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Abstract

The Hausdorft distance is a measure of (dis-)similarity between two sets which is widely
used in various applications. Most of the applied literature is devoted to the computation
for sets consisting of a finite number of points. This has applications, for instance, in image
processing. However, we would like to apply the Hausdorff distance to control and evaluate
optimisation methods in level-set based shape optimisation. In this context, the involved
sets are not finite point sets but characterised by level-set or signed distance functions.

This paper discusses the computation of the Hausdorff distance between two such sets.
We recall fundamental properties of the Hausdorff distance, including a characterisation in
terms of distance functions. In numerical applications, this result gives at least an exact
lower bound on the Hausdorff distance. We also derive an upper bound, and consequently
a precise error estimate. By giving an example, we show that our error estimate cannot be
further improved for a general situation. On the other hand, we also show that much better
accuracy can be expected for non-pathological situations that are more likely to occur in
practice.

Keywords: Hausdorff Distance, Signed Distance Function, Level-Set Method, Error
Estimate

1. Introduction

The Hausdorff distance (also called Pompeiu-Hausdorff distance) is a classical measure
for the difference between two sets:

Definition 1. Let A, B C R™. Then the one-sided Hausdorff distance between A and B is
defined as
d(A—>B):supin]f3|x—y|. (1)
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This allows us to introduce the Hausdorff distance:

dy(A, B) = max (d (A — B),d (B — A)) 2)

Email address: daniel.kraft@uni-graz.at (Daniel Kraft)

Preprint submitted to Computational Geometry March 23, 2015



While one can, in fact, define the Hausdorff distance between subsets of a general metric
space, we are only interested in subsets of R" in the following. Note that d (A — B) #
d (B — A) in general, such that the additional symmetrisation step in is necessary. For
instance, if A C B, then d (A — B) = 0 while dy(A4,B) = d(B — A) > 0 unless A = B.
Since the Euclidean norm || is continuous, it is easy to see that and thus also dy is not
changed if we replace one or both of the sets by their interior or closure. The set of compact
subsets of R™ is turned into a metric space by dy. For some general discussion about the
Hausdorff distance, see subsection 6.2.2 of [I]. The main theoretical properties that we need
will be discussed in in more detail.

Historically, the Hausdorff distance is a relatively old concept. It was already introduced
by Hausdorff in 1914, with a similar concept for the reciprocal distance between two sets
dating back to Pompeiu in 1905. In recent decades, the Hausdorff distance has found plenty
of applications in various fields. For instance, it has been applied in image processing [2],
object matching [3], face detection [4] and for evolutionary optimisation [5], to name just a
few selected areas. In most of these applications, the sets whose distance is computed are
finite point sets. Those sets may come, for instance, from filtering a digital image or a related
process. Consequently, there exists a lot of literature that deals with the computation of the
Hausdorff distance for point sets, such as [6]. Methods exist also for sets of other structure,
for instance, convex polygons [7].

We are specifically interested in applying the Hausdorff distance to measure and control
the progress of level-set based shape optimisation algorithms such as the methods employed
in [§] and [9]. In particular, the Hausdorff distance between successive iterates produced by
some descent method may be useful to implement a stopping criterion or to detect when a
descent run is getting stuck in a local minimum. For these applications, the sets A and B
are typically open domains that are described by the subzero level sets of some functions.
To the best of our knowledge, no analysis has been done so far on the computation of the
Hausdorff distance for sets given in this way. A special choice for the level-set function of a
domain is its signed distance function:

Definition 2. Let 2 C R™ be bounded. We define the distance function of () as

do(z) = inf |z —y|.

Note that do(x) = 0 for all z € . To capture also information about the interior of €, we
introduce the signed (or oriented) distance function as well:

B do(z) = &Q
sda(z) = { —dgma(z) T€Q

See also chapters 6 and 7 of [I]. Both dg and sdg are Lipschitz continuous with constant 1.

If the signed distance function of €2 is not known, it can be calculated very efficiently
from an arbitrary level-set function using the Fast Marching Method [10]. Conveniently, the
Hausdorff distance can be characterised in terms of distance functions. It should not come



as a big surprise that this is possible, considering that the distance function dg(x) appears
on the right-hand side of . This is a classical result, which we will recall and discuss in
For numerical calculations, though, the distance functions are known only on a
finite number of grid points. In this case, the classical characterisation only yields an exact
lower bound for dy (A, B). The main result of this paper is the derivation of an upper bound
as well, such that the approximation error can be estimated. This result will be presented in
We also give an example to show that our estimates are sharp. However, we will
also show that much better estimates can be achieved for (a little) more specific situations.
Since these situations still cover a wide range of sets that may occur in practical applications,
this result is also useful. [Subsection 3.3| gives a comparison of the actual numerical error for
some situations in which dy (A, B) is known exactly. We will see that these results match
the theoretical conclusions quite well.

Note that our code for the computation of (signed) distance functions as well as the
Hausdorff distance following the method suggested here has been released as free software.
It is included in the level-set package [I1] for GNU Octave [12].

