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Abstract

Motivated by the termination of undesirable arrhythmia, a time optimal control formula-
tion for the monodomain equations is proposed. It is shown that, under certain conditions,
the optimal solutions of this problem steer the system into an appropriate stable neighbor-
hood of the resting state. Towards this goal, some new regularity results and asymptotic
properties for the monodomain equations with the Rogers-McCulloch ionic model are ob-
tained. For the numerical realization, a monolithic approach, which simultaneously optimizes
for the optimal times and optimal controls, is presented and analyzed. Its practical realiza-
tion is based on a semismooth Newton method. Numerical examples and comparisons are
included.
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1 Introduction and problem formulation

This work is focused on time optimal control of the monodomain equations. This reaction
diffusion equation is a simplified version of the bidomain equations which were developed in
the late 1970’s and which, in conjunction with different ionic models, provide the description
of the electrophysiological activity of the heart [32]. The monodomain equations are a reaction
diffusion system consisting of a partial differential equation for the electrical potential coupled
with an ordinary differential equation describing the ionic variables. They allow for challenging
wave phenomena which physiologically correspond to undesired arrhythmias. We introduce a
control mechanism which models an external stimulus exerted by means of an electrode, with
the goal of dampening the undesired waves. Due to the dynamical properties of the underlying
equations, which include, for example, that excited cells need a certain amount of time before
they return to rest, the formulation of the optimal control problem as a time optimal problem
offers itself as particularly useful one.

The analysis and numerical realization of the mono- and bidomain equations are themselves
an active area of research; see, e.g. [5, 13, 29]. Their investigation in the context of optimal
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control has been taken up only recently; see, e.g. [23]. The present paper, however, has yet a
second focus, namely the practical treatment of time optimal control problems. The analysis
of such problems for ordinary differential equations has received an abundance of attention;
see, e.g. the monograph [16], and the references therein. Time optimal control of partial
differential equations was investigated for instance in [12]. Turning to the numerical treatment
of time optimal control problems for ordinary differential equations we mention [18] and further
literature quoted there. Numerical techniques for solving time optimal control problems for
partial differential equations were developed in [20, 19]. In contrast to these latter papers we
propose here a joint optimization of the free final time and the control within one combined
optimization variable. For this reason we refer to our approach as the “monolithic” optimization
algorithm.

While our work focuses on the monodomain equations, many concepts are applicable to a
wider class of reactions diffusions systems. Such systems arise frequently in biomathematical
modeling [22] and chemical reaction dynamics [27]. What concerns the genuine treatment of
numerical methods for open loop optimal control problems very little specialized attention has
been paid to such systems (see, however, e.g. [4, 7]).

This paper is organized as follows. Section 2 is devoted to existence, regularity and asymp-
totic behavior of the state equation. Well-posedness of the optimal control problem is discussed
in Section 3, and Section 4 is devoted to obtaining and analyzing the optimality system. Sec-
tion 5 contains the description of the numerical approach to solve the optimality system. The
numerical realization is briefly discussed in Section 6. Numerical examples are provided in
Section 7.

1.1 Monodomain equations

We start by considering the monodomain equations in the form

O + Lion(v,w) — V- (cVv) = I in (0,¢) x £2, (1.1a)
ow + G(v,w) =0 in (0,¢) x £2, (1.1b)

n-oVv =0 on (0,tf) x 012, (1.1c)

v(0) = vy, w(0) = wy in £2. (1.1d)

The independent variables are = € 2, with domain 2 C R? for d = 2,3 and outer unit normal
vector n, and time ¢ € (0,t;), with final time ¢ > 0. The functions v(¢,z) and w(t, z) denote
the transmembrane voltage, and the recovery variable (see [29, Sec. 2.4.1]), and o : 2 — Rx4
is related to the intracellular conductivity tensor (see [29, Sec. 2.2.3]). The functions o (v, w)
and G(v,w) are chosen according to the Rogers-McCulloch ionic model (a modified FitzHugh-
Nagumo model) as

Tion (v, w) =nov (1 - U) (1 - U) +nvw, (1.2a)
Uth Upk
v
G(v,w) =2 (nsw— ) (1.2b)
Upk

with n; € RT. A cell at x € {2 is referred to as excited if its transmembrane potential exceeds
the threshold potential vy, > 0. Further vpx > vy, stands for the peak potential. In (1.1a) the
forcing function I, denotes the external (extracellular) stimulus. It acts as a control function
which will be designed to control the transmembrane voltage. More concretely, we consider
the case where a finite number of electrode plates f2conn, 7 =1,..., Neon are connected to the
sample 2 of heart muscle tissue. On each electrode plate we can apply a time dependent control



un, so that I, has the form

NCOH
I (t,x) = Z X Q2con.n () un(t),  where t € (0,tr). (1.3)
n=1

It will be convenient to express (1.1) with I as in (1.3) and combined state variable y = (v, w)
as an abstract control system in the form

Oy(t) + A(y(t)) = Bu(t), fort e (0,t¢),

4(0) = yo, 4

with yo = (vo, wp) as initial condition. We will give a precise definition of this notion in Section 2.

1.2 Modeling a successful defibrillation

The dynamic systems behavior of (1.1) with (1.2) is extremely rich, including wave phenom-
ena such as excitation and reentry waves; cf. Section 7. From a physiological point of view,
such reentry waves are undesired since they disturb the regular propagation of the electrical
impulses, and increase the hearts activation rate. This may lead to arrythmias including atrial
or ventricular fibrillation.

It is our goal to investigate control theory techniques to terminate reentry waves by the
external stimulus I, and to bring the transmembrane potential to the neighborhood of the
resting state. From there the natural heart rhythm evolves again following the impulse of the
(natural) pacemaker of the human heart, the sinoatrial node.
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Figure 1: Illustrations of the behavior of the nonlinearity (1.2)

In Figure la we depict the phase diagram of the uncontrolled ordinary differential equation
which arises from (1.1) when the second order elliptic operator is eliminated, with parameters
chosen as in Section 7. If the initial state is far enough from the origin (e.g. v > v, w = 0),
then the trajectory rapidly reaches vy, along the lower part of the curve, from where it slowly
moves back to the origin along the upper part of this curve. In the distributed context, i.e. for
the monodomain equations (1.1), this situation is much more complex since these trajectories
are transversed at different times at different spatial locations = leading to interaction which
allows for the evolution of complex wave patterns. Therefore, the asymptotic behavior needs
special attention and we shall analyse it in Section 2.3.



For the optimal control formulation this suggests to not constrain or penalize the evolution
of the trajectory throughout the complete control time horizon, but rather impose the opti-
mization goal only at the final time ¢;. In Figure 1b we depict the L?(£2) norm of an optimized
transmembrane potential v as a function of time (terminating the reentry wave in the setup
from Section 7.2). In view of our discussion of the phaseplane behavior of the corresponding
ordinary differential equation, it comes as no surprise that this function is not monotonously
decreasing.

Therefore, the aim is to bring the heart muscle tissue approximately to the resting state
at some final time ¢y by applying a defibrillation shock. We call the system stabilized, if the
controlled transmembrane voltage v(¢,z) goes to zero uniformly in = € (2 for times ¢ larger
than ¢¢. Since this condition is not directly suitable for an optimal control formulation or for
numerical computations, we next establish a control formulation for which we shall be able to
verify that it implies the monodomain system to be stabilized. Towards this goal we shall first
show that a pointwise condition at the final time of the form

v(te, ) < Umax < vgn for all x € 2 (1.5)

ensures that the transmembrane potential goes to zero without further control action, provided
that positivity of v and w is guaranteed, see Corollary 2.12. Next we shall replace the pointwise
inequality (1.5), which unnecessarily complicates the problem setting, by the weaker integral
condition

[v(te)l 20y < 0 (1.6)
for a sufficiently small § > 0. A rigorous justification that the corresponding optimal solutions
fulfill [[v(#)[|Loo () — O for t — oo and thus that the system is stabilized, will be obtained in
Theorem 3.4. Finally, in Proposition 3.7 it will be shown that the formulation based on (1.6) is
equivalent to a tracking-type formulation, which allows for the design of efficient second order
optimization methods.

1.3 Time optimal problem formulation

The time frame needed for a successful defibrillation may vary heavily with the problem data.
Consequently, the terminal time of the control horizon can not be fixed in advance. The desire
of a short defibrillation pulse with low energy is therefore cast as a mixed time optimal control

formulation
. tf o 2
min / (fi + = |u(t)] ) dt,
ts>0, u€U,q, y=(v,w) 0 2

subject to  Oy(t) + A(y(t)) = Bu(t) fortel, (Piy.s)
y(0) = o,
lo(te)lr2(2) <6,
with pointwise restrictions

u € Upg ={ueU]|up(t)] < tmaxn for n=1...Nen,t €1},

where Umax,n € R are the pointwise bounds for the n-th pulse, and v € U = L? (I, RNCOH) with
I = (0,t¢). The objective prefers small times or pulses with low energy, depending on the choice
of the parameters k > 0 and o > 0. In Section 5.3 we shall suppose that a > 0 for the analysis
of the semismooth Newton method.

To obtain pulses with the desired effect and structure we have to ensure that § > 0 is chosen
small enough. We remark that a choice of § = 0 would likely not yield a well posed problem,
since we are not aware of exact controllability results for equation (1.4). Indeed, it was recently
shown that the linearized monodomain equations with the FitzHugh-Nagumo model are not
exactly null-controllable, even if the PDE is controlled using I = u(x,t) on all of 2, see [6].



2 Existence and regularity of the state equation

First we recall the existence and regularity results for the solutions of the monodomain equations.
We state some basic assumptions.

1. 2 C R? with d € {2,3} is a bounded domain with Lipschitz boundary.

2. The conductivity tensor is matrix function o: 2 — R?*? with symmetric, uniformly
positive definite and uniformly bounded values.

3. The initial values are assumed to have the regularity vg € H'(£2) N L>®(£2) and wy €
L*°(£2), except if explicitly mentioned otherwise.

Throughout the paper we abbreviate the spatial spaces without explicitly mentioning the domain
2, ie. LP = LP(92) for any p € [1,00], etc. We denote by V the Sobolev space H' and by
V* its dual. For convenience, we abbreviate as (-,-) = (+,-)72 the inner product in L? and as
(,+) = (-,")y+=v the duality pairing in V < L? < V*. Furthermore, we use the notations
I = (0,t¢) for the time interval and @ = (0,¢¢) x {2 for the parabolic cylinder.

2.1 Weak solutions

We give the standard weak solution concept for (1.1) that has been considered in the literature.

Definition 2.1 (Weak formulation of the state equation). For any extracellular stimulus I, €
L?(I,V*) the tuple (v, w) with

ve L2(I,V)NLYQ), 8w e L2(I,V*) + LY3(Q), v(0) = vo, (2.1)
w e L*(Q), dmw € L*(Q), w(0) = wy (2.2)

is called a weak solution of the monodomain equations as given in (1.1) if

/1 (00, 01) + (Tion (v, 0), 01) + (6Vv, Vo) dt = /1 (I, 1) dt, (2.3a)
J @0+ (G0,w). gy dt = 0 (2.3b)

holds for every (p1,p2) € L*(I,V) N LY(Q) x L*(Q).

Remark 2.2. The regularity for the time derivative in (2.1) results from from [, (v, w) €
L*3(Q) for v € L*(Q) and w € L?*(Q). Note, that L*>(I,V*) + L*3(Q) = [L*(I,V) N L*(Q)]*
and is endowed with the corresponding norm. Furthermore, it holds v € C(I, L?) for any v
with the regularity as in (2.1).

The weak formulation (2.3) was analyzed in [5] for the more general bidomain equations
and has been subsequently studied in the context of optimal control (see, e.g. [23]).

