo) —(n— noo)>dr + (W —Tw)In <Z;) .

Together with an analogous calculation of the p-terms, we obtain

E(n,p,ntr)—E(nompoo,nt,«,oo):/Q(nln (71’;) —(n—noo)—i—pln( p) (p— poo)>d:v

ngr ()
+(n—noo)ln<n*>+(p Doo) 1n< > // ln( )dsdx.
o Ntr oo

Lemma [B.I] allows us to reformulate the second line as

Ntr (:C)
(n—%)ln(m)—&-(p Poo) ln< ) // ln( )dsdx
1o Nitr co
— 1— nt7 e’} nfr
= e(Mr — Nir0o) In - + € 1n dsdzx
tr,00 ne

nt,(;v
75// (ln( )ln(ntr’oo>)dsd:p7
Nir, oo 1- ntnoo

which proves the claim. O

) Thus, with 1o/, = 1, we get

Lemma 3.3 (Csiszdr—Kullback—Pinsker inequality). Let f,g : @ — R be non-negative measureable

functions. Then,
f
| (L) = =0)de=> i sl

Proof. Following a proof by Pinsker, we start with the elementary inequality 3(z —1)? < (2z+4)(zInz —
(x —1)). This allows us to derive the following Csiszér—Kullback—Pinsker-type inequality:

f—9||L1(Q)=/g‘f—1 dsﬂé/g\/g \/ =) - f—1>d
/\/T\/fln —(f- gdm<\/T\// flﬂ —(f—9)>d33

where we applied Holder’s inequality in the last step. O]
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The subsequent Lemma provides L'-bounds for n and p in terms of the initial entropy of the system
and some further constants.

Lemma 3.4 (L'-bounds). Due to the monotonicity of the entropy functional, any entropy producing
solution of satisfies

) 3
Vt>0: m,p< B max{nofin, Pofip } + fE(n(O),p(O),ntT(O)) =: M.

Proof. Employing Lemma [3.3] and Young’s inequality, we find

7 < nofin + |1 — noin || L1 (o) <no,un+\/fn+ noun\// nln n# (n—no,un)>d
0Mn

< b imt e +1/ 1 ( ) (n—nopn) ) d
n n n n .
no,u 3TL 37’LQIU/ 9 o n Tofin n o X

Solving this inequality for 7 yields

ﬁ<§n7+§/ nln [~ — (n—nopy) ) dz
=9 0Mn 4 0 Nofin 0Mn .

Therefore, we arrive at

_ 5 _ 3 5 . 3

< gnofin + T E(n, p.ney) < 5 max{nof; porp} + 7 E(n(0), p(0), ner (0))
where we used the monotonicity of the entropy functional in the last step. In the same way, we may
bound p from above. O

At certain points, we will have to estimate the difference between terms like n/n. and 7/Tie.
Using Lemma below, we can bound this difference by the J,-flux-term and, hence, by the entropy
production.

Lemma 3.5. Let f € LY(Q) and g € L*(Q) such that f >0, g >~ >0 a.e. onQ and f/g is weakly
differentiable. Then, there exists an explicit constant C(||f||z1 (), 19]lL~(),7) > 0 such that

< TN 2
G-
g g Q
Proof. We deﬁneé:zg—(T)and obtainf:g<(£)+6> and
I f g ((f (N, 9
o Ldr = Z < Olde == Zddx.
g Q?d /Qg<(9>+ )d (g>+/§29 I
O v ()
g 9/ g

by applying Poincaré’s inequality to § with § = 0 and some constant Cp(Q2) > 0. As g > v > 0 is
uniformly positive on 2 and g > -, we arrive at
7 (3)
g

2
v, /L
g

dx.

Therefore,

9l o 9]l o=
A 5] 1oy < Cprt D
g g

LY()

-0)

||g||L°°(Q)

<Cp
7

LY(Q) .

Finally, we deduce

o\ 2 5 9 9 2
/ (f) ( ||g||L°°(Q)) H \/? (f) - 191l o (22) f
= S\ Cp——=— ) |[VJ9/7V (= <4dfg|Cp——73— Vi[> | dx
(9 g Py fo\9/ ) Py Q g
employing Hoélder’s inequality in the second step. O
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4 Two preliminary propositions

Notation 4.1. For arbitrary functions f, we define the normalised quantity

The following Logarithmic Sobolev inequality on bounded domains was proven in [DE14] by following
an argument of Stroock [Str93].

Lemma 4.2 (Logarithmic Sobolev inequality on bounded domains). Let Q be a bounded domain in R™
such that the Poincaré (-Wirtinger) and Sobolev inequalities

¢ — fQ ¢dIH%2(Q) < P(Q) ||V¢||2L2(Q) J (38)
161Ze(@) < CLD IVElT2(0) + Co D 18lI72 () g =3~ 7> (39)

hold. Then, the logarithmic Sobolev inequality
[ ot () o< Lm) (9612200 (10)

holds (for some constant L(2,m) > 0).

The Log-Sobolev inequality allows to bound an appropriate part of the entropy functional by the
flux-parts of the entropy production. The normalised variables on the left hand side of the subsequent
inequality naturally arise when reformulating the flux-terms on the right hand side in such a way that
we can apply the Log-Sobolev inequality on €.

Proposition 4.3. Recall the assumptions ||[Vy| L), [|VpllLe) < V. Then, there exists a constant

C(V) > 0 such that
~ ~ 2 2
/(nln( )—I—pln( ))deC'/ <W+U1)|)d
Q Hn Hp Q n p

Proof. From the definition of J,, one obtains
L o= [ e ()] e = am [ L dr=an [ Lo
Q n Qn Hn o n Q Hn

We set
= —ﬁ = 2d
o(x) : —, « /Qgé(x) iy
o

and observe due to the mean-value theorem that o = £z fQ Dodx = o (0) < Time" is bounded indepen-

2
n

V.| —
Hn

n

Vil =| dx.
Hn

dently of n. Next, we introduce the rescaled variable y := o~ = w2 where m denotes the space dimension.
Note that ||¢||L2(4z) is in general different from one, whereas [|¢[/z2(qy) = 1. We now estimate with
[VillLoe () <V and the Logarithmic Sobolev Inequality

/ Va2 da = / o~ ® V6 ady = o' / 1,62 dy
Q Q Q

_ 21 21 n n 711/17 n n
> ol i—/¢21n¢2 dy = ot m—/:ln(:)d —a m—jn/—ln(:)dx.
L Ja (@%) dy L Jqo pn Hn Y Ln Jopn Hn

The corresponding estimate involving J,, reads

2 i, ~
/ [l dx > 4 / Vool dz > —oz_ﬁe_QV/ nln (g) dx.
Q n Mn Q L Q Hn

The same arguments apply to the terms involving p. O
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The following Proposition contains the first step towards an entropy-entropy production inequality.
The relative entropy can be controlled by the flux-part of the entropy production and three additional
terms, which mainly consist of square-roots of averaged quantities. The proof that the entropy production
also serves as an upper bound for these terms will be the subject of the next section.

Proposition 4.4. There exists an explicit constant C(y,T', M1) > 0 such that for (Neo, Poos Mrec) € X
from Theorem and all non-negative functions (n,p,ns.) € LY (Q)? satisfying ny,. < 1, the conservation
law

n—Pp+eny =M

and the L'-bound
ﬁ?ﬁ S M17

the following estimate holds true:

2 2
E(n’p’ ntr) - E(noovpooantr,oo) <C (/ ('Jn| -+ |Jp|> dx
Q p

n
— 2 TSR 2 §
+( () —m) +( () —m) be [ (Vi - i) dw) (41)
n P Q
(Note that the right hand side of vanishes at the equilibrium (Noo, Poc, Mir,00)-)

Proof. According to Lemma we have

E(napa ntr) - E(nooapooy ntr,oo) =

n p Tt S Nir,00
I — (= noo) +pln 2= — (p— pos (=2 ) (2 ) s | da
/Q<nnnOO (n—mn )—H)rlpOQ (p—p )+E/nt,,m(n(15> n(lntmo)) s> X

Recall that m = N7, Now = Moo Moo and Moo = fi,. Using these relations, we rewrite the first two
integrands as

nln (L) —(n—ng)=nln (i) +nln (i) —(n—ne)

Noo Hn Moo

and analogously for the p-terms. This results in

E(n,p,ntr) — E(Noo, Poos Nir,00) = /Q (nln (%) +pln (%))dm

w (=m () - (=) +%<]f;ln(1f;) - (L)
+E/Q/nm (ln (1=)-m (lftn:‘)w)) dsdz. (42)

The terms in the first line of can be estimated using the Log-Sobolev inequality of Proposition
Moreover, the elementary inequality xlnz — (z — 1) < (z — 1)2 for > 0 gives rise to

= () - G ) = () <o (G0 )+ (-G |

and an analogous estimate for the corresponding expressions involving p. The second term on the right
hand side of the previous line can be bounded from above by applying Lemma which guarantees a

constant C(v,T', M) > 0 such that
2 C 1 n
do < —— [ Z o v(2
x_4infgnoo/9n " V(nm)

(-G =e /e

2

T |?
dmgcl/ [ dx
Q n
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for some constant ¢;(7,I", M7) > 0. Besides,

() () -4 (D) ([ -)
(VT () <o ()

See Proposition 2.1 and Lemma [3.4] for the bounds on n., n and 7. We have thus verified that

(e )~ (=) <o ([ oo () - ) )

with some co(y,T, M) > 0. A similar estimate holds true for the corresponding part of involving p.
Considering the last line in , we further know that for all x € Q there exists some mean value

2

2

0(z) € (min{n (), nir 0o b max{n-(z), Ner.co})

/n"”(m) In <1 i 8) ds = In (%) (M4 (T) = Npro0)- (43)

tr,o0

E/Q/:"(z) In (158> ds dz = g/an (%) (e () — Mg 0) .

tr,00

such that

Consequently,

In fact, we will prove that there even exists some constant £ € (0,1/2) such that

0(x) € (&1 -¢)

for all € Q. Thus, the function #(x) is uniformly bounded away from 0 and 1 on Q. To see this, we
first note that 1. - € [y,1 — 7] using the constant v € (0,1/2) from Proposition In addition,

[ ()< [ )

for all x € Q. Together with , this estimate implies

n(i)

We now choose an arbitrary x € 2 and distinguish two cases. If |ng. () — Ny 00| > /2, then

In <1 o(a) )‘ - nt,-(mn@) _4ln@)

0(x) T) — ”tT,OO‘ Y

ds =21In(2)

7247 (%) — Nitroo| < 21n(2).

As a consequence of In(s/(1 — s)) — oo for s — 1~ and In(s/(1 — s)) — —oo for s — 0T, there exists
some constant ¢ € (0,) depending only on v such that 0(z) € (§,1—&). If |ny(2) — Ny oo| < 7/2, then
Niroo € [1,1 — 7] implies ng.(z) € (v/2,1 — v/2) and, hence, 8(x) € (/2,1 —v/2). Again the constant
¢ depends only on 7.