2. Characterising dg in Terms of Distance Functions

Let A, B C R™ be two compact sets throughout the remainder of the paper. In this case,
it is easy to see that compactness implies that the various suprema and infima in [Definition 1

and are actually attained:

Lemma 1. For each x € R™ there exist y;,y2 € A such that sda(z) = |z — 1| and da(z) =
|z — 1.

Furthermore, there also exist x € A and y € B such that d (A — B) = |x — y|. This, of
course, implies that dy (A, B) can also be expressed in a similar form.

2.1. Distance Functions

One may have the idea to “characterise” the sets A and B via their distance functions d 4
and dp from Since the distance functions are part of the Banach space C'(R"™)
of continuous functions, the norm on this space can be used to define a distance between A
and B as ||da — dg|| . We will now see that this distance is equal to the Hausdorff distance

defined in [Definition 1k

Theorem 1. For each x € R", the inequality
|da(z) — dp(z)| < du(A, B) (3)
holds. More precisely, one even has

du(A, B) = ||da — dpl|, = sup |da(x) — dp(7)]. (4)
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Proof. This is a classical result, which is, for instance, given also on page 270 of [I]. Since
the argumentation there contains a small gap, we provide a proof here nevertheless for
convenience.

Assume first that € A. In that case, da(z) = 0 such that |da(x) — dp(z)| = dp(z).
Since

dy(A,B) > d(A — B) =supdg(y) > dg(z),
yeEA

the estimate follows. A similar argument can be applied if x € B. Thus, it remains to
consider the case z € R™\ (AU B). According to [Lemma 1] we can choose y € B with
dp(x) = |z — y|. There also exists z € A such that d4(y) = |z — y|. Then|(3)| follows, since

da(r) —dp(x) < |z —z[ =z —y[ < |z —y| = daly) < d(B = A) <du(A, B).

To show also [(4)] let us assume without loss of generality that dy(A, B) = d (A — B).
But since
d(A = B) = supdp(z) = sup |da(z) = dp(2)| < ||da — dpl|, , (5)

T€A T€A

the claim follows. O

forms the foundation for the remainder of our paper: It gives a representation
of the Hausdorff distance in terms of the distance functions. Furthermore, it is also easy
to actually ewvaluate this representation in practice. In particular, if d4 and dg are given
numerically on a grid, one can just consider |d(x;) — dg(z;)| for all grid points z;. The
largest difference obtained in this way is guaranteed to be at least a lower bound for di (A, B).
If the maximising point for is not a grid point, however, we can not expect to get equality
with the Hausdorff distance. will be devoted to a discussion of the possible error
introduced in this way.

It is sometimes convenient to use not the Hausdorff distance itself, but the so-called
complementary Hausdorff distance dg(R" \ A, R™ \ B) instead. (Particularly when dealing
with open domains in applications.) See, for instance, [13]. In this case, our assumption
of compact sets is not fulfilled any more, since the complements are unbounded if the sets
themselves are bounded. However, one can verify that [Lemma 1| and [['heorem 1| are still
valid also for this situation.

2.2. Signed Distances

We turn our focus now to signed distance functions: Since sd4 and sdp are in C'(R")
as well, also ||sdq — sdpl|,, can be used as a distance measure between A and B. See also
subsection 7.2.2 of [I]. This distance is, however, not equal to dy (A, B):

Example 1. Let 0 < r < R be given, and define A = B (0), B = A\ B, (0). This situation
is depicted in [Figure 1| Then dy(A, B) = d (A — B) = r, as highlighted in the sketch with
the red line. On the other hand, sd4(0) = —R while sdz(0) = r. Hence,

lsda —sdgll, > [sda(0) —sdp(0)| = R+1r>r =dy(A,B).



Figure 1: Sketch for the situation of The dark ring is B = AN B, while the inner circle is A\ B.
The red line shows the Hausdorfl distance between A and B.

In fact, one can show that ||sda — sdp||, induces a stronger metric between the sets than
either the complementary or the ordinary Hausdorff distance alone:

Theorem 2. Let z € R™. Then
|sda(z) — sdp(x)| = |da(x) — dp(x)| + |drma(z) — dzmyp(z)| . (6)
Consequently, also

max (d(A, B), dg(R*\ A, R"\ B)) < ||sd4 — sdp]||

< du(A, B) + dg(R*\ A, R"\ B). (7)

Proof. Choose x € R" arbitrary. If x € AN B, then
|da(z) = dp(@)| = 0, |dgma(z) — dro\p(2)| = [sda(z) — sdp(z)].
This implies the claim. For z € A\ B instead, we get

|da(z) — dp(z)]
|dem\a(2) = din\(2)| = droya(2),
|sda(z) —sdp(x)| = drma(z) + dp(x).