Theorem 2.3 (Weak solutions of the state equation). For vg,wo € L? and I, € L*(I,V*) the
weak formulation (2.3) possesses a unique solution (v, w) with the a priori estimate

[vllz2@vy + ||UH%4(Q) 10wl 21 veyra3 Q) + IVl p2y + 1wl a2y
< C (14 flvollze + llwollze + 1 ellz2rve)) -

where the constant C does not depend on vy, wy or Ie.



Proof. See [5, Sec. 5] for existence and the corresponding a priori estimate. The uniqueness result
(without additional regularity assumptions) is given in the Appendix; see Proposition A.1. [

Due to the special affine linear form of G we can explicitly give the solutions for the recovery
variable w depending on the transmembrane voltage v.

Proposition 2.4 (The solution of the inhibitor equation). The second component of the mon-
odomain equations for the recovery variable (1.1b) with the specific choice of G given in (1.2b),
which is
Ow(t,x) + mnzw(t,z) = :—Qk v(t,z) a.e. in Q,
P

has a closed analytic solution depending on v of the form

We can verify that for each Banach space X C L? and any p € [1,00] the operators Wy and W
are linear and continuous on the spaces

Wo: X — WH(I,X), W:ILP(I,X)— W' (I, X).

2.2 Strong solutions

Due to the cubic nonlinearity appearing in (1.2a), the weak solution concept and corresponding
regularity from Theorem 2.3 does not allow for a convenient discussion of the first and second
derivatives of the control to state mapping, as we will need in Sections 4 and 5. Since I, has
higher regularity than L2(I,V*) in our problem setting (even I, € L*®(Q)), we can derive
additional regularity for v using bootstrapping arguments. With this, we can turn to a strong
solution concept, which will facilitate the discussion of the nonlinear terms; cf. Remark 2.9. To
this purpose, we first recall that the second order elliptic operator in the parabolic equation (2.3a)
can be understood as an operator

(=V-0oV): V= V"

defined in the usual weak formulation. To formulate the strong solution concept we introduce

the space
Dy =dom2(~V-oV)={veV |-V -oVveL*}

endowed with the graph norm ||v||p, = |-V - Vv + v|| ;2. With this definition Dj is a Hilbert
space, and (—V-oV): Dy C L? — L? can be understood as a selfadjoint (unbounded) operator.
Due to the low regularity assumptions on 9f2 and o we do not have an explicit characterization
of Ds. However, it is known that the elements of Do are Holder continuous, which will be
sufficient for our purposes; cf. [14].

Proposition 2.5 (Elliptic regularity for nonsmooth data [15]). Under the general conditions
on 082 and o there exists a constant 8 > 0, such that

D2 — CB.

Proof. We apply the elliptic regularity result from [15] to show that the solution operator
(=V -0V +1)7! is bounded from L? to C? for some £ > 0. O

Remark 2.6. In the case that 92 is C? and the coefficients of ¢ are C', this result is the
consequence of a classical regularity result for the solution operator (-V -0V +1)~1: L? — H?
and the Sobolev embedding H? < C'/2 in spaces up to dimension three.



For the higher regularity and the formulation of the strong solution concept, we introduce
the space
Wo(0,t) = L*(I, Do) N H' (I, L?),

which is endowed with the canonical inner product and norm. We have the continuous embedding
(see, e.g. [21, Sec. 2])

W2(07tf) — C(I_a [D27L2]1/2) = C(I_v dOHILQ(_V ’ Uv)l/Q) = C(I_v V)

Note, that the weak suppositions on o and 92 do not cause additional complications here.
More precisely, we apply the trace theorem [21, Th. 4.2] for the first embedding and use the
characterization/definition of the interpolation space [Da, L?]; /2 = dompa(=V - aV)1/2 (see,
e.g. 21, Def. 2.1], and [30, Sec. 1.18.10]). Furthermore dom2(~V -oV)/2 =V = H' follows
from the definition of (—V - 0V) by the weak formulation with continuity and ellipticity of the
bilinear from.

Theorem 2.7 (Additional regularity). If we have I, € L*(Q), vo € H' and wo € L3, then the
solution (v, w) of (2.3) has the reqularity v € Wa(0,t;) and w € H' (I, L3) with the corresponding
estimate

lollwa o) + 1wl .03 < C (1 + ool + llwoll3s + I Zell32q)) - (2.4)

Proof. We recall that I, is given by
Tion(v,w) = R(v) + mow

with the cubic polynomial R(-) according to (1.2a). It holds that R’ is bounded from below by

/ _ pf (vpktvm) _ (vpkt+oen)?
R()>-c=R ( - ) —770(1— Sor o )
Now, we take the weak solution (v,w) from Theorem 2.3 and consider the solution ¢ with
0(0) = vg of the semilinear parabolic equation

00—V oV 4 R(0) + (1 + ¢9)d = I + (1 + ¢o)v — mow, (2.5)

which has a strictly monotone nonlinearity v — R(v) + (1 + ¢p)v. We know that a solution in
the sense of (2.3a) is given by v. Furthermore, by standard arguments using R'(-) > —co, a
solution of (2.5) is unique, which implies ¥ = v (cf. Proposition A.1). For the right hand side
n (2.5) it holds that

f=1I+ (1+co)v —mow € L*(Q).

For the last term we use v € L?(I,V) < L?(I,L%) from Theorem 2.3, and consequently
w € L*®(I, L?) with Proposition 2.4 (using wo € L?). This allows to estimate

lvwll 2@y < llwll oo 7,28y 1Vl L2 (7,26) < %HWH%OO(I,H) + %”UH%Q(I,LG)

by Hoélders inequality in time and space and Youngs inequality.

Now, we can derive additional regularity of v with a Galerkin argument for the semilinear
equation. In the following we give only a sketch of the proof, i.e. we do not construct a suitable
finite dimensional subspace first. We (formally) test equation (2.5) with d;v to obtain

100 ()12 + 5§ (0 Vu(t), Vo(t) + §¥(u(t) = (f(1), do(t)),

where ¥(v) = [, %¥(v)dz and ¢ is the quartic polynomial with ¢/(v) = R(v) + (1 + ¢p)v and

¥(0) = 0, which is uniformly convex and positive. In fact, by construction we have ¥ (v) > %1)2



for all v € R and therefore ¥(v) > $|v||2, holds for all v € L*. Integrating from 0 to t > 0 we
obtain

t t
[ 10013 s + 3190 F + () < &I TulEs + 2w +3 [ (1715 + [90]3) at

where v > 0 is a constant with v |[Vv||3, < (6Vv, Vo) <47 H|Vu||3, for all v € H'. By taking
the term % I |0sv|35 dt to the left side and taking the supremum over all ¢ € I it follows

10013y + ol r,imy < C (ool + ol + 17132

using ¥ > ||-||2. on the left-hand side, and ¥ (vy) < C|jvg||74 on the right-hand side. Now, we
go back to (2.5), rewrite it as the elliptic equation

-V -oVo+ 0= f—0w— R(v) — cov,

and obtain v = ¥ € L?(I,Dy) by the definition of Dy. Together with the Sobolev embed-
ding ||vo||za < |Jvo||g1, the combined estimates imply (2.4). The estimate for w is simply a

consequence of Proposition 2.4. O

Based on the higher regularity from Theorem 2.7 we define a strong solution concept that
we will use in the following.

Definition 2.8 (Strong solutions of the state equation). Suppose that I, € L?(Q). We call the
pair (v, w) with v € Wa(0, ;) with v(0) = vg € V, and w € H(I, L?) with w(0) = wy € L? a
(strong) solution of (1.1) if it fulfills equations (2.3) for all test functions in ¢1, 2 € L?(Q).

Remark 2.9. For Definition 2.8 to make sense, the nonlinear terms have to be well-defined.
In fact, for each v € Wa(0,t;) and w € H'(I, L?), we can verify with Hélders inequality that

Lion(v,w) = R(v) + mow € LQ(Q),

using v € C(I,V) «— L5(Q) for the first term, and v € L2(I, Do) < L?(I,L>®), w € L>(I, L?)
for the second term.

To make the meaning of the abstract equation (1.4) precise, we introduce the nonlinear
operator A: Dy x L? — L? x L?. Tt acts on the combined variable y = (v,w) and is given in
weak formulation as

<A(y)v 90> - (va7 V901> + (Iion(v7 ’LU), (Pl) + (G(U, ’U)), 902)

for any ¢ = (¢1,02) € V x L2 In the same way, we also define the linear control operator
B: RNeon — % x {0}, given for u € RNeon as (Bu, ) = (I, ¢1), where I, = > Neon X Qcon.n Un-
The abstract equation (1.4) is then understood as the weak formulation

(0.0 + (Aw). ) dt = [ (Bug)ar (26)
1 1

for ¢ € L?(Q) x L?(Q). Together with y = (v,w) € Wa(0,tt) x H'(I,L?) and the initial
condition y(0) = (vg,wo) = yo, formulation (2.6) is equivalent to Definition 2.8.

Proposition 2.10 (Bounded solutions). Suppose that vg € V N L>®, wy € L%, and I, €
L>(I, L?). Then the solutions v and w of (2.3) are bounded on the whole cylinder Q with the
estimate

Sup (lo(®)llze + llw(@)l|z=) < Cts, [lvollze, vl lwoll e, | Tell oz, |- (2.7)
€|0,tf



Moreover the solutions are Hélder-continuous (in space and time) for all positive times t > 0.
Furthermore, there exists 5 > 0 such that for all € > 0 we have the a priori estimate

s (o0l + lo0les) < st ol ool Wllegean] . (29
&t

In both of the last estimates, the constants depend (continuously) on the quantities in angle
brackets and the problem setup.

Proof. For uniform boundedness, Holder regularity, and the estimates (2.7), (2.8) we now only
have to consider the linear part of the parabolic equation. We are going to apply the regularity
results from [14]. For the convenience of the reader, we sketch the main steps. First, we split
the solution v = v; 4+ vo into the solutions of the linear equations

o1 — V-0V =0, v1(0) = vp, (2.9a)
O —V - oVug = I, — R(v) — mow, v2(0) = 0. (2.9b)

The solution of (2.9a) is given using the (analytic) semigroup vy (t) = ! V*Vuy (cf. [14, Th. 5.2]).
The semigroup maps the space L? continuously to the domain of the elliptic operator Do for all
positive times ¢. According to Proposition 2.5 we have Dy — C¥ for a constant 3 > 0. Moreover,
the semigroup is contractive on L (see [14, Th. 4.12]), i.e. it holds ||v1 ()| < ||vo||zee for all
t>0.

For the solution of (2.9b) we apply a result on maximal parabolic regularity. First we see
that by (2.4) we have g = I, — R(v) — mvw € L®(I,L?). In fact, for I, this is covered by
the assumption. For the other terms we use v € Wo(0,#;) < L>®(I,L5) and w € L>®(I,L3)
combined with Holders inequality in space. Now, by maximal parabolic regularity (cf. [14,
Th. 7.4]) combined with the trace method of interpolation theory (see, e.g. [1, Th. III 4.10.2])
we obtain

v2 € LI, Do) N WHI(I, L?) = C(I, (D2, L)1 /4,4)

for any ¢ < oo, together with a corresponding a priori estimate. For sufficiently large choice of
g, the interpolation space (D2, L2)1/q’q embeds into C% for some By € (0, ), (cf. [14, Lem. 7.1]).
Combining all the arguments, we obtain (2.7) and (2.8) for v = v; + v2. The estimate for w is
again a direct consequence of Proposition 2.4. O

2.3 Long time behavior

It already follows from Theorems 2.3 and 2.7 that the solution of (1.1) can be defined for
arbitrarily large times. In the following, we study the long time behavior of the solutions. We
employ the convention that the solution (v(t),w(t)) fullfills the dynamics with I.(t) = 0 for
times t > t¢. In a first step we prove that the uncontrolled system is asymptotically stable in a
neighborhood of zero.