As a result of the calculations above, we may rewrite the last line in as

nir(x)
e/ﬂ/n <ln(1is> —In (f;:oo))dsdx

_ s/Q (m (1%2@) I (%)) (ner () — Tr00) dz.
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Applying the mean-value theorem to the expression in brackets and observing that

d1 s 1
1 -
ds 1—s s(1—s)’

E/Q <ln (13(5()37)) —1In (%)) (ner(2) — Nir0o) da

| 1
= s/Q m(e(x) — Ny 00) (N (T) — Ny 00) d

with some o(z) € (min{0(x), N4y 00 b, max{0(z), nir00 }). Since both 6(z), ntr o €(£,1-¢) forall z € Q,
we also know that o(z) € (&,1 — &) for all x € Q. Thus, (o(z)(1 — o()))~! is bounded uniformly in €
in terms of £ = £(vy). Consequently,

/ /nn”(T ( 5) —In <71 nt;:m)) ds dx

< 603/ 10(2) — ntr 00| [1r (T) — Nty 00| da < €c3 / (Nt — Niryo0)? d
Q Q

= ecs / (Vr 4+ troo) > (Ve — /Mireo)” da < 4ch/ (vVitr — /s da
Q Q

with a constant cs(y) > 0 after applying the estimate |0(z) — Ny oo| < [ner(2) — Nty 00| for all x € Q.
Finally, we arrive at

2 2
E(napant’r) - E(nOO7p<X>ant’r,oo) S C (/ (|J | |J | )dx

() - v \/:r e[z(m—m)de)

with a constant C(v,T', M7) > 0. O

5 Abstract versions of the EEP-inequality

Notation 5.1. We set
o / —
N =1 =Ny Ny oo =1 = N0

and define the positive constants

Voo 1= 4/ Be _ [ Moo Pe _ [P v = Miroos  Vipoo i=1/1
oo 1= —_— = s tr,0o - — tTOO tr,oo T tr,00
ng noln Potp’ ’ '

The motivation for introducing the additional variable n},. is the possibility to symmetrise expressions
like (n(1 — 1) — ner)? + (prar — (1 — ny))? as (nnf,. — ng)? + (prge — nf, )% Similar terms will appear
frequently within the subsequent calculations.

Remark 5.2. We may consider n}, as a fourth independent variable within our model. In this case, the
reaction-diffusion system features the following two independent conservation laws:

_ _ n p
n—p+ENy = No ln — Po Mp + eNgy
o fbn DPoltp

The special formulation of the first conservation law will become clear when looking at the following
two Propositions. There, we derive relations for general variables a, b, ¢ and d, which correspond to

Vn/(nopn)s /p/(Potp)s /Mar and \/nj,., respectively.
In addition, we have the following L!-bound (cf. Lemma :

=M €R, ner(z) + ny,.(x) =1 for all x € Q.

ﬁapg M1~
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The following Proposition establishes an upper bound for the terms in the second line of in
the case of constant concentrations a, b, ¢ and d. This result is then generalised in Proposition to
non-constant states a, b, ¢, d.

Proposition 5.3 (Homogeneous Concentrations). Let a,b,c,d > 0 be constants such that their squares
satisfy the conservation laws

nofina® — poliph” + € ¢® = M = nolinV3, — PolipTa + € Vir sos CHd=1=v] 4+,
for any € € (0,e0] and arbitrary eg > 0. Moreover, assume
a®,b* < C(no,po, M1, V).
Then, there exists an explicitly computable constant C(gq, no, po, M, M1,V) > 0 such that
(@ — Vo) 4+ (b= Too)? 4+ (€ — Viroo)? < C ((ad — ¢)? + (be — d)2) (44)
for all € € (0,g0].

Proof. We first introduce the following change of variable: Due to the non-negativity of the concentrations
a, b, c,d, we define constants p1, po, pi3, g € [—1,00) such that

a=Voo(l+ p), b= moo(1+ p2), C:Vtr,oc(1+u3)7 dzyér,oo(l+u4)a

where Vo, Too, Viroo and V;T’OO are uniformly positive and bounded for all ¢ € (0,g¢] in terms of
€0,M0,P0, M and V by (the proof of) Propositions Thus, the boundedness of a, b, ¢, d implies the
existence of a constant K(gg, no, po, M, M1,V) > 0, such that pu; € [-1, K] for all 1 < i < 4. The left
hand side of expressed in terms of the p; rewrites as

(@ = Voo)? 4 (b= Too)? + (€ = Vir,o0)? = VAT + T2l + Vi oohi3-
Employing the equilibrium conditions 7 we also find
ad — ¢ = vty oo (14 1) (1 + 1) = Vipsoo (14 8) = v [(1 4 p12)(1 + pra) — (1 + pia)]
and
be — d = Moo Voo (L4 p2) (1 + p3) — Vi oo (1 + p1a) = iy oo [(1+ p2) (1 + p3) — (14 )] -
Moreover, the two conservation laws from the hypotheses rewrite as

o Va1 (2 + p1) — polipTao ka2 (2 + p2) + € Vi oo t3(2 + p3) = 0, (45)
Virooht3(2 + p13) + V42 oo ha(2 + pa) = 0. (46)

The relations 7 allow to express eug and epy in terms of py and ps, although not explicitly:

9 — 9
nofinV5 2 + 11 PoHpTSe 2+ o
—— = — 47
3 o 2t 1 o 2t 2 Jra3(p, p3)pa + fa,3(pe, ps)pe, (47)
V2r [e%e) 2 + u:
iy = —— i eps =1 —f3a(ps, pa) eprs =2 fra(pr, s, pra)pr — fo,a(pa, p3, fra) o, (48)

Vér2,<><>2+u4

where the last definition follows from inserting the previous expression for eus while the factor 2+ s
is bounded in [1, K + 2] since y; € [—1, K| for all 1 <i < 4. Therefore, all the terms f; ; are uniformly
positive as well as bounded from above:

0< 0173 < f173 < 0173 <oo, 0< 02,3 < f2’3 < 02’3 < 00,

0<C34< f34<C34<00, 0<Ci4<fra<Ciu<o0o, 0<Chy< fou<Chy<o0.
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All constants C;; and ﬁj only depend on €gy, ng, pg, M, My and V, and there exist corresponding
bounds C > 0 and C' > 0 such that for all 4, j
C <Gy, Gy <C.

In order to prove (44)), we show that under the constraints of the conservation laws f, respec-
tively, the relations 7, there exists a constant C(eg, ng, po, M,C,C) > 0 for all € € (0,&0] such
that

(@ —Voo)? + (b—Too)? + (c — Z/tr’oo)2
(ad — ¢)? + (bc — d)? <G

which is equivalent to
V3T + Mo p3 + Vi ool
2 2
Voo (L 1) (1 pra) = (1 pa)]” 4 07 (14 p2) (1 pia) = (14 pua)]
Recall that v2, < T'/ng, 72, < T'/po and v}, ., v € [v,1 —~] with v € (0,1/2) and ' € (1/2,0)
depending on €g, ng, po and M for all € € (0,£¢] (cf. the proof of Proposition. Since numerator and
denominator of are sums of quadratic terms, it is sufficient to bound the denominator from below

in terms of its numerator omitting the prefactors v2 , 72, I/thOO and 1/23700, i.e. to prove that

<C. (49)

(1) 1= (L4 ) (L4 pa) = (14 pug)]” + (L4 ) (14 pa) = (L4 pa))* > C (uf + 3 +p3) . (50)

More precisely, we will prove that there exists a constant c(eg, C, C) > 0 for all € € (0, o] such that

(%) = (1 + pra + papra — p3)> + (o + pis + popts — pa)” > ¢ (3 + pd)

and that
2 2
(%) = (1 + pa + papes — p3)” + (2 + pa + piaps — pa)” > p3.

For this reason, we distinguish four cases and we shall frequently use estimates like
i + pipty = pi(1+py) >0 iff p; >0 forall 1<j<4,

since pj > —1 for all 1 < j < 4. We mention already here that all subsequent constants ci, cg are strictly
positive and depend only on &y, C' and C uniformly for ¢ € (0,¢0].

Case 1: py > 0A po > 0: If ug > 0, then implies pyq < 0 and po + ps + pops — g > po. Moreover,
s > 0 yields

fospe > fispr = Caosua > Crsur = p2 > Chr3/Cas

and
o+ ps + popiz — pra > pi2 > p2/2 4+ Cr3/(2Ca3)p > er(pn + p2).

Hence, () > (112 + i + papts — p1a)” > co (i3 + p13). Besides, (%) > (s + i3 + papis — pa)* > i3
If pg < 0, yields pg > 0 and p1q + pa + p1pa — ps > pr. Since pg < 0, implies
frapr > fagpe = Cispr > Cospio = py > Co3/Chz o

and
p1 A+ g+ paprs — p3 > pn > pa /24 Co3/(2C1 3) 2 > c1(pn + p2).

As above, (x) > ca(p3 + p3). The signs g < 0 <y, pa yield () > (uy + pra + pra e — pa)® > i3.
Case 2: 3 > 0A pp <O0: and imply p3 < 0 and pg > 0, and we deduce for all € € (0, g]

M1t pa g — p3 2> fha — p3 = 571(f1,3 + fra)p — 571(f2,3 + faa)p2
> 5 (Crs+ Cra)lm| +e5 (Cas + Coa)lpa| > er (|| + |pal)

and, thus, (¥) > (1 + g + pipa — p3)? > co(p? + p3). Since po, uz < 0 < 14, we have

(%) > (pua — p3 — pa(1 + p3))* > 3.
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Case 3: 3 < 0A pug > 0: Here, us > 0 due to and, thus, pug < 0 by , which yields for all
e € (0, &0

fi2 + ps + popiz — pa > 3 — pa =€ (faz + foa)o — e (fi3 + fra)m
> e, (Crs+ Cra)lm| +e5 ' (Cas + Coa)lpa| = cr(lp| + |pal)

and (%) > (2 + piz + papz — pa)® > ca(pi + p3). And as pi1, pg < 0 < p3, one has
(%) > (3 — pua — (1 + pa))? > pi.

Case 4: pu; < 0A pe < 0: Supposing that pg > 0 and thus pg < 0 by , we observe

|1 A pa 4 prapa — ps| = p3 — p1 — pa(l 4 p1) > —pa.

Furthermore, 13 > 0 enables us to estimate

frapr < faspe = Cigpn < Cogpo = —pp > —Co3/Ch 3 2.

and
|1 + pra + papra — ps| > —p1 > —p1 /2 — Co3/(2C1 3)p2 > ci(|pa] + | p2l)-

Hence, (*) > (1 + pa + papa — p3)? > co2(p + p3). The second estimate in terms of p3 follows
with pq, pa <0 < pg from
2
(%) > (3 — pra — pn (1 + pa))” > pi3.

In the opposite case that s < 0 and thus p4 > 0 due to (48], we estimate

|t + ps + popis — pra] = pra — po — p3(1 4+ p2) > —p2

and
faspe < frapr = Cagpe < Crspn = —p2 > —C13/Ca3 1.

We, thus, arrive at
o + p3 + popts — pa| > —po > —po/2 — %/(2@,3)#1 > c1(|pa] + |p2l)
and (%) > (ug + ps + popz — pa)? > co(p? + p3). The corresponding inequality for s reads
(%) > (s — ps — po(1+ p3))* > 413,
which follows from ps, 3 < 0 < pg.