Taking these together, we see that the claim is satisfied also in this case. The two remaining
cases can be handled with analogous arguments. follows by taking the supremum over
r € R"in @ O

Unfortunately, equality does not hold in general for the right part of This is due to
the fact that taking the supremum in[(6)| may yield different maximisers for |d4(z) — dp ()]
and |an\ Alx) — drmy B(m)|. One can also construct a simple example where this is, indeed,
the case:



R\ A

B R\ B
(a) A and B themselves. (b) R\ A and R\ B.

Figure 2: The situation of The red line highlights the Hausdorff distance between A and B
(left), as well as their complements (right).

Example 2. Choose A = [0,1] and B = [0, 3]. Then dy (A, B) = 2, while dg(R\ A, R\ B) =
3. For the signed distance functions, we have [|sd4 — sdp||,, = 2. See also [Figure 2, which
sketches this situation.

That ||sda — sdg||, is strictly stronger than dy (A, B) also manifests itself in the induced
topology on the space of compact subsets of R™:

Example 3. Let A =[—1,1]. For k € N, we define

11
Ar=A\(——,-].
o= AN ( k’ k:)
This defines a compact set Ay C A for each k. Furthermore, dy(A, Ax) = % —0as k — 0.

In other words, A, — A in the Hausdorff distance. However, sd4(0) = —1 while sd4, (0) = ;.
In particular, sd4, # sda.

Example 3| implies also that the reverse of
||SdA — SdBHoo S C . dH(A, B),

can not hold for any constant C'. Thus, one really needs both the ordinary and the com-
plementary Hausdorff distance to get an upper bound on |sd4 —sdgl|.. In other words,
du(A, B) and ||sda — sdg||,, are not equivalent metrics. Compare also example 2 in [I3]:
There, it is shown that the topologies induced by the ordinary and the complementary
Hausdorff distance are not the same. This is done with a construction similar to [Example 3|

2.8. The Maximum Distance Function

In the final part of this section, we would like to introduce another lower bound for
dy(A, B). This additional bound may improve the approximation of dg(A, B) if we are
not able to maximise over all x € R™ but only, for instance, grid points. However, we
ultimately come to the conclusion that this bound is probably not very useful for a practical
computation of dy (A, B). This will be discussed further at the end of the current subsection.
Hence, we will not make use of the results here in the later [Section 3| Since the concepts
are, nevertheless, interesting at least from a theoretical point of view, we still give a brief
presentation here. As far as we are aware, these results have not been discussed in the
literature before.



Our initial motivation is the following: We have seen in that the Hausdorff
distance dy (A, B) can be expressed as ||[da — dpl|,,. On the other hand, |sda —sdg||,
gives not the Hausdorff distance. If we are given sdy and sdg for the computation, this
is unfortunate. While it is, of course, trivial to get d4 and dp from the signed distance
functions, this process throws away valuable information. In particular, the information
from the signed distance functions at points inside the sets can not be used. By defining yet
another type of “distance function”, which now gives the mazimal distance to any point in
a set, we get rid of this qualitative difference between interior and exterior points:

Definition 3. Let 2 C R™ be bounded. The mazimum distance function of ) is then

mdg(x) = sup |z — y|. (8)
yeN

Since (2 is bounded, this is well-defined for any z € R"™. If 2 is compact in addition, an

analogous result to holds.

Indeed, mdg, is always non-negative (assuming € # )). For mdg(z), it does not immedi-
ately matter whether x € ) or not. Furthermore, also the maximum distance function gives
a lower bound on the Hausdorff distance, similar to|(3)|

Theorem 3. Let A, B C R” be compact and choose x € R" arbitrarily. Then
md4(z) — mdg(x)| < dg(A, B).

Proof. The proof is similar to the proof of [Theorem I} Let x € R™ be given. There exist
y € B with mdp(z) = | — y| and z € A with da(y) = |y — z|. Note that dy(A, B) > |y — z|
and md(z) > |z — z|. Thus

mdg(x) —mda(z) < |z —y|— |z — 2| < |y — 2| < dy(A, B).

This completes the proof if we apply the same argument also with the roles of A and B
exchanged. O

Unfortunately, the analogue of |(4)| does not hold. In fact, it is possible that md 4 = mdpg
everywhere on R™ but the sets A and B are quite dissimilar. Such a situation is depicted in
Figure 3 Due to the “outer ring”, which is part of A N B, the maximum in is always
achieved with some y from this ring. A typical situation is shown with the point  and the red
line, which highlights its maximum distance to both A and B. Consequently, md, = mdpg
and the differences between A and B inside the ring are not “seen” by the maximum distance
functions at all. Thus, we have to accept that |mds — mdg|| < duy(A, B) can be the case.