Theorem 2.11. Let the state y(tr) = (v(tf), w(t)) be in a neighborhood of zero given by
Umin < ’U(tf, ) < Umax; Winin < w<tf7 ) in ‘Qv (210)

with constants Vmax > 0 and Wmin, Vmin < 0 fulfilling

7o Umax Umax
Umax < Uth,  Wmin > *,’77 1- T 1- T , and vypin = Upk")3 Wmin-
1 th pk

Then the state is asymptotically stable

lv()||ee — 0, |Jw(t)||pe — 0 fort— oco.



Proof. First, we will show that the inequalities (2.10) hold also for all ¢ > t;. Consider that

Tion (v, w) = p(v,w)v = (770 (1 - %) (1 — ﬁ) +m w) v.
The term p(v,w) is positive for sufficiently small v and sufficiently large w, i.e. we have

p(v,w) >0 forall v<uvy, w>-—12 (1—%) (1—L>.

m Upk

Moreover, for entries v and w with v < Vpax, Wmin < w we even have p(v,w) > ppin =
P(Vmax, Wmin) > 0.

Define for the given solutions v and w the function f(t) = min, g5 p(v(t, ), w(t, x)). Note,
that f is continuous on [tf,0), since v,w € C([tf,00) X §2) according to Proposition 2.10.
Due to the assumptions on wv(tf) and w(t;) we have f(tf) > pmin > 0. We define =
sup {t € [t;,00) | f > 0on [t;,t]}. By construction, p(v,w) > 0 holds on [t;,{) x 2. Due
to continuity of f, a finite value of  implies that f(f) = 0. Next, we show that £ < oo is not
possible. Therefore, we consider z = v — vy, Which fulfills

Oz —V - (oVz) + p(v,w) z = —p(v, W) Vmax, (2.11)

on (t¢, 1) x 2 with homogeneous Neumann boundary conditions, and the initial condition
2(te,+) = v(te, ") — Vmax < 0. We define 2+ = max(0, z), which fulfills 2*(¢f) = 0 and 2+ €
L?((t¢, 1), H') (see, e.g. [34, Th. 2.1.11]). Then we test (2.11) with X(tr,0)2 " for some t € (g, 1)
to obtain

/t@z, 2+ (0V2, V2 + (p(v,w) z,27) ds

te

t t
= %|’Z+(t)”%2 +/t (JVZ+, VZ+) + (:0<U7w) z+7z+) ds = _/t (:0(1)7“}) Umax>z+)d3 <0

f f
for all ¢ € (t;,). Here we have used the fact that (dz(t), 27 (t)) = %%Hz*(t)H%Q (see [8,
Lem. 11.2]). All the terms on the left hand side are non-negative, which implies 2+ = 0,
wherefore z < 0 and hence v < vpax on the cylinder [tf, f) x 2. With an analogous argument
we see that also v > vy, holds on [tf,f) x 0. Considering the recovery variable, we use the
solution formula from Proposition 2.4 to see that for all ¢ € [t¢, ) it holds

w(t,-) = e By (4 ) 4+ 12 /t e mm=s)y (s ) ds
¢

Upk

Z wminefn2n3(t7tf) + _Vmin_ (1 _ 67772773“7“)) = Wmin- (212)

Upk "3

Consequently, inequalities (2.10) are valid for all ¢ € [t;, ). This implies p(v(t,-), w(t,-)) >
pmin > 0 for all ¢t € [t¢,£). Therefore, if ¢ is finite, we obtain f(f) > 0 for the function f
defined above. This contradicts f() = 0, which implies that £ = oo must hold. In other words,
inequalities (2.10) and p(v(t,-),w(t,-)) > pmin > 0 are valid for all ¢ > ¢;.

Now, we consider the variable z = v — e_pmi"(t_tf)vmax. We have

Oz —V - (0V2) + pv,w) 2 = (pmin — plv, w)) e Pminlt=ty (2.13)

for ¢t > t¢ with p(v,w) — pmin > 0. Therefore, the right hand side in (2.13) is non-positive.
With the same argument as before we obtain z(t) < 0 for all ¢ > ¢; which implies v(t) <
e~ Pmin(t=te)y . A similar argument shows v(t) > e~ Pmin(*=*)y . and therefore it holds that

Hv(t) HL‘X’ < eipmin(titf) max { Umax; —Umin } s
for t > t;. Considering again (2.12) and inserting the previous estimate for v yields the estimate

|w(t)||pee < Ce~Mmm(t=t) 4 e=pmin(t=te)) wwhich completes the proof. O
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Corollary 2.12. Suppose that 0 < v(ts, ) < Umax < Utnh and that w(ts,-) > 0 in 2. Then we
have
lv()||Lee — 0, |Jw(t)||pe — 0 fort— oco.

In a second step we consider estimates of the state for all times ¢ € R*. First, we show that
the L bounds on v and w as in Proposition 2.10 can be chosen independently of the final time
t¢ for uniformly bounded I, € L*(Q). We remark that for admissible controls u € U,q we have
[ el oo (@) < maxy, tUmax,»n independently of t;.

Lemma 2.13. Suppose ug,vg € L* and I, € L*>(Q). For the solution of (1.1) we have the a
priori estimate

S )(Hv(t)HLoo + [[w@)l|z=) < C[Hvolle, [[woll o, ||IeHL°°(Q)} ;
€(0,00

where the constant depends (continuously) on the quantities in angle brackets and the problem
setup.

Proof. The proof uses comparison principles as in the proof of Theorem 2.11. Here, we have
to additionally account for the data term I., which is nonzero only for ¢ < ¢¢, and bounded
by Ce = || Ie|| Lo (q)- Furthermore, we have to account for the non-positivity of p(v,w), where
Tion (v, w) = p(v,w)v. As a first observation, we note that there exists constants p,5 > 0, such
that

p(v,w):no(l—i) (1—ﬁ)+n1w2—ﬁ+mw+’7v2 (2.14)

Uth

for all entries v, w. Now we choose the constants vmax > ||vo]|r and wmpax > |Jwo|| L as

v = e {1, e, v fnlaoe, 7 (Cot 4+ 225 ) (2.15)
Wmax = 11));?7); : <216)

Our goal is to show that ||v(t)||zee < Vmax and ||w(t)|| e < wWmax holds for all ¢ > 0. Similar to
the proof of Theorem 2.11 we initially define £ to be the largest time such that ||w(t)||ze < 2 Wmax
holds for all ¢ € [0,Z]. As before, due to continuity of |w(-)||r=~ we have £ > 0. In fact,
with Proposition 2.10 (2.7) we have v € L*°((0,t;), L) and with Proposition 2.4 we obtain
w € W2°((0,t), L). To show the upper bound v < vmax on (0, 1) X £2, we consider z = v—vpax,
which fulfills

Oz —V-0Vz=1,— plv,w)v,

on (0,%) x £2, together with homogeneous Neumann boundary conditions and the initial condition
2(0,-) = vo(-) = Umax < 0. Testing with x(g42" for t € (0,%) as before, we obtain

t t
2t @®)]32 —I—/ (oVzT,Vzt)ds = / (I — p(v,w)v, 27 ds. (2.17)
0 0
We discuss the right-hand side in a pointwise (almost everywhere) fashion. Therefore, we define
the set Q1 = {(s,2) € (0,) x 2] z(s,z) > 0}. We have

p(v,w) > —p+mw+ 702 > —p— 20 Wmax + T V2 in QT

using (2.14), w > —2wmayx on (0,%) x 2, and v > vyax on Q. By the choices of Vpay and Wiy,
we compute

5/,01211&)( > (Ce+ﬁ+ 2L )Umax > Ce‘}'ﬁ‘f'm = C’e+ﬁ+2n1wmax.

Upk")3 Upk"3
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Consequently, we see that p(v,w) > Ce on QT and thus
I — p(v,w)v < Co — p(v, W) Vpax <0 on Q7.

Therefore (2.17) implies that |27 (¢)||2, < 0 for all t € (0,), which implies v < vyax on (0, 1) x £2.
With similar arguments for z = —vpax — v, we obtain also v > —vpax on (0, ﬂ x (2. It remains
to verify that

t
@)l < e ol + 22 [ e fus) e ds

— t v — t\ __
< Whpax e PN U;?;; (1 —e B ) = Wmax

for all ¢ € [0,%). Since the time # was chosen maximal, we obtain ¢ = co which concludes the
proof. O
From Lemma 2.13 we deduce that also the Holder estimate from Proposition 2.10 does not

depend on the final time ;.

Proposition 2.14. Suppose ug,vg € L™ and I, € L*°(Q). Then there exists a B > 0, such
that for any € > 0 the solution of (1.1) fulfills the a priori estimate

2o (@)len + wlca) < €[ Polloe ol Vel
€,00

where the constant depends (continuously) on the quantities in angle brackets and the problem
setup.

Proof. We first show the estimate for the variable v. We can rewrite the equation for v as
v —V-oVo+uv=1I+v— Lon(v,w) = f.

With Lemma 2.13, we have supyejg o) lf ()l < C[llvo| Lo, [[wollLee, [ Ie[| o ()] Recall, that
the negative of £ = (—=V -0V + 1): Dy — L? is the generator of an (analytic) semigroup.
Therefore, we can write

v(t+¢) = e Fu(t) + / T tre-s)E f(s)ds (2.18)
t

with the variation of constants formula from semigroup theory (see, e.g. [24, Sec. 4.2]). To
estimate v(t + ¢) in a suitable Holder norm, we introduce the interpolation spaces

Dg = [D2, L?]1_g = dom2(—V - UV)G.
Since Dy — OB for some B > 0 according to Proposition 2.5, there exists a # € (0,1), such

that Df < C?, for some 3 € (0, 3) (cf. the proof of Proposition 2.10). Furthermore, since the
semigroup generated by —FE is analytic (see [14, Thm. 5.2]), we have the a priori estimate

He_tEﬁ

—0~
oy <Ot

for any ¥ € L? with a constant C that is independent of ¢t > 0 (see, e.g. [24, Thm. 6.13]).
Applying this to (2.18) results in

t+e
Jo(t+los < Cllot +lipg < € (7 o@lla+ [ (2= 91 F)]12s)

— 1-0
<O( M@l + 555 s 17@)li) < Ca ol [wolz [Heli=(@)]
s ,t+e

where the last estimate is due to Lemma 2.13. The corresponding estimate for w is now a direct
consequence of the solution formula from Proposition 2.4. O
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3 Existence of minimizers

In this section we will discuss well-posedness of the optimal control formulation and derive
properties of the optimal solutions. Moreover, we state and analyze a related optimal control
problem based on a terminal tracking formulation.

3.1 Terminal constraint

First we will argue that the time optimal problem (P, s) is well posed under the assumption
that there exists an admissible point.

Assumption 3.1. Suppose that there exists an admissible triple (f¢,,7) with ¢ > 0 and
@ € Uyq such that § solves equation (1.4) and fulfills the terminal condition ||%()| 72 < 6.

Theorem 3.2. Under Assumption 3.1 the problem (Py, 5) possesses at least one optimal solution
te > 0, @ € Uyq with corresponding state solution y = (v, w). If we choose & such that 6 < |lvgl|,
then we have additionally that ts > 0 and ||v(t)||2 = 4.