The proof of the Proposition is now complete. O

Notation 5.4. From now on, | - || without further specification shall always denote the L?-norm in €.

Within the subsequent Proposition the expressions (ad — ¢)? and (bc — d)? on the right hand side
of will be generalised to |lad — ¢||* and ||bc — d||? in Equation (5I)). We will later show in the proof
of Theorem [1.6| that |jad — ¢||? (and also ||bc — d||?) can be estimated from above via the reaction terms
within the entropy production when using the special choices \/ n/(nopin), \/ P/ (Poftp), /er and

\/ny, for a, b, ¢ and d.

Proposition 5.5 (Inhomogeneous Concentrations). Let a,b,c,d : © — R be measurable, non-negative
functions such that their squares satisfy the conservation laws

nopna? — poppb? + ec2 = M = nofipv>, 7[)0@71’30 + sutzrﬁoo, E4+d2=1= 1/37,700 + 1/23700
for any e € (0,g0] and arbitrary eg > 0. In addition, we assume
(172, be < C(”OaPOa M17 V)
Then, there exists an explicitly computable constant C(gq, no, po, M, M1,V) > 0 such that
— 2 — 2
( a? — Z/OC> + (\/ b2 — ﬂ'oo) + |le — I/t,«,OOH2
<C (Had —c|? +[lbe — dlf* + [ Val* + [ VOl* + la —al|® + b — b]|* + [lc —&l|* + ||d — 8||2) (51)

for all e € (0,&0].
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Proof. We divide the proof into two steps. In the first part, we shall derive lower bounds for the reaction

terms ||ad — ¢||? + ||bc — d||? involving (a@d — €)% + (b¢ — d)2. This will allow us to apply Proposition
in the second step.

Step 1: We show

5 N2 _ - _ -
lad - cl? > 5 (@d—2)* = e1 (Jla—all” + b= B> + le — &> + [ d - d]1%),

DN | =

and
1, =2 _ - _ =
loe = dl* > 5 (b2 = d)” =1 (la =@l + b= bl|* + [lc = 2* + [|d - d]*)
with some explicitly computable constant ¢; > 0. For this reason, we define

i:=a—a, 0y:=b—0b, 63:=c—¢, O4:=d—d
and note that §; = o = d3 = 94 = 0. Moreover,
lad —¢|, |bec—d| < C(ng,po, M1,V)

due to Young’s inequality, a2, b2 < C(ng,po, M1, V) and ¢2, d2 < 1.
We now define
Si={z e Q01| STA[G] <TA|d] <TA|0] <1}

and split the squares of the L?(2)-norm as
lad — c||? :/(ad—c)zdx+/ (ad — ) dx (52)
s Q\S
and
lbc — d||* = /(bc —d)*dx + / (be — d)? dz,
s Q\S
respectively. In order to estimate the first integral in from below, we write
ad = (@+ 61)(d + 04) = ad + @y + doy + 6104, c=7c+ J3.

This yields

/@m-dwx:/aﬂ—a%m+2/@ﬂ—am@+ax+&&—@ym+/ﬁmﬁﬂ&+&@—@Fm
S S S S

> 1/(68—6)2(1.%—/(6(544-8514-(51(54—53)2 dr > 1\/
2 Js S 2

(68—6)2 dz—C(ng, po, M1,V) (E+F§+§)
s

where we used Young’s inequality 2xy > —x?/2—2y? for x,y € R in the second step and the boundedness
of §;, 1 <i <4, in the last step. Similarly, we deduce

1/ - - —
/(bc —d)de > 5 / (be — )% dzx — C(ng, po, My, V) (55 + 02+ 53) .
s s
The second integral in is mainly estimated by deriving an upper bound for the measure of Q\S. For

all i € {1,...,4} we have
2> 1) = [

1mg/ﬁm:§
{s2>1} Q

and, hence,

4
Q\S| <> {07 > 1} < 67+ 0% + 03 + 03
=1

As a consequence of |[ad — ¢| < C(ng, po, M1, V), we obtain

/ (@d—2)* da < Clno,po. M, V)OS < Clno,po. My, V) (8 + 33 + 03 + 37
oS
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This implies
/ (ad—c)2dx2021/ (68—6)2dm—0(n0,p07M1,V)(E—i—g—i—g—&—g)
Q\s

and, analogously,

1 — .
/ (be —d)?dz >0 > 7/ (b — d)2 dz — C(no, po, M, V) (5% 402+ 2 +5£) .
Q\S Q\S
Taking the sum of both contributions to , we finally arrive at

Had—c\|2 (aE—E)2—cl(n0,p0,M1,V) (E+5§+%+§) (53)

> 1
2
and )

Ibe —d||* > 5( —8)2—01(%,1?0,]\/[17‘/)(5f+5§+5§+62). (54)

Step 2: We introduce constants p; > —1, 1 <4 < 4, such that
?:ljgo(l"i':ul)a bfzzﬂ-go(l_‘_/’(ﬂ){ ?:V?r,oo(1+u3)2’ d2_l/troo(1+u4) .

We recall that Proposition guarantees the uniform positivity and boundedness of v, Moo, Vir,co and
Vir.oo for all € € (0,&0] in terms of 9,10, po, M and V. Therefore, the bounds a2, b2 < C(ng, po, M1,V)
and ¢2, d2 < 1 give rise to a constant K (g9, ng, po, M, M1,V) > 0 such that p; € [-1, K] forall1 <i<4
uniformly for e € (0, &¢].

We now want to derive a formula for @ in terms of 6; and y;. Since a2 —@? = |la —al|? = || ||> = 63,
one finds L L
— 52 6?2
a=Vaa- 2 () - (55)
Va2+a Va?+a
and analogous expressions for b, ¢ and d:
] P P _ 5
b:7r00(1+/¢2)_f72,a E:VtT,OO(l"FMS)_%» dzu;r,oo(l—"_/l"l)_%,'
b2+b V2 +¢ d>+d
Furthermore,

— 2 — 2
( az—uoo) =2 i, (\/ b2—7roo) =72y
and, similarly,

e — VthOO”z =2 - 2y 00 + Vt2r,oo

52
2Vtr 00(53 2 2Vtr o]

2 _ 2
- Vtr,oo(1+ﬂ3) zytroo(l+ﬂ3 Virco = I/troo/"’3+ 5 .
N Vaic®

One observes that the expansions above in terms of 5722 are singular if, e.g., a2 is zero. We therefore
distinguish the following two cases.

Case 1: a2 > kZAB2 > k2 A2 > k2 Ad2 > k2 The constant x > 0 will be chosen according to the
calculations in the other Case 2. Here, we have

1 1 1 1

VaZ+a VE+b VE+e JVE+id

<

B

and

Vé'r,oo Vtr oo Too
VaZ+a VE+b Ve+e \/>+d

22
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for all ¢ € (0,&0] due to the bounds on vy, and 7, from Proposition Equation further implies

d - 1+
(Ed 76)2 = (Vool/ér’oo(l + /Ll)(l Jr,u4) _ M 52 — I/“”OO( “4) 52

\/c?—i—g ! \/a7—|—a

— 2
1
— — _ 62 52_Vt7‘,oo +M3 >
(Va2 +a)(Vd®+d) Y Ve2+e

> Voo (L4 p1) (1 + pg) — (14 Ms)) — ca(k, €0, 0, Po, M, My, V) (67 + 02 + 63)

with some explicit constant ¢ thanks to Veol}, ., = Viree (compare Equation (19)) and |uil, 02 <

c1(€0, 10, po, M, My, V). In a similar fashion using TVt 0o = V4. o0, ONE obtains

ﬂm(l +N2) 52 _ Yiroo\l T H3) Vir 00(1 + ,L‘3) 52

Vate T VE+b

(be — d)? = <7Tothr,oo(1 + po)(1+ p3) —

62

2

Vroo(1+/1'4 - = _

\F+b \erc ' Jd7+d>
>V/2

troo((l + MQ)(l +,LL3) - (1 + /1‘4))2 - CQ(K;vsovnOvava Mla V)(J% + 5?2) + 52)

In order to finish the proof, it is — according to Step 1 — sufficient to show that

2Vtr o)

VR 4 T R i+ 7 < (I9all + v

\FJrc
_ 1 - _ . .
(@d—2)" + 5 (be— )" ~2c1(no, po, M, V) (5%+5§+5§+5z))+02 (5f+5§+5§+5§)

for appropriate constants C7,Cs > 0. But due to Step 2 it is sufficient to show that for suitable constants
Cl, CQ > 0,

2v
V21 ol 4 VR o + J”“¥<Q(WW+WW
+c

Vtzroo 2 27"2,00
+ 5 (U )+ pa) = (14 p3))” +

2
(14 p2) (1 + p3) — (1 + pa))

- 03(Ka507n05p05M7M17V) (5%4_6%_‘_6?%—1—62)) +02 (E"’@"’%‘*“g) .
Collecting all ?—terms on the right hand side, one only has to prove that

@ﬁ+ﬂﬁ+@m@<a(WW+ww

+ 02 o (U ) (1 pra) = (L 1)) + 420 (U p2) (1 4 p3) — (1 + u4))2>
+(Co = C(Cr 20,0, 0, M, My V) (B4 53 + 83 + )
or, equivalently,
(\/a:2— z/oo)Q + ( b2 — 7Too>2 + ( 2 — me)g
< ((@Jd?— Vciz)2 + (\/b:2\/c:2— \/(1:2)2 + || Val® + ||Vb||2)

+(C2 = C(Crr s 20,m0,p0, MMy, V) ) (R + B+ B +37) . (56)
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In order to verify 7 we start with the estimate

2 2

— 2 2 2 —
(Vi -w) <o | [ 2 o) o ()22 v

Hn Hn

and a corresponding one involving b. The last term on the right hand side satisfies

2 —s 2 9
2 — (“L“ —a2) 1 (aZ — 2
G e = Y O Iy 2 P
Hn <W+ \/E) K Hn Q

due to Lemma with a constant ¢(k,ng,po, M1, V) > 0. Similarly,

2

b2
Bo” o]+ V)2

— 2
( b2 - 7Too> S C(’@”OvPOlea V)

Proposition (with a2, b?, ¢* and d? therein replaced by p,a?/fin, 1,02 /T, ¢2 and d?) tells us that
there exists an explicitly computable constant C(eq, ng, po, M, My, V) > 0 such that
2 2

a? b2 — 2
) () ()
n P

2 2
p— — [ —
<cC BEVE-VeE| + [ [/EVeE -V (57)
Hn Hp
for all € € (0,e0]. Using an analog expansion as before, we further deduce with d2 < 1

2
G- — A — — 2 —\ =
,u;a Vi -ve| = Vavae - Ve + @ 2 | V&

n

2

< ¢(k, ng, po, M1, V) ((\/(;\/dz— \/6:2)2 + Va||2> )

As a corresponding estimate holds true also for the other expression on the right hand side of , we
have shown that there exists a constant C(k, &g, no, po, M, M1,V) > 0 independent of ¢ for ¢ € (0, &¢]
such that

(Vi )+ (VB )+ (VE )
<C ((xf\f f) (@@—\/ﬁ)gﬂwcz?ﬂwn?).

Choosing C5 > 0 now sufficiently large, Equation holds true.

