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We study a state constrained Dirichlet optimal control problem and derive
a priori error estimates for its finite element discretization. Additional control
constraints may or may not be included in the formulation. The pointwise
state constraints are prescribed in the interior of a convex polygonal domain.
We obtain a priori error estimates for the L?(I')-norm of order h'~'/P for
pure state constraints and h3/471/2P) when additional control constraints are
present. Here, p is a real number that depends on the largest interior angle
of the domain. Unlike in e.g. distributed or Neumann control problems, the
state functions associated with L2-Dirichlet control have very low regularity,
i.e. they are elements of Hl/Q(Q). By considering the state constraints in the
interior we make use of higher interior regularity and separate the regularity
limiting influences of the boundary on the one-hand, and the measure in the
right-hand-side of the adjoint equation associated with the state constraints
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under project MTM2011-22711.



on the other hand. We note in passing that in case of control constraints,
these may be interpreted as state constraints on the boundary.

1 Introduction

PDE constrained optimal control problems with pointwise state constraints are known
to cause certain theoretical and numerical difficulties. Some progress has recently been
made regarding the numerical analysis of such problems. A priori discretization error es-
timates and convergence results are available for different classes of problems, including
linear-quadratic distributed control problems [7, 10, 15, 17, 23, 24], problems with Neu-
mann boundary control [18], problems with finitely many state constraints [8, 22, 19], or
problems with finitely many control parameters [21, 22]. In [21] the control parameters
may influence a linear combination of nonhomogeneous Dirichlet boundary data with
high-regularity. In this work, we are concerned with a Dirichlet boundary control prob-
lem, which admits less regularity for L?-control functions than for instance Neumann
boundary control problems. We will focus on presenting a priori error estimates for
the finite element discretization of such linear-quadratic problems with pointwise state
constraints in the interior of the domain.

We prove an error rate for the L?(I')-norm of the control of O(h'~/P) for problems
without control constraints (cf. Theorem 6.4), which seems to be optimal regarding
the existing results in the literature. The error rate will be limited by the effects of the
boundary term to h'~1/? (cf. [11, 20]) and the effects of having a measure as the Lagrange
multiplier associated to the state constraints. If we include also control constraints in
our analysis, we obtain an order of convergence of O(h%/*~1/(P)) (cf. Theorem 6.11).
To the authors’ knowledge, results on discretization error estimates for state-constrained
problems in the literature deal with distributed or Neumann boundary control problems,
only. The order of almost O(h) obtained by Deckelnick and Hinze [15] or by Meyer [23]
for distributed controls is for domains with smooth boundary. In [23] a comment about
convex polygons is made, and an order O(h'/?) is obtained. The estimate of order
O(h|log h|) obtained by Casas, Mateos and Vexler in [10] is based on the fact that, for
the problem treated in that work, an enhanced regularity of the Lagrange multiplier
can be proven under mild assumptions. The same order is obtained in [17, Corollary
3.3] under the assumption of uniform boundedness of the distributed controls in the
L*>(§2)-norm.

In [17, Remark 3.4] it is noticed that for both distributed and Neumann boundary
state-constrained control problems (and using a variational discretization) an easy argu-
ment can be used to show that in the presence of control constraints the same proof made
for the pure state-constrained case applies also for the control-and-state-constrained case.
This can be done due to the high regularity of both the control and the state. Unfor-
tunately, such argument cannot be transferred to our problem due to the low regularity
of the involved functions. Therefore, we must use two completely different methods of
proof for the two cases.

Let us present an outline of the paper. In the next section we introduce the problem



and the notation that will be used throughout the work. In Section 3 we collect and
prove the regularity results we are going to need. Section 4 is devoted to the derivation
of optimality conditions, as well as the regularity properties of the optimal solution that
can be derived from these. Next, in Section 5, we discretize the problem using finite
elements. Our main results are presented and proven in Section 6. After introducing a
technical assumption on the mesh and proving an approximation result for the normal
derivative of the adjoint state, we split the presentation and use different techniques
of proof for the no-control-constrained and the control-constrained cases. The proofs
are presented in Subsections 6.1 and 6.2, respectively, and the aforementioned orders of
convergence of O(h'~/?) and O(h*/*~1/(3P)) are obtained in each setting. Finally, we
remark that if we use the technique of Subsection 6.1 to the control-constrained case or
the technique of Subsection 6.2 to the no-control-constrained case, we get worse orders
of convergence in both cases.

2 The control problem

Throughout the article, we are dealing with the following linear-quadratic optimal control
problem:

. 1 2 Va2
min J(u) = §|Iyu - Z/d||L2(Q) + §HUHL2(F)
~Ay,=0inQ, y, =uonT

a(z) < yu(z) < b(x) for ae. x €

a(z) <wu(x) < B(x) onT.

/

Here, Q C R? is an bounded convex domain with polygonal boundary I' and Q; cC Q
is an open set. With this notation, we mean that the closure of {21 is included in €:
Ql c Q.

We denote by 7/3 < w < 7 the largest interior angle of ', and by

pao=2/(2—7n/max{w,7/2}) >2 and sq=1+7/w € (2,4]

the exponents giving the maximal elliptic regularity in W2P(Q) for p < pq (cf. [16,
Theorem 4.4.3.7]) and H*(Q2) for s < sq (cf. [16, Theorem 5.1.1.4]). We consider a
target state yg regular enough, i.e., we will assume 34 € LP(2) N H5~2(Q) for all p < po
and all s < sq.