Proof. The set of admissible points is non empty, so we can select an admissible minimizing
sequence (tgy, ug, v, wy). We take a subsequence with tg, — f for k — oo, extend the wuy
(admissibly with respect to uy € U,q) to the interval Ijax = (0, ™) for ¢™** = maxy, ¢, and
select a further subsequence such that u, — @ weakly in L?(Ipay, RVeon) for some u. Since
U.q is closed and convex and thus weakly closed we obtain u € U,q. By a standard argument
involving weak lower semicontinuity of the squared L?(Iax, RVeon) norm and t;j, — £y we have
that

. .. ten @ 2 b a|=12
inf (Py,5) = hkrgloréf/o (K + 5 uk| ) dt > /0 (/@' + 5 ul ) dt.

It remains to check that the solution corresponding to « fulfills the terminal condition at time ;.
For this purpose, we also extend the solutions (v, wy) to the interval I;,.x by taking the solutions
corresponding to the extended ug. By the a priori estimate from Theorem 2.7 the v are bounded
in Wa(0, tg™2*). Therefore vy — v in Wa(0, t¢™*) holds for a further subsequence. By taking the
limit in all the terms of the weak formulation (2.3), which can be justified also for the nonlinear
terms, we verify that v is the solution corresponding to the control u. By the embedding
H'(Inax, L?) = CY?(Inax, L?) we also have strong convergence vy (tgy,) — vg(fr) — 0 in L? due
to Holder continuity in time, which holds uniformly in k. Moreover, it holds v (t¢) — v(ff) — 0
weakly in V' = H! since the point evaluation in V at %, which is a bounded linear operator on
Wo(0, t™3%), preserves weak convergence. By the compactness of the embedding V < L?, this
implies
vi(ter) = 0(t;)  in L,

and therefore ||0(t¢)||;2 < & by continuity, which finishes the first part of the proof.

Now assume that ||v(t¢)|| 2 < d for some ¢ > 0 and an optimal control w. Due to ||v(0)||;2 =
lvo|l2 > & and the continuity of ¢ +— ©(t) € L?, there is a point to € (0,t¢) with ||o(to)|| = 9.
This immediately implies that ¢y < to < t; for the optimal ¢y with corresponding % by comparison
of values of the objective for (¢, u) and (t¢,u). This shows that ||v(ff)]| = 6. O

Remark 3.3. Certainly, a choice of § > ||vg|| is not appropriate, since its global minimizer
ty = 0,7 = 0 does not help stabilizing the system.

Based on Theorems 2.11 and Proposition 2.14, we can show that for sufficiently small ¢
the optimal solutions of (P, 5) will stabilize the system. For this purpose, we show that the
pointwise uniform condition from Theorem 2.11 can be realized by the condition on the L?
norm by using the smoothing of the parabolic solution operator.
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Theorem 3.4. Assume that Assumption 3.1 holds for arbitrary 6 > 0. For a sufficiently small
choice of 6 > 0 the optimal solutions (t¢,u) with corresponding state y = (v, w) of problem (Py, )

Fulfill

[9(8)|Le — 0 for t <t — o0,

provided that the condition min, g u?(t},x) > Wmin on the recovery variable holds at the final
time for some wmyin > —no/m independent of §.

Proof. The proof rests on the uniform Hoélder continuity of v as shown in Proposition 2.14. It
holds for any positive € > 0 and some S > 0 that

max [[o(t)[|cs < Cfe, [|lvollLoe, [[wol| oo s tmax] -
tele,te]

Now, let (t¢s,us) with the corresponding (vs, ws) be optimal solutions of (Py, s) for given § > 0.
Furthermore, fix some § < ||vp|| with a corresponding optimal solution (¢ 5 ug). Using the
optimality of (t¢s,us), it is clear that

tfg
O</ k+5
p (s

for all § < 4, since (t¢5,us) is admissible in the é-problem. This implies trs >ty for all § < 6
with a t¢;,, > 0 independent of §. Consequently we have

ug 2) dt < /Otm (m + %!ucsIQ) dt <tgs ('f + 5 max Umax7n2)

lvs(tes)llcs < C

for a constant C' = C[tsyin, ||vol|Lee, ||wol| Lo, Umax] independent of §. Consider the interpolation
space [L2,CP]y for 6 € (0,1). For @ > d/(283 + d), such that By = 0(3 +d/2) —d/2 > 0 we have
[L2,CPlg — OB — L (cf. the proof of [14, Lem. 7.1]). Using the corresponding interpolation
inequality we confirm for any such 6 that

los (tes)llzee < Cllvs(tes) 127 vs(tes) 1 < C 87,

for a generic constant C' independent of . The conclusion follows now by a sufficiently small
choice of §, Theorem 2.11, and the assumption on w(t¢). O

Remark 3.5. The assumption on the additional lower bound on w in Theorem 3.4 could be
easily dropped by an additional constraint on |[w(tf)||z2 in the problem formulation. We remark
that in computations we have never seen values of w which were smaller than a fraction of
—no/n1, and we therefore did not include it. Moreover, w is a phenomenological variable, which
cannot be observed in practice.

3.2 Terminal tracking
For the numerical realization of problem (P, s) we additionally consider the associated problem

te o
min / <m + |u|2) dt + EJjo(tr)|2,
0 2 2

t:20, u€Uaa, y=(v,w)
subject to Oy + A(y) = Bu, y(0) = yo.

(thi)

For this problem we have to select the penalization parameter p > 0, which now has to be
chosen sufficiently large. Under mild conditions this problem leads to the same optimal solutions
as (Py,5) provided that > 0 and 6 > 0 are chosen appropriately, see Proposition 3.7. An
existence result analogous to Theorem 3.2 can be obtained here using the same methods.
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Proposition 3.6. Problem (Py ) possesses at least one optimal solution tr >0, 4 € Uyg.
It is easy to see that (P, 5) and (P, ) are closely related to each other.

Proposition 3.7. Let (tg, @) be an optimal solution of (Py,,.) for p > 0 with the corresponding
state y = (v,w). Then (tr,u) is an optimal solution of (Py s5) for § = |[o(ts)]| 2.

Proof. The optimal solution of each problem is admissible to the other problem. Comparing
the objective values of both solutions in both problems immediately shows that the global
minimizers of (Py ) are global minimizers of (P, 5) due to the choice of 6. O

By Proposition 3.7 we know that the minimizers of (P, ,) are also minimizers of (P, ;) for
a suitable choice of . Furthermore, we can see that the solutions of the tracking type problem
will yield solutions of the original problem for arbitrarily small § (provided that admissible
points exist for arbitrarily small §).

Proposition 3.8. Assume that Assumption 3.1 holds for some 6 and let § > 6. Then, there
exists M > 0 such that any optimal solution (g, uy, v, wy) of (Pyy) for u > M fulfills
[0 (tep)ll 2z < 6.

Proof. Let ({1, 1) be the admissible point for § with associated state solutions (7, ). Further-
more denote by (t,,u,) with corresponding (v, w,,) optimal solutions of (P4, ) for given p > 0.
By optimality we have for all g > 0 that

Fut Glloa(te) 2 < F+ 5100122, (3.1)

where f, = fgf“ (k4 %’UMQ) dt and f = f(ff(n + %\ﬁf) dt. We note that f is independent of u
by construction. Furthermore we have ||9(f)||2 < §. Dividing both sides of (3.1) by 2/u, we
obtain

2 fu+ loutr)|7e < 2 F+ 62
Since f,, is positive this implies [|v,(t¢,,)||2, < 62 for all u > 2f/(6% — §2) =: M. -

This shows that minimizers of (P, 5) with the desired properties as in Theorem 3.4 can
be found by solving (P, ) with sufficiently large p. Therefore, we will focus on (P, ) in the
following.

4 Optimality system

In the following we derive optimality conditions for the time optimal control problem. Therefore,
we first introduce a time transformation to a fixed reverence interval, and then analyze the
linearized state equation.

4.1 Time transformation

For the derivation of optimality conditions and the numerical realization, we transform the
problem to a fixed reference interval I = (0,T) with a new time variable € I. Analogously to
[25, Sec. 4] we introduce the local “velocity of time” v € L*°(0,T") on the reference interval with

vE Ny ={reL>®0,T) | infyeo,yv(s) >0},

which is an open subset of N’ = L*°(0,T). The true time ¢ € (0, ¢¢) and the free end time ¢; are
now given as

tze(f):/otu(s)ds and tf:9(T):/~V(S)d5. (4.1)

1
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Note that the function 6 is strictly monotonously increasing and Lipschitz continuous. We
define § = y(0(%)), @ = u(6(f)) and consider the transformed equation on the reference interval

0 +vA(g) = vBa, §(0) = yo, (4.2)

which is equivalent to the weak formulation defined for j € Wo(0,T) x H'(I, L?) as
J@d.) +v(A@). o) dt = [ v(Bag)at

for all ¢ € L?(I,L?) x L*(I,L?). It is easy to verify that a solution of (4.2) exists, is unique
and coincides with the solution of (1.4) by an appropriate rescaling.

Proposition 4.1. For each v € Nyq and @ € Uyq the unique solution § to (4.2), with the
same regularity as in Theorem 2.7, corresponds to the solution y of (1.4) for u € Uyq with the
relations

y(t) =507 (1), u(t) =a(@~' (1)), (4.3)
with the function 0: (0,T) — (0,t¢) from (4.1).

Proof. We give a short sketch of the proof: First we observe that for the unique solution y
of (1.4) the function § with 7(f) = y(0(%)) is an element of W5(0,T) x H'(I, L?) with

o) = v (dyob) in L3I, L.

Here, we used 0,0 = v € L*°(0,T). Therefore, § solves the rescaled equation (4.2) by a change of
variables, which shows existence for (4.2). Uniqueness follows using the inverse transformation.
For any solution of (4.2) we obtain with (4.3) a solution of the original problem. Here, we use
the fact that

8t0_1 - € LOO(Oatf)7

vofh-1

which is guaranteed by v € Nyq. O

Now, we see that we can rewrite the optimization problem (P ,) in the new coordinates as

. a9 2. 2
min v|k+ |l )dt+ =||o(T ,
VENd, T€Ua, G=(5.0) /1 < 3 |> 5 1Pz

subject to 9y + vA(y) = vBa, §(0) = yo.

(Pup)

We can not expect the solutions of (P,,) to be unique since we have a large amount of freedom
in the choice of v. For algorithmic realization, an adequate specialization of v will be introduced
in Section 5.1. However, the additional freedom in the choice of v will offer a convenient way
of deriving the Hamiltonian condition (see Theorem 4.8). Besides, we can easily see how the
rescaled problem corresponds with the original one.

Proposition 4.2. If the optimal final time t; from Proposition 3.6 is not zero, the solution set
of the rescaled problem (P,,,) coincides with solution set of (Py,,) by the relations

t=0(T), u(t)=a(6~' (1)), and y(t) =GO ().

In the following we will omit the superscript ~ for the transformed variables for ease of
presentation. In particular we will again denote the time variable on the fixed interval by
t € I =(0,T) and also reuse the symbols u, y, and p on the fixed time frame.
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4.2 Differentiability

Since we are going to work with a control reduced approach we start by defining the control to
state mapping according to Proposition 4.1 as the operator

S: Nog x U — Wo(0,T) x H' (I, L?),
S(v,u) =y.

We are going to prove that S is continuously differentiable in a suitable sense. For the proof
of the differentiability of the control to state mapping we have to analyze the linearized state
equation.

Definition 4.3 (Linearized state equation). We call a dy = (dv,dw) € Wa(0,T) x HY (I, L?)
with dy(0) = 0 a solution of the linearized state equation at some function y = (v,w) €
Wo(0,T) x HY(I, L?) for the given data f = (f1, f2) € L*(Q) x L?(Q) if it fulfills

Oibv +v (I’ (v,w)év + I

ion,v ion,w

(v)ow —V - 0V(5v> =vfi, (4.4a)
Odw + v G(6v, dw) = v fa, (4.4b)
in the sense of Definition 2.8 (which incorporates the natural zero boundary condition).