Case 2: a2 < K2V b2 < k2V 2 < k2Vd?2 < k% In this case, we will not need Proposition and we
shall directly prove Equation employing only the result of Step 1. In fact, for x chosen sufficiently
small, the states considered in Case 2 are necessarily bounded away from the equilibrium and the following
arguments show that consequentially the right hand side of (51 .»is also bounded away from zero, which
allows to close the estimate (| . As a result of the hypotheses a2, b> < C(ng,po, M1,V) and ¢2, d?> <1,
we use Young’s inequality to estimate @, b,¢,d < c(ng, po, M1, V) and

— 2 — 2
(\/C;— Voo) + ( b2 — 7Too) + HC - Vtr,ooH2 < C<€Oan0ap05Ma Ml) V)

with C' > 0 uniformly for & € (0,e0]. We stress that the subsequent cases are not necessarily exclusive.

24



Case 2.1: 2 < k?: First, ¢ = V&2 < V2 < k. This yields

?:1—072>1—n2:>32:ﬁ_g>1_g_ﬁ2:>

(be—d)*>d —2bed>1—062 —k* —2dr > 1— 82 — k* — C(ng, po, M1, V) k.
For k > 0 sufficiently small, we then have 0 < 1 — C(ng, po, M1,V )k — k% < (be — d)? + E and, hence,

— 2 — 2
(\/ (ZZ—VOC) + (\/bz_ﬂ-oo) +||C_Vtr,oo||2 SC(EO;HOap07M7M1aV) <
K(be—d)? + K62 < 2K ||bc — d|| + (2K ¢ (no, po, My, V) + K) (E+%+F§+E)

by with some K (k, &g, no, po, M, M1,V) > 0. Let us call the parameter x from above £..

Case 2.2: & < 2 Nowd=Vd < Vd? < k and

A=1->1-K=>F=2-03>1-0 K=

(@d—7e)* >c*—2acd>1-03 — k% —2ack > 1 — 62 — k> — C(ng, po, My, V) .
Again x > 0 sufficiently small gives rise to 0 < 1 — C(ng, po, M1, V)r — k% < (@d — ©)? + 62 and
( a2 — Voo)2 + (\/b:2— WOO)Q +le— l/tr’ooHZ < C(go,n0,p0, M, M1,V) <
K(@d—0)° + K& < 2K]jad — c|[* + (2Kex(n, po, My, V) + K) (57 + 83 + 03 + 57

for some constant K (x, &9, no, po, M, M7,V) > 0 using . This x > 0 shall be denoted by rg.

JE— J— 72 — —
Case 2.3: a2 < k?: We first notice that @ < x and 2¢d < 2+d < c? 4+ d* = 1. Now, we choose
Kq := k > 0 sufficiently small such that 2x < k2. Then, if ¢2 < 2k, we have ¢2 < k2, and the estimate

( ?—1/00>2+(\/b:Q—woo>2+Hc—ytmo||2 < 2K]|pe—d|*+(2Ke1(no, po, My, V)+K) (5 + 5 + 6 + 63 )
with K (k, &0, n0,po, M, M1,V) > 0 immediately follows from Case 2.1. And if 2 > 2k, then
P=F-R>2%—0 > (ad—0)’ > —2acd > 2 — 62 — k= K — 02.
Consequently, 0 < k < (@d — )% + 62 and
(Ve - ,,OC)2 + (V- 7700)2 +lle = virool® < Cleo, o, po, M, My, V) <
K(@d—71)?+ K62 < 2K ||ad — ¢||? + (2K 1 (no, po, M1, V) + K) (E +%+F§+@

due to with a constant K (k, eg, no, po, M, M1,V) > 0.

Case 2.4: b2 < k% Again b < & andﬁéa < e —&—32 ;cﬁ—i—ﬁ = 1. Here, we choose k; := k > 0
sufficiently small such that 2k < k2. If d? < 2k, we have d? < k2, and due to Case 2.2 there exists some
K (k,e0,n0,p0, M, M1,V) > 0 such that

— 2 — 2 .
(\/aQ—yoo) +(\/z?—7roo) Flle—verso|? < 2K||ad_cu2+<2Kc1(no,po,Ml,V)+K)(5§+5§+5§+5g).

If d2 > 2k, then



This implies 0 < k < (be — d)? + 62 and
— 2 — 2
(V a? — voo) + (\/l;— 7Too) + lle = virool|* < Cle0, no, po, M, My, V) <
K(be—d)* + K63 < 2K |[be — d||* + (2K c1(no, po, M1, V) + K) (ngng%Jrg)

with K (k, €0, no, po, M, My, V) > 0 employing (54)).

All arguments within Step 2 remain valid, if we finally set k := min(kq, kp, ke, kKq). We also observe
that the constants K > 0 above are independent of ¢ € (0,£¢]. And since x only depends on ng, po, M;
and V, we may skip the explicit dependence of C5 on k at the end of Case 1. This finishes the proof. [

We already pointed out that ||ad — ¢||?> and ||bc — d||? can be controlled by the reaction-terms of the
entropy production, if we replace a, b, ¢, d by \/n/(noun), \/p/(poup), VTt and \/@ (see the proof of
Theorem in Section@for details). In this proof, also ||Val||?, ||Vb||?, ||a — @l||? and ||b — b||> may be
bounded by the entropy production. However, ||c —¢||?> and ||d — d||?> may not be estimated with the help
of Poincaré’s inequality since this would yield terms involving Vny,., which do not appear in the entropy
production.

Instead, we are able to derive the following estimates for ||c — ¢||2 and ||d — d||?, which describe an
indirect diffusion transfer from ¢ to b and from d to a, respectively: Even if ¢ and d are lacking an
explicit diffusion term in the dynamical equations, they do experience indirect diffusive effects thanks to
the reversible reaction dynamics and the diffusivity of @ and b. This is the interpretation of the following
functional inequalities.

Proposition 5.6 (Indirect Diffusion Transfer). Let a,b,c,d : Q@ — R be non-negative functions such that
A+d®=1
holds true a.e. in Q. Then,
le—2l* < 4(llbe = d|* + b= b]*)  and  ||d—d|* < 4(]lad — [ + a —al*).
Proof. We only verify the second inequality; the first one can be checked along the same lines. First, we
notice that
[ad — ¢l = llad — ¢ + (@ — a)d|| < |lad — c[| + [la —a| (58)
because of the bound 0 < d < 1. Besides, we deduce
[a*d® — || = [|(@d + c)(@d — c)|| < (1 +a)l[ad - ¢|

employing 0 < ¢,d < 1. For the subsequent estimates, we need two auxiliary inequalities: For every
function f: Q — R and all A € R, we have

£ =712 = [ (1 =34 A=FPdo = [ (7 =02 =200 = NF -2+ (F = V?)do
- /Q (f = \2de — (F = N2 < [If = A% (59)

And for all > 0, one has

L+a _ Vi+2e+a? _ /2(1+2%)
V14 a? Vi+z2 T /1422

Since ¢ 4+ d? = 1, we obtain
[@2d® — | = | + & — 1| = |1 +@*)d® — 1| = | (V1+@2d+ 1) (V1+ad—1)|
> |V1i+ad—1]| = V1+a N > V1+a%|d—d|.

V1+a?
where we applied in the last step. Consequently,

d—

Jd—a| < ﬁl—azllazf — e < j%mcz— el < V2 |[ad — |
and
ld— 3 < 2ffad — c|* < 4(lad - c|* + a — a]]?
using . O

26



6 EEP-inequality and convergence to the equilibrium

We are now prepared to prove Theorem

Proof of Theorem [L.6l Let (n,p,n;-) € L*(Q2)3 be non-negative functions satisfying n;. < 1, the
conservation law 7 — P + €y, = M and the L'-bound 7,p < M;. Keeping in mind that ve, = /1. /ng

and o, = 1/p«/po (cf. Notation , Proposition guarantees that there exists a positive constant
Cy(v,T', My) > 0 such that

2 2
LI 1B,
p

n

+no(m—uw>2+po( pip—noo>2+s/g(\/m—\/m)2dx>. (60)

Next, we have to bound the second line of (60]) in terms of the entropy production. To this end, we

apply Proposition m with the choices a := /n/(nopn), b :== /p/(Potip), ¢ := /M and d := /nj,
(as always nj, = 1 — ng-). The hypotheses of this Proposition are fulfilled as a consequence of the
conservation law @ — P + €ftg; = M and the L'-bound 7, p < M. As a result, we obtain

— 2 — 2
n p 2
— Vo + — o + \/nr_\/nroo
(\/ N0 fn ) < Poftp ) I =
2
< Oy ey N + HVM n
nofn Noln

2
n__ [ p_ p — 2 2
* H notln | Notin * H Potp \ Pokp + Ve = Vil + [V, = Vob | )

for all e € (0,&9] with a constant Cs(g¢, no, po, M, M1,V) > 0. Thanks to Poincaré’s inequality, we are
able to bound the last two terms in the second line and the first two terms in the third line from above:
n

_ —Cp /
noln non notn Q

2
oo sl s [
poup Dolp Dolp dpoinfo up Jo p

Moreover, the elementary inequality (v/z — 1) < (z — 1)In(z) for > 0 gives rise to

2
/ ! ! !
H [onfy o :/ntr< /Tmtr_1> dmg/n”<w_1>ln<fmtr)dx
nO,LLn Q nONnntr Q nO,Ufnntr 7/LO,UfnniET

1 - r 1 - r 1 — r
= / (n(nt) - ntr) In <n( e )) dr = —Tn/ R,In (n( 1t )> dx
Q Notn Non Mty Q No UMty
and similarly

2
Pty
<_r /R In <> dz.
b Q b pO,Up(l_ntr)

nntr nt
r
o fbn

E(nvpantr) - E(nmypooantr,oo) S Cl (/ <
Q

2 2

p
DPoltp

H pntr ,
DPollp t

+|v

2

2
1 n TL2
LY N P 0
2\ ngn Lhn dnginfo un, Jo n

2

H pntr /
Potp
Proposition further implies that

Ve — Ve + ||/l — mlf
(e e I e I
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Combining the above estimates, we arrive at

— 2 — 2
T P - 9
( o fin Voo) + < Potty 7Too> + ||\/ Tty vV ntr,ooH

2 2 1 _
< 03/ ('J”| L BE (”( "”>> — R,ln (p”" )>
a\ n P No L oty Poptp(l —ngy)

with a constant Cs(go, T, 7p, Mo, Po, M, M1, V) > 0 uniformly for € € (0,g0]. With respect to (60, we
now find

— 2 — 2
n D 2
n — Vs | + — Moo | +€ Nir — A/ Miroo) dT
0 <\/ o i ) Po <\/ Poky ) /Q( t =

2 2
n p
< max{no, po, 2o} < —uw)<+< —ww> I — ]2

nofbn DPoltp

2 2 _
< (C5 max{no,po,go}/ (J" + & ~R,In (n(lntr)) —R,In <pn”>) )
a\ n P 10 fon Mot Poptp(1 — 1)

And since the constant Cy in only depends on €g, ng, po, M, M; and V (via the constants v and
T'), we have finally proven that

E(nvpa ntr) - E(noovpoo; ntr,oo)

2 2 1— ” -
con [ (M B g (MY g (e ),
Q n b o Un Moty pO/J‘p(l - ntr)

for a constant Cy(go, Tp, Tp, Mo, Po, M, M1, V) > 0 independent of € € (0, gq]. O

Theorem provides an upper bound for the relative entropy in terms of the entropy production.
This already implies exponential convergence of the relative entropy. The subsequent Proposition now
yields a lower bound for the relative entropy involving the L!-distance of the solution to the equilibrium.
This will allow us to establish exponential convergence in L'.