The situations where the maximum distance functions actually carry valuable information
(as opposed to are actually similar to those characterised in . For such
situations, the additional information in md, and mdg could, indeed, be used to improve
the approximation of dy (A, B). However, as we will see below in , those are also
the situations where alone already gives a very close estimate of dy(A, B). In these
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Figure 3: In the shown situation, md4 = mdpg while A and B are clearly not the same sets. Dark regions
are AN B, while lighter regions are A or B alone. The red line highlights the maximum distance md 4(z) =
mdp(x) for some generic point x.

cases, we are not really in need of additional information. On the other hand, for situations
like also the approximation of dy(A, B) from grid points is actually difficult and
extra data would be very desirable. But particularly for those situations, the maximum
distance functions do not provide any extra data! Furthermore, it is not clear how mdy4
and mdp can actually be computed from, say, the level-set functions of A and B. It seems
plausible that those functions are the viscosity solutions of an equation similar to the Eikonal
equation, and so it may be possible to develop either a Fast Marching scheme or some other
numerical method. However, since we have just argued that we do not expect a real benefit
from the usage of the maximum distance functions in practice, the effort involved seems not
worthwhile. For the remainder of this paper, we will thus concentrate on [I'heorem 1| as the
sole basis for our numerical computation of dy(A, B).

3. Estimation of the Error on a Grid

With the basic theoretical background of let us now consider the situation
on a grid. In particular, we assume that we have a rectangular, bounded grid in R™ with
uniform spacing h in each dimension. (While it is possible to generalise some of the results
to non-uniform grids in a straight-forward way, we assume a uniform spacing for simplicity.)
We denote the finite set of all grid points by N, and the set of all grid cells by C. For each
cell ¢ € C, N(c) is the set of all grid points that span the cell (i. e., its corners). For example,
for a k x k grid in R? that extends from the origin into the first quadrant, we have

C = {Cij | Z,] = ]_, ey k? — ].}, N(Cz‘j> = {xi—l,j—h xi,j—17 xij; xi—l,j} .



Let us assume that we know the distance functions of A and B on each grid point, i. e.,
da(x) and dp(x) for all x € N. We furthermore assume that these values are known without
approximation error. This is, of course, not realistic in practice. However, the approximation
error in describing the geometries and computing their distance functions is a matter outside
the scope of this paper. Finally, let us also assume that the grid is large enough to cover the
sets. In particular: For each y € AU B, there should exist a grid cell ¢ € C' such that y is
contained in the convex hull co (N(c)) of the corners of ¢. If this is not the case, the grid is
simply inadequate to capture the geometrical situation.

3.1. Worst-Case Estimates

In order to approximate dy (A, B) from the distance functions on our grid, we make use
of . In particular, we propose the following straight-forward approximation:

du(A, B) ~ d(A, B) = max |da(x) — dp(x) (9)

From , we know that this is, at least, an exact lower bound. However, in general an
approximation error

0<6= ‘dH(A, B) — d(A, B)‘ — du(A, B) — d(A, B)

will be introduced by using @ This is due to the fact that we only maximise over grid
points. The real maximiser of the supremum in , on the other hand, may not be a grid
point.

Let us now analyse the approximation error 0. We have seen in the proof of
that

du(A, B) = sup |da(y) —dp(y)| =max sup [da(y) —dp(y)|.
yEAUB c€C yeco(N(c))

Note that this is still an exact representation, with no approximation error introduced so far.
We have just split up the supremum over AU B into grid cells, but we still take into account
all points contained in a grid cell, not just its corners. This is achieved by using the convex
hull co (N(c)) instead of the finite set N(c) alone. On the other hand, the approximation
@ can be formulated as

d(A, B) = max max |da(x) —dg(z)].

ceC zeN(c)

Comparing both equations, we see that the approximation error ¢ is introduced precisely
by the step from co (N (c)) to N(c). We can now formulate and prove a very general upper
bound on dy (A, B):

Theorem 4. Let z € N be a grid point and y € R" be arbitrary. We set

_f Jz—yl zeA



For a cell ¢ € (', we define furthermore

d(c)= sup min (|da(x) —dp(z)| + t(z,y)). (10)
yEco(N(c)) TEN ()
Then 3
d(A — B) < max d(c).
ceC!(A)
Here, C"(A) = {c € C'| co(N(c)) N A # (0} is the set of all grid cells which contain some part
of A.
Similarly, d (B — A) and thus dy (A, B) can be estimated.

Proof. We will show that

sup |da(y) — dp(y)| < d(c)
yEANco(N(c))
for each ¢ € C. The claim then follows from [(5)} So choose ¢ € C, y € ANco(N(c)) and
x € N(c). It remains to verify that

|da(y) — dp(y)| = dp(y) < |da(z) — dp(z)| + t(z,y).