We will also use the following abstract form for (4.4) given by the evolution equation
0wy +vA(y)dy =vf,  dy(0) =0, (4.5)
where the spatial operator A'(y) for y = (v, w) is defined in the obvious way according to (4.4).

Lemma 4.4. For every v € Nyq, y = (v,w) € L®(Q) x L>®(Q) and given data f = (f1, f2) €
L?(Q) x L*(Q) the linearized state equation (4.4) has a unique solution §y = (év,éw) €
Wo(0,T) x HY(I, L?) with the corresponding a priori estimate

l6vlwaor) + 16wl z,z2) < € (I fillzig) + I fell2@)) -

The generic constant C' may depend on v and y, but does not depend on either f or dy.

Proof. First, we can argue by a similar transformation argument as in Proposition 4.1 that it
suffices to consider (4.5) for v = 1. Then we eliminate the variable dw with Proposition 2.4.

We obtain an integro-differential equation in terms of dv as
8160 =V - oV v + Iy, (0, w)60 + mo W (dv) = fi + ZEW(fa),

which is equivalent to (4.5). Now, to obtain L2-contractivity we replace Jv with the variable
0 = e v for a v > 0. It is easy to check that the corresponding equation for @ is given by

00 =V - 0V + L, (0,0)0 + o Wa(0) +95 = e (fr+ BW (), (46)
where W, has the form

t
W,(5)(t) = LQ/O e~ mN(t=9)5(5) ds.

We are going to show existence of © by an application of the Banach fixed-point theorem. First,
we choose v > 0 sufficiently large such that I}, ,(v,w) +~ > 0 in @, which is possible due to

ion,v
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v,w € L®(Q). Then we define the mapping F: L*(Q) — W5(0,T) by F(#) = v/, where v’ is
the solution of the linear parabolic equation

O’ =V - oV 4 Lo (v, 0)0" + 30" = = Wa(0) + eV (fi + 2EW(fo))-

With standard linear parabolic solution theory, F' is well defined with respect to the given spaces
(see, e.g. [11, Sec. 7.1]). The low regularity assumptions on o and 92 do not cause difficulty due
to the appropriate definition of W5(0,T") (cf. Theorem 2.7). The difference h = F(v1) — F(02)
for two given ©; and o fulfills

Oth — V - oVh+1I

on,v

(v,w)h 4+ vh = —n1v W, (01 — U2).

By a standard Galerkin estimate (see, e.g. [11, Sec. 7.1.2]), which is obtained by testing this
equation with the solution h we obtain

1Pl L2y < Cyllmollpee @)W~ (01 — 02) | 2(q)

for a constant C, depending only on -, the coefficients in the parabolic equation, and the
domains. By inspection of the proof of the estimate we obtain that C, can be bounded
independently of . In fact we even have Cy — 0 for v — oo. Furthermore one can show that

W5 (01 = B2)ll22(@) < 22\ sy 191 = B2ll22(0)

by an application of Holders inequality (cf. also [7, Sec. 2.2]). In combination, we have
12l 22y < 3 101 — B2llr2(q)

for a sufficiently large choice of v > 0. By the Banach fixed-point theorem there exists a unique
¥ € L?(Q) with & = F(9) € W5(0,T) with the corresponding a priori estimate

19llwz 0,y < CUlfllz2Q) + 1f2ll2 @)

By construction ¥ solves (4.6) and the corresponding v together with dw = W (év) + %‘W( f2)
solves (4.4) with the same estimate, albeit with a bigger constant. The regularity of dw follows
directly from Proposition 2.4. O

Now, we can discuss differentiability of the control to state mapping. Since we only have a
solution theory for the tangent equation for states corresponding to controls in L (I, RNecon),
(v,w € L*>(Q) can only be assured for I, € L>(I, L?), cf. Proposition 2.10), we only obtain
differentiability in a neighborhood of U,q. Note however, that this neighborhood can be chosen
with respect to the norm in U = L2(I, RNeen),

Theorem 4.5. The control to state mapping S is (arbitrarily often) continuously Fréchet
differentiable as an operator from

S: Nag X Upg € L®(I) x U — Wa(0,T) x H(I, L?).

The first derivative at (v,u) € Naq X Uaq in a direction (0v,déu) € L>°(I) x U is given as the
solution dy of the tangent equation, which is given by

00y + v A (y)dy = ov(Bu — A(y)) + vBdu, dy(0) =0. (4.7)
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Proof. We are going to apply the implicit function theorem. For this purpose we consider the
state y as the unique solution of the nonlinear equation

e(v,u,y) = 0y + vA(y) — vBu =0, (4.8)

where e: L®(I) x U x W5(0,T) x HY(I,L?) — L*(Q) x L*(Q), and argue that e is Fréchet
differentiable. First we consider the mapping

y = (v,w) € Wa(0,T) x HY(I,L?) — ILipn(v,w) = R(v) + mow € L*(Q).

For the first term we use the embedding W5(0,T) < L5(Q). The differentiability (arbitrarily
often) of the superposition operator R: L%(Q) — L?(Q) induced by the cubic polynomial can
be verified with a direct computation using Holders inequality. Similarly we use the embeddings
HY(I,L?) — L*>(I,L?) and L*(I,Dy) < L?(I,L*) combined with Hélders inequality for
the second bilinear term. With this it is evident that e is (arbitrarily often) continuously
differentiable in the variables (u,y) for fixed v, since all the other parts are linear. For the
total differentiability, we use the following (standard) argument: Since the mapping (u,y) —
A(y) — Bu is continuously differentiable, the function

(v,u,y) € L) x U x Wo(0,T) x HY (I, L?) ~ v (A(y) — Bu) € L*(Q) x L*(Q)

is continuously differentiable as well. This is again essentially a consequence of Holder’s inequal-
ity, using v € L*°(I). A similar statement holds for the higher derivatives.

We have shown the first prerequisite of the implicit function theorem. The second prerequisite
requires the partial derivative, given by

ey uw,y)() = (0 +vA(y)) + Wa(0,T) x HY(I,L?) — LA(Q) x LA(Q),

to be an isomorphism at the point (v, u, S(v,u)). Obviously, the operator is bounded. Bounded
invertibility follows from Lemma 4.4, which is applicable since y = (v,w) € L®(Q) x L>®(Q)
for all admissible controls (v,u) € Nyq X Unq according to Theorem 2.7. Therefore the implicit
function theorem (see, e.g. [10, Th. 10.2.1]) can be applied, i.e. for any point (v, u) € Naq X Uaqg
there exists a neighborhood in N,q x U, such that we can uniquely resolve (4.8) for y with
continuously differentiable mapping y = S(v,u). Since e is arbitrarily often continuously
differentiable, this property transfers to the solution operator S (see, e.g. [10, Th. 10.2.3]). O

4.3 Necessary condition

Next, we give an optimality condition for problem (P, ,), which will be the basis of the
optimization algorithm in Section 5. First we introduce the Hamiltonian as

(0}
H(u,y,p) =K+ 5!U|2 + (Bu — A(y), p).

The corresponding Lagrange function for (P,,,) (in the sense of constrained optimization) is
given in terms of the Hamiltonian by

L(vuy.p) = [ vH(wy.p) = @w.p) dt+ 5o
= /IV (m - Z|u!2) dt + gllv(T)H%z - /I<8ty,p> + v(A(y) — Bu,p) dt.

Further we define the adjoint equation.
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Definition 4.6 (Adjoint equation). Let y = (v,w) be the solution of (4.2) corresponding to
some v € Nyq and u € U,q. Then we define the adjoint state p = (p1,p2) € Wa(0,T) x H (I, L?)
as the solution of the adjoint equation

-0 +vA(y)'p=0,  p(T)=p(T),0). (4.9)
in the sense of the usual weak formulation.

For the sake of brevity, we skip the non-abstract form of the adjoint equation. For the full
expressions we refer to Appendix A.2. With slight modifications of the proof of Lemma 4.4 one
can show existence and regularity.

Proposition 4.7. For y = (v,w) € L*(Q) x L®(Q), v € Nag, and v(T) € V the adjoint
equation (4.9) has a unique solution p = (p1,p2) € Wo(0,T) x HY (I, L?) with the corresponding
a priori estimate

Ip1llwacory + P2l a2y < Cllo(T) ||

With these prerequisites we can give an optimality condition.

Theorem 4.8 (Optimality conditions). Let (v,u,y) be an optimal solution of (P,,). Then
there exists a unique adjoint state p, which fulfills the corresponding adjoint equation (4.9) and
a X € Oxu,,(u) (the subdifferential of the convex indicator function of Usq at the point u), such
that the optimality conditions

H(u(t),y(t),p(t)) =0 fora.a. tel, (4.10)
au+ B*p+ =0, (4.11)

are fulfilled. For a > 0 the optimality condition (4.11) can also be given by the componentwise
projection formula

U= Py (—éB*ﬁ) = min (max (—éB* D, —umax) ,umax) , (4.12)
depending only on the adjoint state p.

Proof. We can use standard methods. We introduce the reduced objective functional,
ju) = [ (5 + §lul) dt+ §Io(T) Iz, where y = (v,w) = S(v,w)
I

With Theorem 4.5, the chain rule, and the evident differentiability of the explicit part of j we
obtain the optimality conditions

gn(v,a) =0in (L®(I))*, and j,(7,a)(d—u) >0 for all @ € U,q, (4.13)

by a standard result in nonlinear optimization (see, e.g. [31]). For the first equality we recall
that M,q is open in L*(I). Now we compute the specific form of the partial derivatives. For
any admissible pair (v,u) € Nag X Uaq we can write j(v,u) = L(v,u, S(v,u),p) for arbitrary
p € L2(I,V) x L*(Q). Therefore with Theorem 4.5 we obtain the derivative of j in the direction
(6v,du) as

§'(v,u)(0v, 0u) = L,,(v,u,y,p)(6V) + Ly, (v, u,y,p) (6u) + Ly, (v, u, y, p) (6Y), (4.14)

by an application of the chain rule, where y = S(v,u) and dy is the solution of the tangent
equation (4.7). Now we take p to be the adjoint state corresponding to v and y as defined
n (4.9). With the integration by parts formula in time it is easy to see that (4.9) implies

Ly, (v, u,y,0)(0) = p(o(T), p1(T)) — /I@t%p) + (A (y)p,p) dt = 0,
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for all ¢ = (¢1,92) € Wa(0,T) x HY(I, L?) with ¢(0) = 0. Therefore, the last term in (4.14)
vanishes and we compute

7 (v, u)(0v, du) = /&/H(u,y,p) + v(au + B*p) - dudt. (4.15)
I

Together with the first part of the abstract condition (4.13) and H(u(-),y(-),p(:)) € L'(I)
we derive the Hamiltonian condition (4.10). From the second part we obtain the variational
inequality
/D(aa+B*ﬁ) (i —a)dt >0,
I

for all & € Uyq. With inf; 7 > 0 and standard methods from convex optimization the variational
inequality is equivalent to (4.11) and (4.12), which completes the proof. O

Corollary 4.9. Suppose that o > 0. For any optimal u it holds that u € H'(I,RNen). In par-
ticular the optimal controls are continuous in time. Furthermore we have that the Hamiltonian
is continuous in time and therefore H(u(t),y(t),p(t)) =0 for allt € I (the qualifier “a.a.” can
be dropped).

Proof. We use that p = (py1,p2) € Wo(0,T) x H'(I, L?) and therefore

(B*p)n = / pi(z)de € HY(I) forn=1,..., Neon.