Proposition 6.1 (Csiszar—Kullback—Pinsker inequality). Let €9, no, po, M, My and V be positive
constants. Then, there exists an explicit constant Coxp > 0 such that for all e € (0,e¢], the equilibrium
(Noos Poos Nirc0) € X from Theorem and all non-negative functions (n,p,ny.) € LY(Q)3 satisfying
ny < 1, the conservation law
n—p+eny =M
and the L'-bound
ﬁ?ﬁ S M17

the following Csiszdr—Kullback—Pinsker-type inequality holds true:
E(n,p,ntr) = E(Noos Poos Nir0e) = Coxp ([0 — noo||2L1(Q) +p— poo”%l(ﬂ) +¢ellner — ntr,oo||%1(ﬂ))~
Proof. Due to Lemma [3.2] we know that the relative entropy reads

E(napa ntr) - E(nooypooa ntr,oo) =

/(nlnn—(n—noo)—kplnp—(p—poo)—ka/ (ln( i >—ln<ntr’°°>)ds>d:1:.
Q Noo Poo Nir oo 1-s 1- Nir,c0

Similar to Proposition [£.:4] we employ the mean-value theorem and observe that

d s 1
—1 = >4
dsn(ls> s(1—s) ~
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for all s € (0,1). Thus, there exists some o(s) between ny, o and s such that

e Ntr,co
€ 1 —1 dsd _E// — Nyroo) dsd
/Q/ntr,oo(n( ) n<1_ntroo>> s Q Jnir oo 1—0’(8))(3 M, ) sax

>45// s—ntroo)dsdx—%/(ntr Niroo)? d > 2¢||ngy — ntrooHLl(Q
n Q

tr,co

where the last inequality holds true since |Q2] = 1. Moreover, we utilise the Csiszar—Kullback—Pinsker-
inequality from Lemma [3.3] to estimate

n 3
[ (25) =00 n) ) o2 = el 2 lln = el

where ¢(eg, no, po, M, M1,V) > 0 is a positive constant independent of ¢ € (0,e9]. As a corresponding
estimate holds true also for p, we have verified that

B(n,p.1m1y) — B, poc: Murc) = C(In — noslFagay + 19— pocl3agay + elines — nerscl 3 o)
for some C(gg, ng, po, M, M1,V) > 0 uniformly for e € (0, gg]. O
Now, we are able to prove exponential convergence in relative entropy and in L'.
Proof of Theorem [I.8l We first prove exponential convergence of the relative entropy
P(t) == E(n,p, ) (t) — E(Noo; Poos Mir.00)

using a Gronwall argument as stated in [Wil65]. To this end, we choose 0 < ¢y < t; <t < T and rewrite
the entropy-production law as

bltr) — (t) = / Din,p.nes)(s)ds > K / b(s) ds (61)

where we applied Theorem with K := CgElD in the second step. Furthermore, we set

U(ty) = /tltw(s) ds = /ttl W(s) ds

and obtain from the estimate KW (t1) < ¢(t1) — ¢ (t) which yields

%(\P(tl)eml) = —p(t1)eRt + KU(t)efh < —yp(t)ekh.

Integrating this inequality from ¢, =t to ¢t =t and observing that W(t) = 0 gives rise to

—‘I’(to)eKto < _%(eKt _ eKto).

As a consequence of with 1 = tg, one has —U(tg) > (¢¥(t) — 1 (t9))/K and, hence,
—(t)e™" < —u(t)e™!
But this is equivalent to
E(n,p,n4,)(t) = E(noc, Pos, ero) < (B, p,mer)(to) — Bog)e™ 0710, (62)
for all £ > ty > 0. In order to conclude that
E(n,p,nt:)(t) — E(Noos Poos Nirse) < (Ep — Eoo)e XE

for all t > 0, we observe that the rate K is independent of ¢y and that the entropy E(n, p, ns,)(to) extends
in continuously to ty — 0 since n,p € C([0,T); L2(Q)) for all T > 0 by Theorem This results in
the announced exponential decay of the relative entropy, while the exponential convergence in L' follows
from Proposition O
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Proof of Corollary We first prove that the linearly growing L°°-bounds together with parabolic
regularity for system and assumption entail polynomially growing W14-bounds, ¢ € (1, 0), for
n and p. To this end, we consider

n

8tn—V~Jn+1(ntr

n

s (1 — ntr)> , Jp = e*V”V(neV").
ge=Vn

and introduce the variable w = n e'». We then observe that V-.J,, = V- ( "Vw) =e Y (Aw — VV, - Vw)
and thus,

Vi 1— ,
dw = Aw — YV, -V + & <ntr - n"t w) . (63)
n 0
Under the assumptions of Corollary Eq. is of the form
0w — Aw = f1 + fow + f3- Vw

where f; € C([0,00), L>(Q)) for i € {1,2}, f3 € C([0,00), L>°(2)™) and 7 - Vw = 0 on 9. Testing this
equation with —(q — 1)|Vw|? 2Aw yields

th/ |Vw|qd:17*/ |Vw|9™?Vw - Voyw dx

= —/ ((q - 2)|Vw|T * VwAw - Vw + |Vw|q_2Aw> Oywdx = — / (¢ — 1)|Vw|?T 2 Aw dyw dz
Q Q
= —/(q —1)|Vw|? 2| Aw|*dz — / (g —1)|Vw|'?Aw(f1 + fow + f3 - Vw)da.
Q Q
Using the inequalities |ab| < (a? +b2)/2 and (a + b + ¢)? < 3(a® + b2 + ¢?) for a,b,c € R, we find

th/ [Vw|* da < ﬂ/( —1)|Vw|q*2|Aw\2d:c+;/(qf1)|Vw|q*2(f12+f22w2+f32\Vw\2)dx
Q

Together with C' > 0 satisfying |f;(t,2)?| < C for all i € {1,2,3}, ¢ > 0 and a.a. = € Q, we derive
1

th/ [Vw|?dx < —5/(q— )| Vw|? 2| Awl|? dx + —/ q—1)|Vw|T?(1+w® + |Vw|?)dz

An integration by parts and Young’s inequality with C; > 0 give rise to
/ (¢ —1)|Vw|!*Vw - Vwdz = —/ ((q —1)(¢ - 2)|Vw|T *VwAw - Vw + (¢ — 1)|Vw|q2Aw)w dx
Q Q
1
=- / (¢ — 12| Vuw|" 2 Avwdr < — / (¢ — D} Vw|? % Aw|? dz + C, / |Vw|9™?w? da.
Q 3C Ja Q

Hence, there exists a constant Cs > 0 such that

Q

where A, B > 0 result from the linearly growing L°°-bounds from . For any fixed ¢ty > 0 and all ¢ > ¢,
we now have

t
IV 0y < IVe(t0)]|% 0 + / (A+ B)|[Vu(s)|%,2, ds

A Gronwall lemma (see e.g. [Bee75]) now proves the desired polynomial growth of [|[Vwl|zq(q) and
[Vl La):

1
B 2
VOl < (V00 + At~ )+ 56 )
Next, we use (see e.g. [Tay90]) the Gagliardo—Nirenberg—Moser interpolation inequality in R™:

1 1
I = oo e < G(D)[In = 1o [[12m 17 = Mool Lo - (64)
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Then, interpolating with the exponentially decaying L'-norm of n — n.., we obtain

1
<K

1 1_ 1
In(t; e < lIncollzee + (17 = noollLee < [InsollLoe + Gl = 1o [[Fr1.2m 17 = Noo | oo ™™ (17 = nco
due to the exponential convergence to equilibrium . The estimate for p follows in the same way. [
Proof of Theorem [L.6°l Our goal is to derive an estimate of the form

Eo(n,p) — Eo(Noo,0,Psc,0) < CeepDo(n,p)

€

by applying the EEP-inequality from Theorem directly to the functions n, p and n;
we assume that n and p satisfy

1. However, since

n— ﬁ = Ma
the triple (n,p,n;!) does not satisfy the conservation law with right hand side M but
n—p+engl = M+engl.

In order to resolve this issue, we shall apply the EEP-inequality from Theorem to a suitably defined
sequence of functions (ne, pe, nyrc) € L)% which fulfil ||ng. ||~y < 1, the L*-bound nz,p; < M;
and the conservation law

Ne — Pe + €Ny e = M.

A convenient choice is n. = n, p. == p+enid and ny,. . == ni?, where n{d = ni(n,p) as defined in (29).
For this choice, we derive the stated EEP-estimate for the case ¢ = 0 via the following steps, which are
proven below:

EO(n7p) - EO(noo,Ovpoo,O) = ;I_I}%) (E(nsap67 ntr,s) - E(noo>p007 ntr,oo)) (65)
< gg% (CEEPD(n€7 De, ntr,e)) (66)
= CpepD(n,p,ng!) = CprpDo(n,p) (67)

We recall that n and p are assumed to satisfy Ey(n,p) < oo and Dy(n,p), D(n,p,nsl) < oo, which

implies that Dg(n,p) = D(n,p,n;?) as discussed in the introduction.

Step 1. Proof of (65): We first show, that with (n.,pe, nu..) = (n,pe, ngr)
Eo(n,p) = lim E(ne, pe, Nir.e)- (68)
e—0

Recalling that

ntd
e n tr P
E(n7p€antg) = / nln - (TL - nO,un) +p€ 11’1 Pe - (pE 7p0:u“1)) + 6/ 111 < ) dS d:E7
Q o Dofbp 1/2 1-s

we first notice that p. = p + en;;} — p monotonically decreasing for ¢ — 0 for all z € Q. Thus, by using
ny! < 1 and the elementary estimate p. Inp. < 2p (In p+In 2) for p > max{eg, 1}, the Lebesgue dominated
convergence theorem, the L'-bounds 7, 7z,p,p- < M; and Eg(n,p) < oo imply the convergence of the
pe-integral in . The convergence of the third integral follows directly from

ng (2)
5/ In 5 ds
1/2 1—s

Using analog arguments, the convergence

1
Ss/ In 5 dsﬂﬂ).
1/2 —S$

EO(noo,O,poo,O) = gl_rf(l) E(nooapoov ntr,oo)

follows from observing the monotone convergence n, — n. o and p, — p.o for ¢ = 0 due to in
Proposition which directly implies the monotone convergence 1., — Noo,0 and Poo — Poc,o for all
x € Q, where (Moo, Poos Tir,00) a0 (No,0, Poc,0) are defined in and , respectively.
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Step 2. Proofof (66): The functions (n., p.,n4,:) = (n, prenil,ni?) € L'(Q)? satisfy ||[nere || L= ) <
1, the conservation law

Ne —Pe +ENgre =N —p= M
as well as the L'-bounds m. < M; and p; < p + &’ where ¢ € (0,¢'] C (0,50]. Because of p < My, we
have p; < M; for ¢’ > 0 sufficiently small. As a consequence,

E(”aPa nt'r,e) - E(nooapocn ntr,oo) S CEEPD(n£7p67 ntr,e)
where Cggp > 0 is the same constant as in Theorem [1.6
Step 3. Proof of : As the constant Cggp > 0 is independent of € € (0, ¢, it suffices to show

that
lim D(ne, pe, nire) = D(n, p,n5l).
e—0

To this end, we consider the representation

T |? Vpl|?
D(nsapauntr,a):/ ( | +‘ p‘ +2vpvvp+ps|vvp‘2
Q

n Pe
-\ 1 ca
—R,In (W) + ( be ngl — (1— nff)) (hlpentr —In(1 - nif))) dz,
o pn Mgy Tp \PolHp Poltp

where we have already taken into account that n. =n, Vp. = Vp and n¢, . = ny! for all € > 0.