Assume first that © € A. Since dp has Lipschitz constant 1, we really get
|da(z) — dp(z)| +t(z,y) = dp(z) + |z — y| > dB(y)

in this case. Assume now z ¢ A. Since y € A and thus d4(y) = 0, Lipschitz continuity of
d 4 implies that d4(x) < |z — y|. Using this auxiliary result, we get that also in this case

|da(z) — dp(z)| + t(z,y) 2 dp(z) — da(z) + 2|z — y| = dp(z) + |z — y| = dp(y).
Hence, the claim is shown. O

Even though the formulation of is complicated, the idea behind it is quite
simple: Since the distance functions are Lipschitz continuous, also the function |ds — dp|,
which we have to maximise over co (N (c)) for each grid cell, is Lipschitz continuous. This
allows us to estimate the maximum in terms of the function’s values at the corners (which are
known). We are even allowed to try all corners and use the smallest resulting upper bound.
This is what happens in . Furthermore, the Lipschitz constant depends on whether or
not the corner is in A. (If it is, d4 vanishes, which reduces the Lipschitz constant to just
that of dp. Otherwise, we have to use 2 as the full Lipschitz constant of |d4 — dg|.) This is
the role that ¢(z,y) plays. It gives the “distance” between z and y based on the applicable
Lipschitz constant.

Coupled with the fact that cz(A, B) is a lower bound for the exact Hausdorff distance,
the upper bound in allows us now to estimate 6. However, evaluating is
difficult and expensive in practice (although it can be done in theory). Hence, we will now
draw some conclusions that simplify the upper bound. As a first result, let us consider the
worst case where x ¢ A for all corners x € N(c) of some cell:

10



Corollary 1. implies for the error estimate:
§<+n-h

Proof. Let ¢ € C be some grid cell and y € co (N(c)). Then there exists x € N(c) such that

-h
t(w)ﬂ\x—y\gzﬁz — Vii-h

This is simply due to the fact that the grid cell’s longest diagonal has length \/n - h. Con-
sequently, in the worst case the nearest corner x has half that distance to y. Hence also

min (|da(x) —dp(z)| + t(z,y)) < max |da(z) — dp(x)| + min t(z,y)
z€N(c) zE€N(c)

€N (c)
< max |da(z) — dp(x)| + v/n - h.
€N (c)

This estimate can be used for d(c) from |(10), Hence, implies

d(A — B) < max maX) da(z) — dp(z)|+vn-h=d(A,B)++vn-h.

ceC zeN(c
Since the same estimate also works for d (B — A), the claim follows. O

Taking a closer look, though, the worst-case situation considered above is quite strange.
In principle, it can happen that there is some cell ¢ with ANco (N(c)) # 0 but for which all
corners are not in A. Such a situation is depicted in [Figure 4 However, in practice such a
case is very unlikely to occur. In particular, assume that we describe the set A by a level-set
function ¢, and that ¢(x) > 0 for all corners x € N(c) of some grid cell c. In that case,
there is no way of knowing whether, in reality, there is some part of A inside the cell or not.
The grid is simply too coarse to “see” such geometric details. Consequently, it makes sense
to assume the simplest possible situation, namely that ANco (N(c)) = 0 for all such cells c.
Thus, we make the following additional assumption:

Definition 4. Consider grid cells ¢ € C such that ¢ A for all corners z € N(c). If
co (N(c)) N A =0 for all those ¢, the grid is said to be suitable for A.

In the case of a suitable grid (for both A and B), we get the “reduced Lipschitz constant”
in for at least one corner per relevant cell. This allows us to lower the error estimate:

Corollary 2. Let the grid be suitable for A and B. Furthermore, we introduce the dimen-
sional constant

A, = supmin <\y],min2|x—y|> . (11)
yeQ reN'
Here, @ ={y e R" |0 <y; <1forall:=1,...,n} is the unit square, and
N ={zeR"|z; €{0,1} foralli=1,...,n}\ {0}

is the set of its corners except for the origin. Then,

0 <A, -h.

11



Figure 4: A possible pathological situation where the grid is not suitable for A.

Proof. Let ¢ € C be a cell with co (N(c)) N A # (. Since the grid is assumed to be suitable,
we know that there exists at least one corner zy € N(c) with xy € A. Hence, for arbitrary
y € co(N(c)),

min t(z,y) < min — 29|, min 2ly—zx|| <A,-h
i (@, y) (‘y 0l e a2 |)

With this, the claim follows as in the proof of [Corollary 1} O

The most difficult part of is probably the strange dimensional constant A,
defined in[(11)] This constant replaces the functions ¢(z, ) for # € N(c). It can be interpreted
like this: Let spherical fronts propagate starting from all corners of the unit square ). The
front starting at the origin has speed 1, while the other fronts have speed 1/2. Over time,
the fronts will hit each other, and will reach all parts of Q). A, is precisely the time it takes
until all points in () have been hit by at least one front. For the case n = 2, these arrival
times are shown in [Figure 5al The correct value of A, is the maximum attained at both
spots with the darkest red (one in the north and one in the east). shows the
maximising points (red and black) over the unit cube for n = 3. Since the expression that
is maximised in is symmetric with respect to permutation of the coordinates, there are
six maximisers. The highlighted one sits at the intersection of the spheres originating from
the three corners marked in blue. Based on these observations and some purely geometrical
arguments, one can calculate

2 2 2
A1:§m0.67, A2:§\/5—\/7z1.02, Agzg 8 — V19 ~ 1.27.