This regularity is preserved for u = Pad(—éB*ﬁ). From this, and due to i, p € C(I,V) follows
the continuity of the Hamiltonian. O

5 Semismooth Newton method

In this section we describe a semismooth Newton method to solve the penalized time optimal
problem (P, ). We will generally require o > 0. Local superlinear convergence of the method
is proven.

Note, that the free end time and the control are considered as a combined optimization
variable. For this reason we refer to our approach as “monolithic”. This is in contrast to the
schemes proposed in [20] or [19], where the optimal control is resolved first for a given final
time, and then the resulting value function is optimized by another method.

5.1 Variation of the end time

To derive an implementable set of necessary conditions, we take the rescaled problem (P,,,)
and specialize the general time transformation to the case of a free parameter 7 by choosing
the parameterized velocity-of-time as

vy =1+710, (5.1a)

with a fixed 7 € L°>°(I) such that [; ©dt # 0. With this choice of v, the optimization problem
has the special form

min v + 2lul?) dt + L|o(T)|?
reruc oy 2 (e ) a0 DI

subject to Oy + v, A(y) = vrBu, y(0) =1v0, vr € Nag.

(5.1b)
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We compute the variation of the free end time as

tf:/VTdt:TJrT/f/dt.
1 I

Problems (5.1) and (P,,,) are equivalent for appropriate choices of . Here we focus on the
straightforward choice 7 = 1.

Remark 5.1. In more general situations the choice (5.1a) can be adapted properly. For example,
using v = 1 + 1101 + 1ol with adequate 1, D5, optimization problems with two different free
time points in the combined optimization variable can be treated (e.g. observation or switching
times).

5.2 Newton system

For clarity of presentation, we first describe the optimization procedure without box constraints.
It is a straightforward application of Newton’s method for minimization problems to the reduced
objective functional with some modifications for the free end time.

Similar to the proof of Theorem 4.8 we consider the reduced objective j(7,u), which is now
depending on 7 due to the specialization in (5.1a). It has the form

i) = [ e (m §lul) de+ Sl (D)

where yry = (Vry, wry) = S(vr,u) is the state solution corresponding to 7 and u. As in
Theorem 4.8 we can compute the derivatives of j.

Proposition 5.2. The functional j is arbitrarily often continuously Fréchet differentiable. The
gradient of j w.r.t. the inner product in R x U is given by

N N ol 12 B
Dj(ru) = (A1 7H Y pra) A ([0 (5 + $lul® + (Bu = A(yru), pru)) dt  (52)
ve(ouw + B*pry) vr(ou+ B*pry)

where pr,, is the corresponding adjoint state fulfilling (4.9).

Proof. The first statement is easy to check for the first explicit part of j. The differentiablity of
the second part is implied by Theorem 4.5 and the chain rule. We follow the same steps as in the
proof of Theorem 4.8 and apply the chain rule dv = 7 induced by the parametrization (5.1a)
to the representation formula (4.15). O

Proposition 5.3. An application of the Hessian of j, given by the symmetric operator
D?j(r,u): Rx U = R x U,

can be computed with the representation

. (f 5 (au + Bp) - 5u — (5y, A'(y)*p) + (Bu — Aly),op)) i
D%j(r,u) (67, bu) = < ! u(idquB*ég)HyrﬁZZaquB*p) e ) (5:3)

where p is again the corresponding adjoint state fulfilling (4.9), dy is the solution of the tangent
equation (4.7), and dp € Wo(0,T) x HY(I,L?) is the solution of the second adjoint equation,
given by

—010p +vA'(y)*op = —v(A"(y)dy)"p — o7 VA (y)"p, (5.4)
p(T") = p(ov(T),0). ‘
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Proof. With the same techniques as in Theorem 4.5 we can show that the mapping (7, u) — pry
is (arbitrarily often) continuously differentiable and that the derivative is given by (5.4). Now,
we can apply again Theorem 4.5 for the control to state mapping (7, u) — yr, and apply the
chain rule to obtain (5.3). O

A Newton method for an unconstrained problem without the restriction u € U,q can be
based on the Newton update computed as the solution h € R x U of

D?j(1,u)h = —Dj(1,u). (5.5)
We will go into further detail after incorporating the box constraints in the next section.

Remark 5.4. The formulas (5.2) and (5.3) can also be derived from general expressions for
an abstract optimal control problem. For instance, the Newton method based on (5.5) fits into
the general framework as described in [17, Ch. 5.2].

Remark 5.5. The terms of the second derivative and the equations for dy and dp which stem
from the variation of the free end time contain the expressions (Bu — A(y)) and A’(y)*p. Since
y and p are solution of the state and adjoint equations, we can replace them by dyy/v and Oyp/v
respectively. This will be very convenient for the practical realization in the discrete setting as
described in Section 6; see also Appendix A.2.

5.3 Box constraints

To efficiently handle the box constraints, we introduce the auxiliary optimization variable ¢ € U
and parameterize the control as

u = uq = Paa(q). (5.6)
By inspection of Theorem 4.8 an equivalent optimality condition for (P, ,) can be given in
terms of the optimization variables (7, ¢) with the “normal map” (due to Robinson [26]) defined
for our purposes as

cvr(q — Paa(q))

for an arbitrary constant ¢ > 0. We can verify that the zeros of F' are precisely the points
satisfying the first order necessary conditions.

F(Tv Q) = Dj(Ta Pad(Q)) + ( 0 ) (57)

Proposition 5.6. Suppose that for (7,u) € RT x U,q and the corresponding (v,y,p) =
(Vz, Y74, P7,u) the first order necessary conditions from Theorem 4.8 are fulfilled. Then there
exists a ¢ € U such that u = P,q(q) and F(7,q) = 0.

Proof. Define the Lagrange multiplier A = —(au + B*p), which is an element of the subdif-
ferential dxp,,(u) (cf. Theorem 4.8). We set ¢ = 4 + ¢~ 'A. To see directly that Paq(q) =
Poq( + ¢ '\) = @, we can use the characterization

3and(ﬂ):{>\ ’ supp AT C {4 = Upmax } supp)\_C{ﬂ:—umax}}.

Furthermore, we have ¢(q— P,q(q)) = A and therefore the second component of F(7, ¢), which is
given by v-(au + B*p + A), is zero. The first component is given by j.(7,u) = [, 7H (u,y,p) dt,
which is zero. O

In the following we will suppose a@ > 0 and set ¢ = « in the normal map (5.7). By
construction we have then that

_ f] ZHLI(utla y'r,qapﬂtﬂ dt
F(T7 Q) - ( VT(aq + B*pT’q) ) (5.8)
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since the term v,aP,q(q) = vrau, cancels in the second row of (5.7). We can now see that the
condition F'(7,q) = 0 implies the relation

§=—4Bpra,
which directly gives the optimality condition for the control 4 = P,q(q). To apply a Newton
type method to F(7,q) = 0 we require the linearization of F. Since (5.6) involves a pointwise

projection it is non-smooth. Therefore we work with the semismoothness calculus in Banach
spaces as in [33]. We introduce the generalized differential of the projection P,q as

6q where |¢| < Umax,
DP.a(q)(3q) = xz8q = ol <
0 else,

where x7 is the indicator function of the “inactive set” given by

Z={(tn)[lagn(®)] < umaxn } -

With the central result on semismoothness of superposition operators on Lebesgue spaces, the
pointwise projection P,q is semismooth as an operator from L"(I,RNeon) — L2(I,RNeon) for
any exponent r € (2,00] (see, e.g. [33, Th. 3.49]). With a chain rule for semismooth operators
and representation (5.3) we compute a representation for the generalized derivative of F' at the
point (7, q) of the form

Drtcatn - (0T T s )8

where 0y solves the tangent equation (4.7) with du = xzdq and Jdp solves the corresponding
second adjoint equation (5.4). To be precise, we obtain the following result.

Proposition 5.7. Define the space U™ = L"(I,RNeon). For any r € (2,00] the mapping
F:RxU"—=RxU" as given in (5.8) is semismooth with the generalized derivative DF given
in (5.9), i.e. we have

|F(1 47,9+ 0q) — F(1,q) — DF(7 + 67,9 + 0q) (67, 8¢)||[rxv € 0 (||(67,9)||rx0")
for (67,6q) -0 in R x U".
Proof. We decompose F into F' = F; o | with the definitions

FI:RxU =RxU xU (1,q) = (7,4, Paa(q)),
' . ., J; VH (U, Yr iy Prou) dt
FB:RxU xU—=RxU (T,q,U)'—>< Vo (g + B*pray) .

The mapping F} is Lipschitz continuous and semismooth with generalized derivative DF; =
(1,Id, DP,q) according to the properties of P,q (see, e.g. [33, Th. 3.49]). Furthermore, the
function Fj is (arbitrarily often) Fréchet differentiable in a neighborhood of P,q(U) = U,g,
which can be proved in a straightforward way as in Theorem 4.5. We skip the details but
mention that the most important step is to show differentiability of

(t,u) €R X U v B*py,, € H' (I, RNeon)

and then use the embedding H! (I, RNen) < U” for any r € [1,00]. As a continuously Fréchet dif-
ferentiable function F; is semismooth with respect to the classical derivative (see [33, Prop. 3.4]).
Therefore, we can apply the semismooth chain rule (see [33, Prop. 3.8]) to obtain semismoothness
of F' = FQ @) Fl.

To obtain the concrete form of DF as given in (5.9) we have applied some obvious algebraic
modifications to the first line of (5.9) and used that yzu = xzq. O
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For the analysis of the semismooth Newton method we also need the bounded invertibility
of the operator DF(T,q) in a neighborhood of the optimum. For this we require a second order
sufficient condition in the optimum.

Assumption 5.8. Assume that for (7,u) € RT x U,q there exists a constant v > 0, such that
(87, 0u), D2(7, @) (37, 0u)) g = v (672 + [Sull?)

holds for all (07,0u) € R x U.

Lemma 5.9. Suppose that (7,q) € RT x U are chosen such that Assumption 5.8 holds for
(T, Paq(q)). Then there exists a neighborhood N (7,q) C RxU of (T,q), such that the generalized
derivative

DF(r,q): RxU" - RxU"

is uniformly boundedly invertible for all (1,q) € N(T,q).

Proof. Define i = P,4(q). By continuity of D?j(7,u) in a neighboorhood of (7, i), the coercivity
condition from Assumption 5.8 also holds in a neighborhood N (T,u) C R x U, with a possibly
smaller constant 4 > 0. We will show, that the neighborhood for (7, ¢) for the invertibility of DF
can now be chosen as N(7,q) = { (r,u+ (g —@)) | (1,u) € N(7,4)) }. In the following, we fix
some (7,q) from this neighborhood. It is clear, that for all such ¢ we have (7, P,4(q)) € N(7,u).
We can separate DF into the two parts DF = DF} + DF5, according to

DF(7,q)(67,0q) = 0 + f[ v (H;(')XI(SQ + Hg//(')éy + H]’)(-)(Sp) dt
avroq v B*ép + 61 v(aq + B*p)

with dy and dp as in (5.9). Recall that xyz = DP,q(q). We note that DF» depends only on the
values of d¢ on the inactive set, i.e. we have

DF5(7,q)(67,6q) = DFs(1,q)(67,xz0q) for all (07,0q) € R x U.

Furthermore DF5 has a smoothing property, i.e. it maps R x U continuously to the smaller
space R x U". We define the subspace of U induced by the inactive set as Ur = { xzu | u € U }
and introduce the pointwise multiplication operator

Pr:RxU — R x Uy, (67,8q) — (67, x199),

which is the canonical orthogonal projection to the linear subspace R x Uz. By comparing the
expressions for D?j and for DF, it is easy to check that

Pro DF(t,q) = Pr o D%j(7, Paa(q)) o Pr (5.10)

holds in the sense of equality of operators on R x U. Having introduced these notations, we
turn to the proof. Consider the equation

DF(r,q)(67,0q) = [ = (fr, fq) (5.11)

for some given right hand side f € R x U". To show that it has a solution (d7,dq) € R x U",
we set du = xz0q € Uz and look first for the solution of

Pro DF(r,q)(61,6u) = Prf.