We note first that the convergence of the second, third and forth integral follows from the pointwise
convergence of p. for all x € Q) and from the Lebesgue dominated convergence theorem by estimating

\V4 2 v 2 J 2 -
o< Vel +2Vp-VV, +p: [V, | < |;)| +2Vp- YV, +p| YV, + (pe =) [VV,|* < |]’; +eony! VY|,
g

where the function on the right hand side is integrable due to the finiteness of D(n,p,ng).

Secondly, the product

eq €q
( pe nfﬁ—(l—niﬁ>) (lnpf”fr—lna—nif))a( P nff—(l—n§3>> (lnpn”—ln(l—nff))

Poltp Poltp Polp

converges pointwise for all x € Q as ¢ — 0. In order to conclude the convergence of the corresponding
integral via the Lebesgue dominated convergence theorem, we use similar to Step 1 the elementary
inequality p. Inp. < 2p (Inp + In2) for p > max{eg, 1} and the finiteness of D(n,p,n;?). This yields

1 eq €q
lim | — ( Pe nygt—(1— nff)) <lnpsntr —1In(1 - nfﬂ)) dr = 7/ R, In (przweq) dx
e=0 Jo Tp \Polp Potp Q pO:up(l - ntr)

and therefore, D(ng, pe, nire) — D(n,p,ng!) for e — 0. O

Proof of Theorem [1.8°l We only have to check that the assuptions on the finiteness of the entropy E
and its production D within Theorem [1.67] are satisfied. The claim of this Theorem then follows from
the same arguments as in the proof of Theorem [1.§

Due to the uniform L*°-bounds of n(t) and p(t) for all t > 0, we know that Ey(n,p) < oo for all
t > 0. Similarly, we deduce that D(n,p,n;!) and Dy(n,p) are finite for all strictly positive ¢ > 0 since
n, p are bounded away from zero and nj! is bounded away from zero and one uniformly in .

Finally, the lower bounds guarantee similar to Theorem that solutions satisfy the weak
entropy production law for all ¢ > 0. O

Appendix: Proof of the existence-theorem

Proof of Theorem [I.1l In order to simplify the notation, we set the parameter 7, := 7, := 1 and
ng := po := 1 throughout the proof. All arguments also apply in the case of arbitrary values for 7, 7,
ng and pg. The structure of system can be further simplified via introducing new variables

Vp

Vn A7)
2 n, vi=e2 p.

u::==e
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One obtains
1 vn Vo Vo 1 5 1

Vu = ¢ 2 VVpyn+e2 Vn and Au=e> (An +Vn-VV, + Zn\VVn| + §NAVn)

which results in
n n n 1 1 n
Oyu = eVT@tn —eF (An +Vn-VV,+nAV, + Rn) —Au—e? (Zn|VVn|2 — inAVn) + eVTRn
1 1
= Au+ (iAVn —£IVVal )u+ e F gy — eV u(l — ngr).

Analogously, we derive

1 1 2 2 v,
o = Av + <§AVP — Z‘VVM )v +e2 (1 —ng) —e'Pong,.
For convenience, we also introduce the abbreviations
1 1 9 o 1 1 9 o
as well as «, 8 > 0 such that the following estimates hold true a.e. in Q:
|An], |4p] <« and e%"&%,ev",evp < g.
Next, we introduce the new variable
ny,. =1 —ny, (69)

for reasons of symmetry. In fact, we can prove the positivity of nj, in the same way as for ng., which
then implies the desired bound 0 < n;. < 1. A further ingredient for establishing the positivity of the
variables u, v, ny and n},. is to project them onto [0, 00) and [0, 1], respectively, on the right hand side
of the PDE-system. In this context, we use X ™ := max (X, 0) to denote the positive part of an arbitrary
function X and X1 := min(max(X,0),1) for the projection of X to the interval [0,1]. The modified
system now reads

atu — Au = An’ll, +e 2 n[o 1] 6Vn’u,+ /[071]’
O — Av = Apv + evf n/[O 11 _ va+n£0 1]7
. 2 (70)
€ Opniy = nt[ro e Fotn [0 U n£?~ Ay eTu+n;[r()’1]7
n Vv,
e oy, =njy" GVTWTL;E?J] — 0 4 Tt

The no-flux boundary conditions of transfer to similar conditions on u and v. In detail, we have
Vi 1
e 2 Vu=Vn+ inVVn

and, hence,
Vi +nVV, = e F (vu R )

Therefore, the corresponding boundary conditions for v and v read
(Vu + Luw, ) : (w + %vvvp) ~0. (71)
Furthermore, we assume that the corresponding initial states satisfy
(ur,vr, M1, M4y 1) € L ()4, Ngr,r + Nty p = 1 (72)

In this situation, ||n, 1|z~ (@) + |74, fllL=(@) > 1 and we set

I = |lurl| Lo @) + V1l Lo ) + [1ner 1l oo ) + 1240 1l Lo (@) > 1.

We now aim to apply Banach’s fixed-point theorem to obtain a solution of 7.

33



Step 1: Definition of the fixed-point iteration. For any time T' > 0 (to be chosen sufficiently
small in the course of the fixed-point argument), we introduce the space

Xr = C([0,T], L*(Q))*

and the closed subspace

My = { UV, Ny My, ) € X ’ (0),v(0), n4-(0), ny,.(0)) = (uI,vI,nt”,n;T A
e (0, o Hv( ey, s e (), ol )0 < 21 A

[ull Lo 0,1y x)» 10l Lo (0, 7)x0) < 21} C X
The fixed-point mapping S : X7 — X7 is now defined via
S(w, v, g, ny,.) = (u, v, gy 0y,

where (u,v,n4-, ny,.) is the solution of the following PDE-system subject to the boundary and initial
conditions specified above:

By — Au= A,ut + eva" Al eVagptap0l] = i,

O — Av = A0t +e * n'[o R P~+~[O’H =: fa, (73)
€Oy, = n;[f Al eT'ﬁ+n£2’1] £0 A + e T uth /[O U= .}E’)v
eony, = nyi 1 e%fﬁﬁﬁf’” [0 Uy e ETt [O U= fo

We first show that (u,v, 4., 1)) = S(@, 0, figy, 71},) € Xp provided (@, U, figr, 7,,) € Xp. Due to fi,
f2 € L?((0,T) x ), it is known from classical PDE-theory (see e.g. [Chi00]) that

u,v € Wa(0,T) = {f € L*((0,T), H(Q)) | 0:f € L*((0,T), H'(Q)*)} = C([0,T7], L*()).
And since L
(1) = mep(0) + £ /O Fols) ds

for almost all ¢ € [0, 7], we deduce

T
e ()l 22y < [174r(0) || L2(0) + = / I f3(s s)| 2 ds < 1+ = oo, I f3(s s) L2 ()-

Hence, ny,. € L*>((0,T), L?(Q2)). Moreover, we observe that for [0,T] 3 t,, — t € [0,7T] that

|tn _t‘ n—oo
< Of<nta<XTHfs( Mz —— 0.

1| [~
e t) = s )20y < | [ 10 ey s

This proves ng,. € C([0,T], L*(Q)). The same arguments can be applied to nj,..

Step 2: Invariance of Mp. Now, let (u,v,n¢,n},.) € Mp. Similar to the strategy of e.g. [Ali79)
GMS07, WMZ08], we perform the subsequent calculations for any ¢ € 2N, and every t € [0, T:

t t t _
/ /—dxds-/ /uq_latudxds:/ /uq_lAud;vds+/ /uq_lfldxds
ds Q 0 JQ 0 JQ 0 JO
1 t . t
g [ [urenparas— ) [ [ e Vvidods + il oo | [t deds
0 Ja 0 Jaa

< (201 + B+ 281) / lull %o d

Note that the first two terms in the second line are both non-positive due to ¢ € 2N and assumption .
Introducing v := 2al + 5 + 261, we obtain

(120 = 12(0) |20y < v / () %7y ds (74)
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This inequality already implies a linear bound on the L°-norm of u as we shall see below (cf. [BeeT5]).
We define

t
U = a7 [ o)z

and note that U(0) = 0. Estimate entails

g—1 q—1

V') = ay (Il huiey) * < av(n+ 10(0) 80y +U®)

for all ¢ € [0,T], where n > 0 is an arbitrary constant, which guarantees that the expession X :=
n+ ||u(0)\|qu(Q) + U(t) is strictly positive. Multiplying both sides with X(1=9)/¢ and integrating from 0

to t gives
1—gq

/Ot (77 + 10|00y + U(s)) T U(s)ds < /Ot gy ds.

We now substitute o := U(s) and deduce

1

U(t) . 11 . Lo
WZ/O (77+Hu(0)||Lq(Q)+U) dUZQ<77+||U(O)||Lq(Q)+U) 0

1

= a0+ WO L)+ UO) " = a(n+ WO Lae) " =l L)’ = a(n+ 4O L)

where we have used in the last step. Therefore,

1

lu® ey < (74 10130 ) "+t
and, taking the limit n — 0,

(@)l Lo) < [[w(0)][ o)+t < T+ 1.
As the bound on the right hand side is independent of ¢, we even obtain

[u(®)|lLo (@) < I+, (75)
for all ¢ € [0,T]. This result naturally gives rise to
lull oo 0,7y x0) < T +T.
An analogous estimate is valid for v. As a result, we obtain
lull o (0,7 x5 V]| Loe 0,7y x2) < 21

for T' > 0 chosen sufficiently small.
Employing , we also derive

2o < iy < T +AT.
o0ax lu(®)lzz() < max [lu(t)lz=(o) <1 +7

The same argument is applicable to v, which results in

<
ax (w2, max [lo@)lLx@) <21

for sufficiently small 7" > 0. The corresponding bounds on ny, and n},. can be deduced from the formula

1t~
rlt) = n0)+ 2 [ Fots)ds

and from an analogous one for nj,.. In fact,

1t~ T
Hnt7'(t)HL2(Q) < ||nt7(0)||L2(Q) + g/o Hf3(8)||L2(Q) ds <1+ 2(2 + 451)

and, hence,

qmax [lner (Ollz20), max llng ()l < 21

for T' > 0 sufficiently small.
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Step 3: Contraction property of S. We consider (1,01, r,1, 4. 1), (U2, V2, Npr,2, Ny o) € My and
; ; ’ o ] ’

the corresponding solutions (u1,v1,ner 1,14, 1) = S(U1, 01, Mgr 1,0y, 1) € Mr and (ug, v2, Nir 2, N4, 0) =