These constants are a clear improvement over the estimate of In fact, the bound
in is actually sharp. To demonstrate this, we will conclude this subsection with
an example in two dimensions that really attains the maximal error 6 = Ay - h:

Example 4. For simplicity, assume h = 1. We consider the situation sketched in [Figure 6
Observe first that all grid points except a, b, ¢ and d are part of AN B, and thus d4 = dg =0
for them. Consequently, we only have to consider those four points in order to find J(A, B).
For symmetry reasons, it is actually enough to concentrate only on a and b. The point

12



(a) Arrival times for As.

(b) Maximising points for As.

Figure 5: The computation of Ay and Ag from the maximisation of the arrival times over Q.
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p corresponds to the position with maximal arrival time, as seen also in [Figure 5al It is
characterised by requiring

.
Ia—plzld—p|=§7 b—pl=lc—p|l=r (12)

Solving these equations for the coordinates of p and the radius r yields

p= (8_6\/7, %), ng\/5—\/?.

Note specifically that » = As. (In fact, a construction similar to this one can be used to
calculate Ay in the first place.) The relations can also be seen in the sketch: The dotted
circle has radius r and centre p. The points b and ¢ lie on it. The two smaller circles (which
define the exclusion from A) have centres a and d with radius r/2, and p lies on both of
them.

B is chosen in such a way that p is also at the centre of its hole. Consequently, p is the
point in A that achieves dy (A, B) = d(A — B) = dg(p). This is indicated by the red line.
Let us also introduce p as the width of the small ring between the dotted circle and the dark
region. Then p = dg(b) and dy (A, B) = r + p. Furthermore, note that

Hence,

d(A, B) = |da(a) — dp(a)| = |da(b) — dp(b)| = p.
This also implies that 6 = r = A, - h, which is, indeed, the largest possible bound permitted
by Corollary 2

3.2. Quadratic Convergence

As we have promised, the situation from shows that one can not, in general,
expect a better error estimate than [Corollary 2| However, considering |Figure 6 we also
observe that the situation there is quite strange. Thus, there is hope that we can get
stronger estimates if we add some more assumptions on the geometrical situation. This is
the goal of the current subsection. It will turn out in[Theorem 5|that this is, indeed, possible.
Consider, for example, [Figure 7al There, dy(A, B) = d(A — B) = |z — y|. Furthermore,
all points z along the external black line satisfy |d4(z) — dg(z)| = | — y|. Consequently, all
those points are maximisers of . If a grid point happens to lie somewhere on this line,
d(A, B) is exact. But even if this is not the case (as shown in the figure), |ds — dp| will be
very close to |z — y| for grid points that are far away from the sets and close to the line.
In all of these cases, we can expect d(A, B) to be much closer to dg (A, B) than the bounds
from the previous [Subsection 3.1] tell us. Furthermore, the estimate will be more precise the
further away we can go on the external line. Two conditions determine how far that really
is: First, of course, the size of our finite grid is a clear restriction. Second, we need that
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Figure 6: The situation considered in The dark region is AN B, the lighter part inside the circle
is A\ B. The red line indicates the Hausdorff distance dg (A, B) = d (A — B).

da(z) = |z — x| and dp(z) = |z — y| for the points z on the external line that we consider.
This means that x and y must be the closest points to z of the sets A and B, respectively.
The latter is a purely geometrical condition on A and B, and is not related to the grid. Let
us formalise it:

Definition 5. Assume that dy(A,B) = d(A— B) = |z —y| > 0 with x € A and y € B.
Let r >0 and set d = (z —y)/|x —y| as well as c =z + rd and R = r + dg(A, B). We say
that A and B admit an external Hausdorff distance with radius r if

B ()NA={z}, Ba(onB=1{y}. (13)

The condition in [Definition 5| is quite technical, but we will see later in
that, for instance, convex sets satisfy it for arbitrary radius r. Furthermore, even for non-
convex sets, an external Hausdorff distance with some restriction on the possible » may be
admissible. See, for instance, the situation in A possible choice for r and ¢ is
shown there. (The furthest possible ¢ is at the end of the black line.) The dotted circles are
B, (¢) and Bpg (c). One can see that the inner one only touches A at z, and the outer one
does the same with B at y. This is the geometrical meaning of Due to this property,
we know that da(c) = |c — x| and dg(c) = |c — y|. One can also verify that the condition
gets strictly stronger if we increase r. In other words, if an external Hausdorff distance
with r is admissible, this is automatically also the case for all radii s < r.
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(a) The external line with dg (A4, B) = |da — dp|.  (b) External Hausdorff distance with a restricted r.

Figure 7: The situation of external Hausdorff distance from |Definition 5| The red line always indicates the
Hausdorff distance dy (A, B) = d (A — B). The dark regions are, as always, A N B, while the lighter parts
are A or B alone.