With (5.10) and Assumption 5.8 the operator Pz o DF(1,q) is symmetric and positive definite
on R x Uz and we obtain a unique solution (d7,du) € R x Uz with

(67, xz6@) [rxv = [|(07, 6u)lrxv < C|Prf|lrxv < C|| fllrxU-
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It is clear that the constant C' can be chosen independently of (7,q) € N(7,q) due to uniform
ellipticity and boundedness of D?j(7, Paq(q)). To obtain a full solution, we use the splitting of
DF from above and get

DF(Ta Q)((ST’ 6(]) = DFl (T’ q)((STa 5(:7) + DFZ(Ta Q)((;Tv XI(SQ)
Rearranging (5.11) and using x70q = du yields
(0, av-0q) = DF1(7,q)(07,0q) = f — DF5(7,q) (07, du), (5.12)

which implies that the second component of the full solution has to fulfill the pointwise equation
av;6q = fq — vy B*6p — 7 (g + B*p). This can be solved for d¢g by using v, € M,q. By using
the smoothing property of DF5(7,q) we obtain

16gllor < Cllf = DFy(7,q) (07, 0u)[[rxvr < C (| fllrxvr + [[(07, 0u)|[rxv) ,

with a generic constant C' independent of (67,du) and (7,q) € N(7,q). Combining this with
the previous estimate for (67, du) we conclude the proof. O]

Theorem 5.10. Suppose that F(T,q) = 0 and that Assumption 5.8 holds at (T, Paa(q)). The
semismooth Newton method based on (67,0q) computed from

DF(t,q)(61,6q) = —F(1,q) (5.13)

with the update rule (7"V, ¢"°V) = (1,q) + (d7,0q) converges locally superlinearly towards (7, q)
in the space R x U".

Proof. We combine Proposition 5.7 and Lemma 5.9 (cf., e.g. [33, Th. 3.13]). O

Remark 5.11. We assume that the constraint v, € MN,q is never violated during the opti-
mization. In practice this will be realized by choosing an appropriate 7, e.g. 7 = const, and a
globalization strategy.

6 Practical realization

In the following the necessary background is established that is needed for an efficient numer-
ical solution of the time optimal control problem. The discretization concept and a proper
globalization of the semismooth Newton method are outlined.

6.1 Discretization

For numerical realization we choose a consistent discretization of the objective, the constraints
and the derivatives in the sense that First-Discretize-Then-Optimize methods (FDTO) and First-
Optimize-Then-Discretize (FOTD) commute, and that we get the exact discrete derivatives.
We achieve this by using a standard FE-Galerkin method in space and a Petrov-Galerkin
method in time; cf. [3]. Since the space discretization is straightforward, we focus on the time
discretization.

The time grid is denoted by 0 = ty < --- < tjy = T with stepsizes k,, = t — tm—1
and subintervals Ip, = (tm,tm—1]. To apply the ¢G(1) Crank-Nicolson scheme for both state
equations, the trial space for v and w is chosen to consist of continuous piecewise linear functions,
ie.

'U(t)|lm =Un-1-+ %(Um - Umfl)’
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while the test space is set to piecewise constant functions ¥ (t, z)|1,, = ¥m(x). For the adjoint
states p; and po the trial and test space are interchanged, i.e. pi(t, )|z, = p1,m(z), and due to
(4.12) the natural control discretization is given by piecewise constant functions, i.e. u(t)|s, =
U € RNeon . With constant v = 1 + 7 we obtain the semidiscrete Lagrangian as

M
Ek(l/yuvyvp) = %(UM,’UM) + {km’/ (H + %‘um‘Q) - (pl,mvvm - Um—l)

m=1

- ka{ (vPl,ma vam—1/2 + %(pl,ma Iion(vma wmfl) + Iion(vmfly wmfl))

NCOH
- Z (pl,ma Xﬂcon,n)un,m:| - (p2,mu Wm — wm—l) + kv (p2,n% G (Um—1/27 wm—1/2>) }7

n=1

where v, /9 = %(vm +vm-1) and wy,_1/2 = %(wm + wp—1). Here we additionally modified the
discretization of the nonlinearity in the term Iion (v, wy,—1) to achieve a decoupling of the ODE
variable w in the state equation. The time-stepping schemes for the state and adjoint equations
can be derived from L. Since both will always be realized for v = 1 according to Section 6.3,
they coincide with those derived in [19] for fixed final time. The second derivatives are obtained
analogously from the semidiscrete Lagrangian. Compared to those in [19], additional terms
arise on the right hand side of the tangent and the second adjoint equation, as well as in the
Hessian evaluation, due to the differentiation w.r.t. the parameter 7.

To get a more convenient representation for the second derivatives, we note that we can
replace the left hand side of the differential equations analogously to Remark 5.5 also on
the discrete level. Here we replace the corresponding expressions occurring in the discrete
Hamiltonian by

%8ty|fm = ,,]im (Ym — Ym—1)-

6.2 Implementation and globalization of the semismooth Newton method

In the following we describe the optimization algorithm TR-SN (Trust Region Semismooth
Newton), which is displayed in Appendix A.3. Therein, the Newton step is computed in a
similar way as in Lemma 5.9. First, we compute a step ((57’,6Aq) that solves (5.13) up to
equivalence on the inactive set. This is done in a matrix-free fashion using the method of
conjugate gradients for the system matrix DF(7,q) in combination with the inner product
(-,-)z = (+, Pr-) induced by the projection to the inactive set as defined above. The use of the
CG method is justifed due to the relation to the Hessian (5.10). In the case of convergence, we
derive the full step (07,dq) from expression (5.12). Note, that we do not set dq to zero on the
inactive set.

To achieve global convergence of the semismooth Newton method, it is embedded into a
trust region framework inspired by Steihaug-CG (see [28]). As a consequence we replace the CG
method by the modification proposed in [28, Sec. 2]. In contrast to the classical CG method,
Steihaug-CG is terminated early in case of too large steps or negative curvature of the Hessian.
This saves costly Hessian evaluations especially at the beginning of the optimization. Otherwise
we terminate the CG method according to the energy error (see [9, p. 171f]). Numerically, we
employ the weighted norm [|(67,6¢)||> = ¢ 672 + ||6¢]|2 on R x U and the corresponding inner
product. Thereby, too aggressive or too conservative changes of the terminal time in the initial
iterates can be avoided via a proper choice of ¢ > 0. Note that this modification does only
affect the steps where the CG method is terminated early.
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6.3 Efficient use of the time transformation

In the practical realization we employ a modification of the time transformation, which allows
us to extend existing optimal control codes to the time optimal case more conveniently. In
each step, instead of updating 7"V = 7 + §7, we apply the time transformation 077 to the
discretization of the time interval. After computation of an update (67, dq) from the Newton
equation (5.13), it is applied as

0"V =q+6q, kyW = 1+TD)ky, th" =ty + k", TV =0. (6.1)

We can verify that this yields an equivalent algorithm (in terms of the iterates tf and ¢ and
the corresponding functional values). Consequently, the state and adjoint solve always work
with 7 = 0, v = 1, i.e. the corresponding code does not need to be changed with respect to
an optimal control problem with fixed ¢;. The resulting Newton system, adjoint and tangent
equations are displayed in Appendix A.2.

7 Numerical results

In the following we apply the monolithic TR-SN method to two examples, the stabilization of
an excitation wave and of a reentry wave. We investigate the convergence properties and show
the successful stabilization of the system. Furthermore, we compare the performance of the
proposed optimization method to a non-monolithic method.

The computations are carried out with Lagrange Q1 elements on a quadrilateral grid in
space using the finite element library deal.II [2]. Concerning the choice of the parameters in
the monodomain equations we followed [13] and chose:

o M 12 73 Uth Upk o
1.5 4.4 0.012 1.0 13 100 diag(3~10_3,3.1525~10_4)

7.1 Example 1: Excitation wave

In the first example, an “excitation wave” has to be stabilized via problem (P ,). One control
function is applied on two disjoint electrode plates {2.on,1. The initial data of the excitation
wave is generated by solving, with an equidistant step size of 0.01, the uncontrolled monodomain
equation with the discontinuous initial data (vg, wp) = (101 x x0...(2),0) on the time interval
(0,0.17). Here xgq,.(x) stands for the characteristic function of the initially excited zone
Qexe = [0.18,0.22] % [0.18,0.24]. The terminal value (v(0.17,-),w(0.17,-)) serves as initial data
for the optimal control experiment. Without control, the wave would spread through the domain
forming an ellipse, leading to a very large value of the objective functional.
The parameter values for the optimization run are given by:

« K M Umax [P 2 con,1

1075 1 100 1000 [0.18,0.22]x[0.18,0.24] [0.0,0.1]x[0.1,0.3] U[0.3,0.4] x [0.1, 0.3]

The domain 2 = (0,0.4) is discretized in 64 x 64 quadrilateral cells (6 refinements). The
temporal grid is taken equidistantly with N; = 151 points throughout the optimization, and
v = 1. The optimization is initialized with t; = try = 6 (ms) and go = —Umax X[0,4]()-

For the algorithm we set ¢ = 10* and used ||F(7,,, ¢,)|| < 107°|| F (70, qo)|| as relative stopping
criterion. The iteration terminates after 19 steps. Table 1 depicts the history of the objective
Jn, the Newton residual F;,, which are given by

Jn = j(TmPad(Qn))a and F), = ||F(Tn>Qn)”7
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the number of CG iterates in the Steihaug-CG method together with its exit flag (0 fully
converged, 2 negative curvature, 3 large step), the current guess for the terminal time t,,, the
number of inactive control points |Z| (out of 150), and an indicator for superlinear convergence
of the objective s, = (jn — jn-1)/(Jn-1 — Jjn—2). We observe fast decrease in the objective at
the beginning of the iterations, together with a reduction of the terminal time. From iteration
10 on, the CG iteration is fully resolved (flag 0). As soon as the inactive set is converged, the
first order optimality sharply decreases and we observe superlinear convergence s, — 0 at the
end of the iterations.

n Jn F, #CG flag ten, |Z] Sn
0 27.0215 1.0-10° 2 2 6.000 49
1 24.0119 2.7-107! 2 3 5436 150
2 19.6478 3.1-107! 2 3 4377 150
R3 19.6478 3.1-107! 2 3 4377 150
4 187142 2.0-107! 4 3  4.037 150
5 18.6004 5.2-1072 4 3  4.046 136
6 18.4606 3.7-1072 4 3  4.084 129
7 181565 2.8-1072 4 3 4110 127
8 17.8473 4.7-1071 6 3 4143 127
9 16.7880 2.9-107! 7 3 4337 128
10 156300 7.2-100' 14 0 4.682 127 1.09
11 14.8599 7.3-1071 9 0 5208 125 0.67
12 144844 35-107' 16 0 5277 125 0.49
13 14.3833 6.2-1072 9 0 5328 124 0.27
14 14.3723 5.9.10°2 7 0 5319 124 0.11
15 14.3694 5.6-1073 9 3 5317 124 0.26
16 14.3688 1.6-102 7 0 5309 123 0.22
17 14.3686 3.4-107* 10 0 5.309 123 0.28
18 14.3686 1.4-107* 12 0 5.308 123 0.08
19 14.3686 9.2-107" 0 5.308 123 0.01

Table 1: Monolithic TR-SN run with um,.x = 1000.