S(uz, V2, Nty 2, My, 5) € M. We further introduce the notation

U= UL — Uz, U:=U] — Uy
and similarly v, ny., n},., U, ny- and 7n,.. Then, we have to show that
ORI [P (X
with a constant ¢ € (0,1) on a time interval [0, 7] small enough. The norm in Xy is defined as

a5 v [t e + mae (8o + e ner ()20 + a1, (8| 2o

We obtain the following system by taking the difference of corresponding equations of the system for the
1- and the 2-variables, respectively:

O — Au = Ay (i i) +eF (! —aly)) — v (@i —agaly') = i,
F (A —ayt) - et (i) -ty =

v —Av = A, (0] —v5) +e (
o) o - o (At )

€ 0Ny = Ny, )

T,

_ (76)
— ) s+ e (T - aw') = .
wm—ﬁﬁw%—r@mﬂ]wwﬂ
— ! e - ¥ (A - k) =

We mention that v and v are subject to the boundary conditions
. 1 . 1
- (Vu + guVVn> =1 - (Vv + §UVVP> =

and the homogeneous initial conditions

First, one finds

(2ax, lu(t)lz2) < Cillullw, o) < Cr1CallfillL2(0,1)x0)

where C; > 0 is the constant resulting from the embedding W»(0,T) < C([0,T], L?(£2)). The constant
Cy > 0 originates from well-known parabolic regularity estimates for ||u||w, o 7) in terms of the L?-norms

of fi and u(0) = 0. Therefore,

e [u(®)|z2@) < CoCa (i = | oo myny +BIFEY = 702 ] 2 0. ey
+5Hﬂl Uy HL2((0T ><Q)| ~;roll]HLoo((o TYxQ)

+ BHUEFHLOO((O T)xQ)HﬁgBl” ﬁ;r();] HL2((0 T)><Q)>

< C1Ca (BlRerll 20,1y <) + (@ + Bl 20,1y x ) + 281174, L2 0.1y <)) -
Moreover, every f € C([0,T], L?(£2)) fulfils
T T
Hf||2L2((o,T)xQ) :/O /Qf2 drdt < /0 dt omax, ||f(t)||%2(sz) = T||f||20([o,T],L2(Q))
and we proceed with the previous estimates to derive

oo, ()| p2) < C1C2 (e + 28DVT ([Rer |l (o) 2@ + 1@l co.r.2 ) + 17 llcqo,r, 2@)))-
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In a similar way, we arrive at

max |[v(t)][z2() < C1C2(a + 251)\/?(”527“||C([0,T],L2(Q)) +19lleqo,m), 22 () + Hﬁtr||0([0,T],L2(Q)))~

0<t<T
1 [t~
ng-(t) = 7/ fsds
€ Jo

for t € [0,T] and, using similar techniques as above,

Due to n¢-(0) = 0, one obtains

. VT
s e Ol < 7 [ 1Bl ds < 1Bl

1+ 281 _ _ _ -
< - \/T(HUHL%(O,T)xQ) 9l 20,1y x ) + [I72er | L2 (0, 7) x2) + Hn;r”LQ((O,T)xQ))

1+28I, ., ~ _ -
< - T(||u||0([o,T],L2(Q)) +1vlleqo,), L2 @) + 17t lleo,m) L2 ) + Hnir||0([o,T],L2(Q)))~

Note that because of f; = —f3, the last estimate equally serves as an upper bound for 1, (8) [ L2(02)-
Taking the sum of the above estimates and choosing 7' > 0 sufficiently small yields

1w, v, )| < (@ 0, R, 103, ) |

with some ¢ € (0,1).

Step 4: Solution of . Step 2 and Step 3 imply that for T" > 0 sufficiently small the mapping
S : My — My is a contraction. Banach’s fixed point theorem, thus, guarantees that there exists a
unique (u,v,ng,ny,.) € Mp such that S(u,v,ng,n},.) = (u,v,ng,ny,.). Moreover, due to standard
parabolic regularity for (u,v), the fixed-point (u,v, ns-, ny,.) is the unique weak solution of

Ou—Au=Au" +e > n[O U _ oVt /[071]7
atv —Av= Apv + 6%7/[0 1] va+n[0 1],
M01] _ o1 _ 01 70.1] (77)
63tnt,«—n” —e2 v +62U 01,
edyny, = n1[t(7)~ . €%u+n;[r()’1] nt[r Uie * v+ [0 1].

In order to prove the non-negativity of u, v, ns and n},., we adapt an argument from [WMZ08]. First,

we define
h := min(0, u)

on [0,7] x © and notice that h < 0 and h(t = 0) = 0 a.e. since u(0) > 0 a.e. We now multiply the first
equation in with h and integrate over (0,¢) x Q for ¢ € [0,T]. This yields

¢ t ¢ ¢
/ /Bsuhdxds:/ /Auhdxds+/ /Anu+hdscds+/ / (e%ng’l] eVrutn 0. 1]>hdxds.
0o Ja 0 Ja 0 Jo 0 Jo

(78)
The first term on the right hand side of can be seen to be non-positive using integration by parts
and the boundary condition from :

t t t
//Auhdwds:—/ /Vu~Vhdmds—l// uhn-VV,dods
0 JQ 0 Ja 2 Jo Joa
t t
—/ /Vu~Vhd1:ds:—/ /Vh-VhdxdsSO
0 JQ 0 Ja

due to uh > 0, n- VV, > 0, and since Vh # 0 holds true only in the case u < 0, where we have Vu = Vh

in L?, see e.g. [GT77]. Moreover,
t
/ / Ay uthdrds =0,
0 Jo
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and the third term in (78)) is again non-positive as an integral over non-positive quantities:

// eFn 01] eVrut n/[01 hdxds—/ /e?n” ]hd;vds<0

as a consequence of uTh =0 in L?(Q). The left hand side of can be reformulated as

//6uhd:cds—//8hhdxds— // —hQ dsdr = - ||h(t)||2L2(Q).
Q

For the first step, we have used that the integrand dsu h only contributes to the integral if h < 0. But
in this case, u = h and, hence, d;u = dsh in L?, see e.g. [GT77]. This proves ()| L2y < O for all
t € [0, T], which establishes h(t) = 0 in L?(Q) for all ¢ € [0,T], and thus u(¢,x) > 0 for all t € [0,T] and
a.e. € Q. In the same way, one can show that v(¢,2) > 0 for all t € [0,T] and a.e. = € Q.

The non-negativity of ny, follows from a similar idea using

h := min(0, ny,).

Again, h < 0 and h(t = 0) = 0 due to n4-(0) > 0. Multiplying the third equation of with A and
integrating over (0,t) x Q, t € [0,T], we find

/ /8ntThdxds—/ / ntro 4 ev2pv+n[0 Y n,[fr Uy eyt ;[To’l])hdxds.

1]

As before, all terms under the integral on the right hand side involving nt?j vanish. Consequently,

%Hh(t)”%z(m :6/0 Q@ hhdxds—/ /Q n;[,(” +etutn 01])hdxds<0

for all t € [0,T]. The same result holds true for n},. Therefore, we have verified that ne, (¢, z), n,.(t,2) > 0
for all t € [0,T] and a.e. x € Q.
The non-negativity of ny and nj,. together with n}, = 1 — ny, from now even imply

ner(t, ), ny,.(t,z) € [0,1], forall te€[0,7] anda.e. z€Q.
This allows us to identify the unique weak solution (u, v, ns., n},.) of to equally solve

V,
O — Au = Apu+ e ny — e u(l — nyy),

V,
O —Av=Av+ eTp(l — Ngy) — eYrung,, (79)
v n
0Ny =1 — Ny — €2 VN — Mgy + eVTu(l — Ny ),

which is the transform version of the original problem .

Up to now, we have proven that there exists a unique solution (u,v,ns.) € C([0,T], L?(2))® such
that (u,v,ng., 1 —ng.) € My on a sufficiently small time-interval [0, T7.

Step 5: Global solution. We now fix T* > 0 in such a way that [0,7*) is the maximal time-interval
of existence for the solution (u,v,n) € C([0,T], L*(€2))? of (79). Moreover, we choose some arbitrary
g € N>9 and multiply the first equation in with 9=, Integrating over Q at time ¢ € [0, T*) gives

dt/ —dx—/uq_latudx:/uq_lAudx+/Anuqu+/uq_l(e%ntr—ev’"u(l—ntr)) dx.
Q Q Q Q

Integration by parts and the estimates |4, | < «, |e% ner — eVru(l — ntr)| < B(1 + u) further yield

1
— —d;v< (qfl)/uqu\Vuﬁd;z:ff/ uqﬁ-VVndadera/uqdz+ﬂ/(uq71+uq)d:ﬂ.
% 2 Jog Q %

38



Moreover, we derive

q
/uqfldxz/ uqfldx—t—/ u—darg/ldx—k/uqda::l—k/uqda:
Q {u<1} {u>1} U Q Q Q

where we used || = 1. Hence,

d

= Q‘;"dxg5+(a+2ﬁ)/guqum<1+/guqdw> (80)

after defining v := o + 23. This results in

d/uququ(l—i—/uqu),

which can be integrated over time from 0 to t:

t
Iy < 1Oy + 90 [ (1 L) .
From this generalised Gronwall-type inequality, we deduce (cf. [Bee75])

a1 Taiy < 1u(0)17aqye™ + €7 =1 < (L4 [[u(0)]| 7)) ™™

and
()| Loy < (14 [u(0)]|Loq))e” < Ie*

since 1+ [[u(0)|| aga) < 1+ [u(0)||po() < I. As Ie? is independent of ¢, we even arrive at
[u(®)|| Lo () < T

In the same way, we can show that [|v(t)|| () < Ie?* for all t € [0,7*). As a consequence, we obtain
that the solution (u,v,n..) € C([0,T], L*( )) can be extended for all times, i.e. T* = oo.

Step 6: L*°-bounds for n and p. We now prove the linearly growing L°°-bounds for n and p. We
only detail the bound for p and sketch how the bound for n follows in a similar fashion. After recalling
(with 7, =1 w.lo.g.)

3tp:VJp+ (lntrpepv’ﬂtr> s Jp:e*VPv (p@Vp)7
0 P

we introduce the variable w = pe"» and observe that V- .J, = V - (e*VPVw) =e V2 (Aw — VV, - Vuw)
and thus,

dyw = Aw — VV, - Vw + €' (1 — gy — w) , (81)
Po

while the no-flux boundary condition 72-J, = 0 on 952 transforms to the homogeneous Neumann condition
n - Vw =0 on 0N2.