We believe that will be satisfied in a lot of typical situations arising from
applications. As such, it makes sense to see if we can formalise the motivating argument
about better error bounds for this situation. In fact, we can:

Theorem 5. Let A and B admit an external Hausdorff distance with » > 0. Let h be the
grid spacing, and assume that the grid is chosen large enough. Then, for h — 0,
n h?
§<——+0(h). 14
UG (11

Proof. We use the same notation as in[Definition 5| In particular, let dy(A, B) = d (A — B) =
|z — y| with z € A and y € B. We also use ¢ and R as in the definition. If z is a point next
to the straight line x—c, we can project it onto this line. Let the resulting point be called ¢/,
then ¢~z and z—¢—z are right triangles. This situation is shown in [Figure 8 According

to the sketch, we set
p=R—1|z—c/=R—Va*+ .
Note that the dotted circle, B, (z), is entirely contained in Bg (c). By , this implies that
dp(z) > p. Since x € A, we also know d4(2) < |z — x| = 1/b? + (r — a)?. Both inequalities
together yield
d(A, B) > |da(z) — dp(2)| > dp(z) — da(z) > R — Va? + b — /0> + (r — a)>.

(Assuming that z is a grid point.) On the other hand, since we have an external Hausdorff
distance, also

du(A, B) = |da(¢) = dp()| = dp(¢) —da(c) = (R—a) = (r —a)
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Figure 8: Deriving the bound |(15)|in the proof of

holds. Hence,
0 =dy(A,B)—d(A,B) < VP2 + a2 —a+\/B+(r—a)?—(r—a). (15)

So far, z was just an (almost) arbitrary grid point. We will now try to choose it in a
way that reduces the bound on ¢ as much as possible. For this, observe that contains
two terms of the form s +— (v/b% 4+ s2 — s) and that this function is decreasing in s. Thus, in
order to get a small bound, we would like to choose both values of s, namely a and r — a,
as large as possible. Consequently, we want a ~ r/2. Let m = (¢ + x)/2 be the precise
midpoint between ¢ and z. Since \/n - h is the longest diagonal of the grid cells, there exists
a grid point z € N with |m — z| < y/n/2-h. Choosing ¢ as the projection of z onto the line
x—c as before, this implies that
r—+n-h

2 Y

—Jn-h
a>-—|m-d|> 2%, b:|z—c'|§\/7ﬁh.

N3

(Since |m — z|> = |m — > 4 |z — ¢|?, not all of these estimates can be sharp at the same
time. It may be possible to refine them and get smaller bounds below, but we do not attempt
to do that for simplicity.) Substituting in yields

5 < \Jn? + (r = v/n- B2 = (r = Vi h).

Series expansion of this result for A — 0 finally implies the claimed estimate |(14)]

]

A particular situation, in which [Definition 5|is satisfied, is that of convez sets (see
lure 7a)). For them, [(14)| holds with arbitrary r as long as the grid is large enough to accom-

modate for the far-away points:

Corollary 3. Let A and B be compact and convex. Then A and B admit an external
Hausdorff distance for arbitrary r > 0. Consequently, applies for all r for which the
grid is large enough.
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Figure 9: Sketch for the proof of [Corollary 3

Proof. We exclude the trivial case A = B, since is obviously fulfilled for that situation
anyway. Assume without loss of generality that dy(A,B) = d(A — B). Let z € A and
y € B be given with d(A — B) = |z —y| > 0 according to Choose r > 0
arbitrarily and let ¢ be as in [Definition 5|
The assumption d (A — B) = dg(z) = |r — y| means that y is the closest point in B to
x. In other words, B, (xz) N B = (), where we have set s = |z — y| for simplicity. This is
depicted with the dotted circle (which is outside of B) in [Figure 9| The dotted lines indicate
half-planes perpendicular to the line x—y and through x and y, respectively. Assume for a
moment that we have some point z € B that is “above” the “lower” half-plane. Due to
convexity of B, this would imply that the whole line z—y must be inside of B. This, however,
contradicts By ()N B = () as indicated by the red part of z—y. Hence, the half-plane through
y separates B and x. Similarly, we can show that the half-plane through = separates A and
c: Assume that 2/ € A is “above” this half-plane. Then dp(2’) > s must be the case, as
shown by the blue line. But this is a contradiction, since dg(z’) < d(A — B) = s for all
Zz' € A. These separation properties of the half-planes, however, in turn imply . Thus,
everything is shown.
O

3.83. Numerical Demonstration

To conclude our discussion about the error estimates on a grid, let us give a numerical
demonstration of the presented results. The situation that we consider is depicted schemat-
ically in We have an “outer ring” which is part of both A and B, and an inner
circle (corresponding to A\ B) is placed within. Note that this is already a situation where
we have non-convex sets. For the inner circle at the origin as in no external
Hausdorff distance is admissible. This is due to the fact that the point x € A that achieves
dy(A,B) = d(A — B) = dg(z) is in the interior of A. If we displace the inner circle,
the point x will be on the boundary as soon as the origin is no longer part of A. In these
situations, we have an external Hausdorff distance with a restricted maximal radius . This
is indicated in [Figure 10Dl In our calculations, the outer circle has a radius of 9, and the
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) Inner circle at the origin. b) Displaced inner circle.