Let us turn to the question whether the excitation wave is stabilized by applying the optimal
control. The optimal state fulfills —0.40 < v(tf, z) < 0.51, —0.023 < w(t¢, -). Hence, the system
is stabilized according to Theorem 2.11 using

Umax = 0.51 < 13,  wWmin = —0.023 > —0.326, vmin = —2.3.

We also ran tests with the initialization for ¢ changed to ¢y = 0, i.e. we start with an
unhindered evolution of the excitation wave. In this case the TR-SN stops after 6 steps with a
different stationary point given by £ = 0.00025 and j = 693, which does not allow defibrillation.
But increasing ¢ to 107 recovers £y = 5.308 also from qg = 0, in 52 iterations.

7.1.1 Comparison to a bilevel method

For comparison we also solved the same problems with the bilevel method from [19] stopping
at the same accuracy of 3 digits in the optimal terminal time #;. The bisectioning-based bilevel
method is started on the interval [4, 6]. It determines ¢y = 5.31 after 14 evaluations of the lower
level problem. The total number of evaluations of state, gradient and Hessian are given in
Table 2.

For this example, the monolithic method saves &~ 90 percent of state, gradient and Hessian
evaluations. The large number of required evaluations in the bilevel method is related to the
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fact that the lower level problem has to fully converge to exclude bad decisions for the upper
level. Therefore it invests more Hessian evaluations far away from the optimal terminal time. In
contrast, the monolithic method concentrates most of the Hessian evaluations in a neighborhood
of the optimal terminal time.

The increase in the average run time of an Hessian evaluation in the monolithic method due
to additional assembling operations was observed to be insignificant.

Method ‘#state #egrad #Hess

Monolithic 20 19 157
Bilevel 212 197 1685

Table 2: Total number of state, gradient and Hessian evaluations.

7.2 Example 2: Reentry wave

In the second example a reentry wave has to be stabilized successfully in minimal time and
with minimal energy input. This wave was generated as in [19, Ex. 1] for £ = (0,2) x (0,0.8).
We choose the parameters

(6% K H Umax Qcon,l

1073 1 1000 40  [0.0,0.25]%[0.3,0.55] U [1.75, 2.0] x [0.3, 0.55]

The discretization is based on M = 1600 time steps and 128 x 64 cells in space. We initialize the
optimizer with go = —umaxX[o,70(t) and tfg = 100, and choose ¢ = 103. The TR-SN converges
in 68 steps reducing the first order optimality condition F}, to a relative accuracy of 1079, see
Table 3. Again we observe superlinear convergence in the last steps.

no g F,  #CG tm, |I| s

0 156.05 4.9-10° 100.000 479

10 98.9124 3.3-1071 67.541 1600
20 74.3351 1.8-10° 67.670 1600
30 69.1416 2.9 -10° 67.166 1600
40 68.7508 2.2-10° 66.920 1600
50 68.3986 5.6-107! 66.720 1583
R 60 68.2537 8.4-107! 66.492 1579

1
3
4
5
5
5
5
61 68.2383 7.5-107> 6  66.500 1578
0
5
6
7
1
7

62 68.2329 4.3-107%2 1 66.525 1577

R 63 68.2329 4.3-1072 66.525 1577
64 68.2312 7.9-1072 66.521 1577
65 68.2294 7.1-102 66.512 1576 1.13
66 68.2289 6.8-107% 1 66.515 1576 0.28
67 68.2287 4.0-107° 66.510 1576 0.26
68 68.2287 5.0-1076 66.510 1576 0.00

Table 3: Monolithic TR-SN run with o = 1073.

The method delivers the optimal terminal time #; = 66.51 and the time optimal control
u depicted in blue in Figure 2. The time optimal control exhibits a multi-phasic structure,
compared to the monophasic initial control. Its energy input to the tissue is very low at
||u|| = 56, and thus significantly lower compared to the initial control ||ug|| = 335. Again, we
confirm the successful stabilization via Theorem 2.11 by examination of the optimal state. It
fulfills —0.01 < (g, ) < 0.20, 0 < w(tg, ).
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The plot in Figure 2 additionally shows the time optimal control for different values of «.
With decreasing « the controls exhibit a different switching structure, showing additional arcs
on the lower bound. Table 4 shows the corresponding parts of the objective. We note a rather

large increase in the norms of the optimal controls, when compared to the relatively small
reduction of the optimal terminal times #;.

40 I T ]
b —a=10"
i = = 1070
20018 -mma=10"7 |

Figure 2: Time optimal controls for different «.

a te all (e, o)l

1073 66.51 56 0.016
1075 65.53 151 0.016
1077 65.48 221 0.016

Table 4: Optimization results for different a.

(b) Corresponding snapshots for the uncontrolled reentry wave v(¢,x) for u = 0.

Figure 3: Snapshots of the controlled and uncontrolled state at t = 0, 1.33, 6 and ¢t = 16, 48,
65 (upper row and lower row, respectively).
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Figure 3 shows snapshots of the optimal transmembrane voltage v(t,,, z) at different times
tm and comparisons to the uncontrolled transmembrane voltage v(t,,,z) at the same times.
The latter depicts the evolution of the reentry wave without applying an extracellular stimulus,
i.e. u = 0. While the uncontrolled reentry wave persists, the time optimal control facilitates a
fast propagation of the wave front into the control region by its positive values; see Figure 3a
for t = 1.33. Afterwards, the negative values of «(t) hinder the wave to leave the control region
to the north. Thereby, the wave is deflected to the south and falls apart.

A Appendix

A.1 A-priori analysis of the state equation

We prove the uniqueness result from Theorem 2.3.

Proposition A.1. The solution to (1.1) in the sense of Definition 2.1 is unique.

Proof. Let (vi,w1), (v2,w2) be two solutions of (1.1) with the same initial conditions vg, wy
and the same right hand side I.. We set v = v; — vo and dw = wy — we. We subtract the
equations for v1; and vy from each other and obtain

0y0v — V - oVov + R(v1) — R(va) + n1(viwy — vaws) = 0

with the cubic nonlinearity R as in the proof of Theorem 2.7. Clearly it holds viw; — vowe =
dvwy + vg dw. We test this equation with x (g4 dv for some ¢ > 0 to obtain

t ¢
/ (0¢0v, 6v) + (oVv, Vov) + (R(v1) — R(vg),0v)ds = —771/ (dvwy, 6v) + (ve dw, dv) ds.
0 0

To estimate the term containing the cubic nonlinearity on the left hand side we use the estimate
from below given by

(R(v1) — R(va),0v) = /OI(R’(Q’Ul + (1 = 0)va) ov,6v) dO > —coHévH%z,

which is a consequence of R/'(-) > —cy (cf. the proof of Theorem 2.7). The two terms on the
right hand side are treated with Holder’s inequality in space, which results in

t t
< 10 lalwnlzds < € [ o ds,

t t
S/O [va alldwll L2 [|0v]] s dSS/O loallZs lowZz + vl ds.

t
/ (dvwy,dv)ds
0

t
/ (vg dw, dv) ds
0

for a constant C' that is independent of v, using that w; is bounded in L°°(I, L?) by Proposi-
tion 2.4. Now, for any ¢ € H', we can estimate the L* norm of ¢ by

/4y i3/4 o 3/4

1/4
el %" < & Nl

3/4 _

el < llell 2 el < 42 3\\30||L2 + *HSOHHl

with € > 0 arbitrary, which is a consequence of Hélder’s inequality, the Sobolev embedding
H' < L% in up to three space dimensions (with constant c,), and Young’s inequality. We apply
this to ||0v||3, (for each s € (0,t)), which leads to the estimate

t t t
/0(5@w1,6v)ds + /0(v25w,5v)ds < C/o 260|214+ €7 0|6v]|2 2 + |lvz]|24|6w|| ds,
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for arbitrary € > 0, where C' does not depend on dv, Jw, or €. Combining the estimates, using
the integration by parts formula in time and the positive definiteness of the elliptic form, we
obtain

t t
150 ()17 +/J Yllov]7n ds < C/O (1 + e )ovlZ2 + e2[lovlz + [lv2]7allow] 72 ds

for v > 0 and C independent of dv and dw. By a sufficiently small choice of €, the H! norm on
the right-hand side can be absorbed into the left-hand side, which leads to

t
502 < C [ ovlEs + lualalw]Fe ds.
By a quick computation we can also obtain a corresponding inequality for dw as
2 ! 2 2
6w (®)|2> < 0/0 160]122 + [|ow]2 ds.

Adding both, we obtain

t
60l + 16w ®lF < C [ (1+ lealifa) (18012 + Jow(o)[F2) ds,

for every ¢t € I. Note that s — (1 + [lvz(s)||34) is integrable, since vy € L*(Q). By Gronwall’s
inequality, it now follows that dv = dw = 0. O

A.2 Newton residual, adjoint and tangent equations

Here, we give the full formulas for the Newton residual F, its derivative DF and the auxiliary
equations. Using the time transformation iteratively as explained in Section 6.3 together with
the simplification from Remark 5.5, the Newton system DF(0,q)(d7,dq) = —F(0,q) can be
expressed as
S 7 (5 + $1Paa(@)® + (9w, p1) + (Dpw, po) ) dt
(aqn + fﬂcon,n 1 dx) )
I o (SN (agn + Jo, POXZ. 00, — (00, Oyp1) -+
oT

DF(0,q) < 5q > = o — (dw, Orpa) + (0w, 0p1) + (Qrw, 5]92)) dt

(0040 + Jo,,,, 01 + 07 DM0an + [, , 1))

n=1...Ncon

n=1...Ncon

Furthermore, we give the auxiliary equations in their full, non-abstract formulation (which
incorporate the natural boundary conditions). The adjoint equations at current state (v, w) are
given by
_8tpl —V-oVp + Ii/on,v p1+ G{u p2 =0,
—0p2 + Ligy o P1 + Gy p2 = 0,
pi(T) = po(T), p2(T)=0.

The tangent equations at current state (v, w) are given by

Oov — V- oViv + i/on,v ov + i/on,w ow = Zfz\[;oln XTn X 2con,n 5Qn + 67 0 O,

Odw + G dv + G, Sw = 57 D dyw,
0v(0) =0, dw(0)=0.
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The second adjoint equations at current state (v, w) and adjoint state (p1,p2) are given by

—0¢dp1 — V -oVopy + 1 jon,v dp1 + G Opa = Lion vo P1 ov — m1 p1 dw — 8T U Oy,
—040p2 + Loy o Op1 + Gy, 0o = —11 p1 60 — 0T D Oypo,
op1(T) = poo(T),  dpa(T) = 0.

A.3 Optimization algorithm TR-SN
1. Initialize ¢°, maximal radius Ampax > 0, initial radius 0 < Ag < Apmax and set k& = 0.
2. Compute F(0,¢*) from (5.8) (state and adjoint solve) and determine inactive sets.

3. Compute (47, 5Aq) from (5.13) by Steihaug-CG using the inner product on the inactive set
(.’ ')I-
4. If Steihaug-CG is fully converged (i.e. [28, (2.3)] is fulfilled), then compute dq from (5.12).
5. Calculate 0** = j(0, Paq(q*)) — j(67, Paa(q" + dq)) and decide:
o If (0" < —¢) then reject step:
— Set qkJrl = ¢F and Ay = 0.24;.
e Else accept step:
— Set "1 = ¢* + dq.
— Set @i(d7,6q) = ((67,09), F(0,¢"))_+§ ((67,89), H(0,")(67,q)) .

— Set g, = % and update the radius:
min(2(|dq||z, Amax), if ox € [0.7,1.3] (model good)
Agy1 =1 0.5/0q|z, elseif g5, ¢ [0.25,1.75] (model bad)
Ag, else.

Apply the time transformation as in (6.1).

6. If stopping criteria are not fulfilled, set £k = k£ + 1 and goto 2.
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