Next, by testing with the positive part (w —r — st)4 := max{0,w — r — st} for two constant
r,s > 0 to be chosen, we calculate by integration by parts in the first two terms

d1 9 v Ny
R —r — — —r — Aw — . ] — — —
73 /Q(w r—st); dx /Q(w r—st); ( w—VV, -Vw+e ( Ny . w) s) dx

—r—st
=—/ 1wzr+stlvw|2dx—/v%-v<7"3)+daz
Q Q 2

o Vo (1 —p, — M) —

+ /Q(w r—st)+ <e (1 Ny 0 w) s> dz

SM)O/(wrst)idx+/(wT5t)+( <1ntrnww)5>dma
2 Q 0 Po
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since 7 - V), > 0 by assumption . Moreover, since ng, € [0, 1] and w > 0, we have

d1 AV, ||
—f/(w —r—st)idr < M/(w— r— st)id;v—i—/(w —r— st)+(\|evp||oo - s)dm.
Thus, by choosing s := ||"?||s and 7 := ||w(7,-)||ec for some time 7 > 0, we conclude that
a o2 )2
(w—r—st)l de <[[AVp|le [ (w—7r —st)] dx,

and a Gronwall lemma implies
[w(t, oo < (T, )loo + [l t,  forall ¢ >7 > 0. (82)

Transforming back, this yields
Ip(t. Mow < =g (Ip(r, Msclle™ oo + lle¥*lloo t) for all t > 7 > 0. (83)
’ ~ inf{e"?} ’ ’ - -

In order to deduce the analog bound for n in , we consider (with 7,, = 1 w.l.o.g.)

atn—v'JnJF(ntrnoen—Vn(lntr))a Jp =€ nv(nevn)_

We introduce the variable w = ne' and obtain in the same way as in

B = Aw — YV, - Vo + eV (nt,, _ 1= ”trw) _

ng
Following the same arguments as above,
lot, Moo < llw(r, o + e o t,  forallt > 7> 0. (84)

Transforming back, this yields

1
[ )lloo < Wi T (In(r, Moclle™ lloc + el t),  forall ¢ >7>0 (85)

and thus .

Step 7: Regularity and bounds for n;.. We still have to verify ny,. € C([0,T], L>°(Q2)) for all T > 0.
Now, let T' > 0 and recall that

1 t
ne(t) = ng-(0) + = / (1 —ner — €Pprg — gy + €0l — ny,.)) ds
€Jo

in L2(Q) for all ¢t € [0,7]. Considering a sequence (t,)nen C [0,7], t, — t, we thus arrive at

1| [t tn—t
||ntr(tn) — ntr(t)HLm(Q) S E ‘/ ||1 — Ny — eVPp’rLtr — N + eV"n(l — ntr)HLoo(Q) ds S %C’T —0
t

for n — oo. This proves the assertion.

The claim 9;nq, € C([0,T), L3(Q)) for all T > 0 is an immediate consequence of the last equation in
together with the L?-continuity and L>°-bounds of u, v and ng,.

Next, concerning the bounds @, we recall system and observe that for all € € (0, g]

g0y, = h(ntr) = Rp(pa ntr) - Rn(nantr)a

in the sense of L*(Q), where h(ny = 0) > = > 0 and h(ny = 1) < —1 < 0 uniformly for all non-
negative n and p. Therefore, wherever ny, ;(z) = 0 (or analogous n y(z) = 1), an elementary argument
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proves that ng(t,z) grows (or decreases) linearly in time and decays back to 0 (or 1) at most like
(a + bt)~L. More precisely, we reuse the transformed variable w = pe"? and find

1 s 1 t
Eatntrz{1<1+Tp+”w>ntr}2[1<1+Tp+r+8>ntr]
Tp Tn Do Tp Tn Po

for some constants r and s due to the estimate . Setting 7, := 7, :=1 w.Lo.g., we have

Eﬁtntr Z 1-— (7’:+ 'svt)ntr.

with appropriate 7,5 > 0 independent of €. By observing that the ODE eqy = 1 — (¥ + 5t)y features
the positive nullcline yo(t) = 1/(F 4+ st), which moreover attracts all solution trajectories, standard
comparison arguments (pointwise in x € Q) imply that for all times 7 > 0, there exists a constant
exist positive constants n = n(eg, 7,7, 7p), 0 = 6(Cp,Cp, Kp, K,) and a sufficiently small constant
¥(7, Cp, Cp, Ky, K})) > 0 such that

ne-(t, ) > min{nt, ﬁ} forall t >0 and a.a. x € Q

where nT = 1-&-% such that the linear and the inverse linear bound intersect at time 7.
Finally, the upper bounds @ follow from analog arguments.

Step 8: Lower bounds for n and p. Finally, we prove the bounds . We will only detail the
argument for the lower bound on n, as the bound for p follows in an analog way. Recalling the transformed

equation for w = e"»n (satisfying 7 - Vw = 0 on 99), we estimate

1—7’1157»

dhw =Aw —VV, -Vw+ e (ntr - w) >Aw—VV, -Vw—aw+ cngp, (86)

no

where o« > 0 and ¢ > 0 are positive constants due to the assumptions and e"wny,. > 0.
Next, we use @, i.e. that for all 7 > 0 fixed, there exist constants 1, § and v such that n.(t,x) > nt
forall 0 <t < 7 and a.a. x € Q, while ng,(¢,2) > v/(1 + 60t) for all t > 7 and a.a. = € . Then, by

introducing the negative part (w)_ := min{w, 0} and testing with (w — “7'52)7 for a constant p > 0
to be chosen below, we estimate

jt;/ﬂ(w—lf)zdx:/Q(w—ﬁf)(8tw—ut)dac:/ﬂ

2
(w— ﬂ) ‘(_Aw+vvn-Vw—&—aw—cntr—l—,ut)dm
2

:A(w_lf)_(Aw—VVn'Vw)dx+A (w—%)_

1 pt?\ 2
<— |1 _Le|VwfPde—= | V(w—-") -VV,dz+
/ w§“2'2| w|® dx 2/ (w 5 ) T /

Thus, for 0 <t < 7 when ny,.(t,z) > nt, we have

i f,( ) s [ 1) e |

If we choose ,u(a% + 1) < cn, we obtain

d P22 1y
= Q(LAJ*T)_d‘TS IIAVnIIme)/Q(W*T)_dx'

Hence, since [, (w(O7 33))2_dsc = 0, we deduce from a Gronwall lemma

(w - ,uf)' (—Ow + pt) dx

(aw — enygy + pt) dz

2

(- 15).

(aw — eng + pt) de.

t? t2
(w — %) ‘ <au2 —cnt + ut) dx.

pit*\2
/(w_7> dr =0, forall0 <t <,
Q 2 /-
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which yields in particular w(t, z) > "—;2 forall 0 <t <7 anda.a. z€q.

Moreover, for t > 7 when n,.(t,z) > 77, we test (86) with (w —
chosen below, and estimate similar to above

d1 r 2 r To
%ﬁ/g(w_ 1+0t>7dx_/ﬂ<w_ 1+0t)7 (atw+ (1+9t)2>dx
T N
< - _ . _ 7
< /Q(w 1+9t)7 (Aw VV, - Vw — aw + cnyg, + (1+9t)2)d$
<_/1 lezd:c—l/v(w— I )2-Vde
= )y wSTre 2 /g T+o0t)- """

+/ (w—L) aw — cn _F79 dxr
0 146t/ Taen2)

And as ng,-(t,x) > ﬁ for t > 7, we find

iz ) s (o ) gt

+/ ( _L) r——..~ 1o d
Q YT ave) |\“1rer ‘1ot (1+06t)2 v
d ( r

*dz < AV, L R
- - < - —
dat Jo\“ 1+0t)— v < 1AVl <Q>/Q(“’ 1+0t)_ o

By further reducing either I' or u, we are able to satisfy H% = ”TTZ On the one hand, this implies that

ﬁ)f for a constant I' > 0 to be

Choosing oI’ < ¢, we arrive at

2
Jo (w(T, x) — H_%) dr = 0, which results — by using a Gronwall argument — in

w(t,z) ————] dx=0 for all t > 7
>
/Q( (t,z) 0) x , 11 ,

and, hence, w(t, ¥) > 5; for all t > 7 and a.a. = € Q. On the other hand, the increasing and decreasing
bounds now again intersect at time 7 as desired. O

Acknowledgements. The second author has been supported by the International Research Training
Group IGDK 1754 “Optimization and Numerical Analysis for Partial Differential Equations with Non-
smooth Structures”, funded by the German Research Council (DFG) and the Austrian Science Fund
(FWF): [W 1244-N18].

References

[AliT9] N. D. Alikakos. LP bounds of solutions of reaction-diffusion equations. Comm. Partial
Differential Equations, 4(8):827-868, 1979.

[BeeT5) P. R. Beesak. Gronwall inequalities, volume 11 of Carleton Math. Lecture Notes. 1975.

[Chi00] M. Chipot. Elements of nonlinear analysis. Birkhauser advanced texts. Birkhauser Verlag,
Basel — Boston — Berlin, 2000.

[DF08] L. Desvillettes and K. Fellner. Entropy methods for reaction—diffusion equations: slowly
growing a priori bounds. Rev. Mat. Iberoamericana, 24:407-431, 2008.

[DF14] L. Desvillettes and K. Fellner. Exponential Convergence to Equilibrium for a Nonlinear
Reaction-Diffusion System Arising in Reversible Chemistry. System Modelling and Opti-
mization, IFIP AICT, 443:96-104, 2014.

42



[DFFMO08] M. Di Francesco, K. Fellner, and P. Markowich. The entropy dissipation method for inho-

[FT17]

[GMS07]

[GT77]

[Hal52]
[MHM15]

[MRS90]

[SR52]

[Str93]

[Tay96]

[Wil65]

[WMZ08]

mogeneous reaction—diffusion systems. Proc. Royal Soc. A, 464:3272-3300, 2008.

K. Fellner and B.Q. Tang. Explicit exponential convergence to equilibrium for nonlinear
reaction-diffusion systems with detailed balance condition. Nonlinear Analysis, 159:145-180,
2017.

T. Goudon, V. Miljanovi¢, and C. Schmeiser. On the Shockley-Read-Hall Model: Generation-
Recombination in Semiconductors. SIAM J. Appl. Math., 67:1183-1201, 2007.

D. Gilbarg and N. S. Trudinger. FElliptic partial differential equations of second order.
Springer-Verlag, Berlin — Heidelberg, 1977.

R. N. Hall. Electron-hole recombination in Germanium. Phys. Rev., 87:387, 1952.

A. Mielke, J. Haskovec, and P.A. Markowich. On uniform decay of the entropy for reaction-
diffusion systems. J. Dynam. Differential Equations, 27:897-928, 2015.

P. A. Markowich, C. A. Ringhofer, and C. Schmeiser. Semiconductor Equations. Springer-
Verlag, Wien — New York, 1990.

W. Shockley and W. T. Read. Statistics of the recombinations of holes and electrons. Phys.
Rev., 87:835-842, 1952.

D. Stroock. Logarithmic Sobolev inequalities for Gibbs states. Lecture Notes in Mathematics,
1563:194-228, 1993.

M. E. Taylor. Partial Differential Equation III — Nonlinear Equations, volume 117. Springer
Series Applied Mathematical Sciences, New York, 1996.

D. Willett. A linear generalization of Gronwall’s inequality. Proc. Amer. Math. Soc., 16:774—
778, 1965.

H. Wu, P. A. Markowich, and S. Zheng. Global existence and asymptotic behavior for a
semiconductor drift-diffusion-Poisson model. Math. Models Methods Appl. Sci., 18:443—-487,
2008.

43



	Introduction and main results
	Properties of the equilibrium
	Some technical lemmata
	Two preliminary propositions
	Abstract versions of the EEP-inequality
	EEP-inequality and convergence to the equilibrium