Figure 10: The example situation (schematically) used for [Subsection 3.3l We have a dark “outer ring”
AN B and a smaller circle A\ B that is inside. The Hausdorff distance dy (A, B) = d (A — B) is indicated

with the red line. In right plot, the external line with |d4 — dg| = dy (A4, B) is also indicated.

inner circle’s radius is 1. shows other proportions since this makes the figure
clearer. However, qualitatively, the situations shown are exactly those that will be used in
the following.

Let us first fix the grid size h and consider the effect of moving the inner circle. The
approximation error ¢ of the exact Hausdorff distance is shown (in units of h) in [Figure 11]
The blue curve shows § under the assumption that sd 4 and sdg are known on the grid points
without any approximation error. This is the situation we have discussed theoretically above.
The red curve shows the error if we also compute the signed distance functions themselves
using the Fast Marching code in [IT]. This is a situation that is more typical in practice,
where often only some level-set functions are known for A and B. They are, most of the
time, not already signed distance functions. Note that the grid was chosen such that the
origin (and thus the optimal x for small displacements) is at the centre of a grid cell and
can not be resolved exactly by the grid. This yields the “plateau” in the error for small
displacements. However, as soon as external Hausdorff distances are admitted, the observed
error falls rapidly in accordance to [['heorem 5| The “steps” in the blue and red lines are
induced by the grid spacing. The black curve shows the expected upper bound, which is
given by As for small displacements and by for larger ones. (For our example situation,
the maximum allowed radius r in can be computed exactly.) One can clearly
see that the theoretical and numerical results match very well in their qualitative behaviour.

shows how the error depends on the grid spacing h. The blue and red data is
as before. In the upper [Figure 12a] the inner circle is at the origin. This is the situation

of [Figure 10a, and corresponds to the very left of the curves in [Figure 11 Here, the upper
bound of applies and is shown with the black curve. The convergence rate
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Figure 11: Error § (relative to h) for a situation similar to [Figure 10, The blue curve is based on exact
signed distance functions. For the red curve, sdy and sdp were approximated as well. Black shows a

combination of the error estimates from |Corollary 2| (small displacement) and (where applicable for
larger displacements). The z-axis shows how far the inner circle is moved away from the origin.
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corresponds to O (h), which can be seen clearly in the plot. On the other hand, the lower
shows how & behaves if we have an external Hausdorff distance. It corresponds
to the very right in [Figure 11 with the inner circle displaced from the origin similarly to
[Figure 10b] Here, [Theorem 5| implies O (h?) convergence. Also this is, indeed, confirmed
nicely by the numerical calculations. (While both plots look similar, note the difference in
the scaling of the y-axes!)

4. Conclusion and Outlook

In this paper, we have discussed the relation between the Hausdorff distance dy (A, B) of
two sets and their (signed) distance functions. This allowed us to state a method for com-
puting dy (A, B) based on these distance functions d4 and dg. They can be easily computed,
for instance, if the sets themselves are described in a level-set framework. Furthermore, we
were able to analyse the approximation error made if the distance functions are only known
on a finite grid (which is mostly the case in applications). To the best of our knowledge,
such an error analysis has not been carried out before. We were able to derive a general and
sharp estimate in [Corollary 2| For the more regular situation characterised in [Definition 5|
our result of implies an even lower error bound: In this case, the error is at most
O (h?), where h is the grid spacing. Numerical calculations in [Subsection 3.3/ have confirmed
the shown bounds. Nevertheless, there remain a lot of areas open for further investigations.
In particular, we believe that the following open questions would be interesting targets of

further research:

e Can the maximum distance functions introduced in [Subsection 2.3 be calculated nu-
merically in an easy and efficient way? Even though we argued that they are probably
not a good way to improve numerical calculations of dg(A, B), there may still be a
use. It is also possible that our initial assessment is wrong, and that one can actually
use mdy and mdpg (or some variants of this concept) to compute dy (A, B) with higher
accuracy.

e We have not given a general formula for the constants A,, in arbitrary space dimensions.
While cases with n > 3 are, arguably, not so important, it could still be interesting
to consider a general dimension n. It is probably not too hard to devise a method of
assembling the system of equations that characterises A,, similarly to |(12)}

e Going even further, is it possible to find an efficient algorithm to evaluate |(10) in a
general situation? If this was possible, one could exploit directly instead
of resorting to approximations like |Corollary 2| This is particularly interesting, since
it would allow to couple information about |d4(x) — dp(x)| on the corners z of a grid
cell with the corresponding Lipschitz constants in ¢(x,-). Doing this on a per-cell basis
could improve the error bounds even further for an actual computation.

e Finally, one can also try to improve the error bound shown in [Theorem 5 As we
have pointed out in the proof, some estimates applied there are quite rough. They can
probably be improved with a more detailed analysis.
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Figure 12: Dependence of the error d on the grid spacing h. The three data series are as in
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