Moreover, for the state constraints, we consider two functions a,b € C(£;) such that
a(x) < b(z) on Q and, for the control constraints, two functions «, 8 € W1=1/Papa(T),
such that a(x) < B(z) on I'. With an abuse of notation, we will include in our for-
mulation the absence of one or several constraints allowing the cases a = —o0, b = oo,

= —o0 or 8 = co. Further assumptions on the regularity of the state constraints will
be made in order to obtain error estimates. Finally, consider v > 0 a regularization
parameter.



To end this section, let us introduce some short notation. As usual, (-,-) is the inner
product in L?(Q), (-,-)r is the inner product in L?(I") and (-,-) is the duality product
between C(Q1) and its dual M(€;), the space of regular Borel measures on ;. To
handle the constraints, we will use the sets

K={yeC(): alz) <y(z) < b(zx) Vo € O},

Upp ={uc L*T): a(z) <u(z) < B(z) for ae. x € T},
and

Usa = {u S Ua”g: Yu € K}

We will denote by Projy,;)(c) = min{b, max{a, c}} for any real numbers a, b, c the pro-
jection of ¢ onto the interval [a,b]. Finally, we will denote by {x;}7-; the vertices of T’
counted counterclockwise, with Xx,,+1 = X1, and by I'; the part of I' joining vertices x;

and Xj+1-

3 Some regularity results for the related PDEs

It is well known that in a polygonal domain, for any u € L?(T") there exists a unique
Y € HY 2(Q) solving the state equation in the transposition sense:

[ vz = [ ud,zds vz € HA@) N (@),
Q I

Moreover, the estimate

1Yall 2@y < Cllull 2y (1)
holds; see [1, Theorem 2.4] for a proof even in non-convex polygonal domains. This
defines a linear and continuous control-to-state operator

S: L) — HY?(Q).

In this section we will collect some regularity results for the state and the adjoint state
equation that will be needed in the rest of the work.

Lemma 3.1. The control-to-state mapping is continuous from H3=3/2(T') to H*~(Q)
for all s < sq.

Proof. Consider u € H*=3/2(T'): from the trace theorem [16, Theorem 1.5.2.8] we know
that there exists U € H* () such that trace(U) = u. Consider z = U — y,. This
function satisfies

—Az=-AUinQ, z=0o0nT.

Since —AU € H*73(Q) and s — 3 < sq — 2, then [16, Theorem 5.1.1.4] implies that
z € H*71(Q) and consequently y, belongs to H5~(Q) as well. O

Lemma 3.2. For any open set Q' CC €, the control-to-state mapping
S: L2(T) — HY2(Q), Su =y, is continuous



1. from L*(T) — C(%Y);
2. from W=1/Pr(T) to W2P(Q) for all p < pq;
3. and from H*=3/2(T') to H*(Q) for all s < sq.

Proof. The proof follows the usual techniques for interior regularity results. We will
prove in detail the first statement.

1. Since yy is a harmonic function, and hence continuous in {2, we have that y,, € C ()
and T is well defined from L?(T") — C(€). In R?, we have that H'/2(Q) — L*(Q), and
using (1) we can write

yull2) + IVyullw-1a0) < CllullL2 ). (2)

Consider now a cut-off function n € D(Q),0<n<landn=1onQ, as wellasn =0
on Q\ Q”, with some subdomain Q" satisfying Q' cC Q" cc Q. Taking into account
that Ay, = 0, we have that ny, satisfies the equation

—A(nyy) = —yAn —2Vn-Vy, in Q, ny, =0onT. (3)
Since 4 > 2, using the classical estimate by Stampacchia [26], we obtain

yull ooy < lmyullzee@) < N1YAN 4+ V1 - Vyullw-1.40)

and the first result follows from this inequality and (2)

2. We make use of y, € W1P(Q) (see [1, Lemma 2.3]), and hence Vy, € LP(2). We
repeat the process from Step 1, taking into account the W?2P?(2) regularity of ny,, which
follows from [16, Theorem 4.4.3.7].

3. From Lemma 3.1 we have y, € H*"1(Q2), and therefore Vy, € H*"2(f). Since
s < sq, we can apply [16, Theorem 5.1.1.4] to (3) to obtain ny, € H*(2), and hence
Yy € H* (V). O

To eventually obtain regularity results for the control via the optimality system, we
proceed by discussing regularity of adjoint equations. For u € L?*(T") and pu € M (1) we
define ¢, (u) € H3(Q) and ¢s(p) € Wol’t(Q) for all t < 2 the unique solutions of

|
B>

AS

£
[

Yu —Yq in Q, or(u) =0on T,
—Aps(p) = p in Q, ps(u) =0onT,

where the last equation must be understood in the transposition sense:
(s(p), —Az) = (u, 2) Vz € Hy () s.t. Az € LA(Q). (4)

Notice that if Az € L?(Q), then z € HZ () and hence z € C(£), so the definition is
meaningful.



Lemma 3.3. If u € L?(T'), then

pr(u) € WU(Q), dngpr(u) € WV4U(T) Vg < 4, g < po. (5)
If, further, u € H'/?(T'), then we also have that
or(u) € W2P(Q), dppr(u) € WYPP(T) Wp < pq, (6)
r(u) € HY(Q), Onr(u) € [JH2(I)) Vs <3, s < sq, (7)
j=1
and
Oppr(u) € HS3/2(T) Vs < min{3, sq}. (8)

Proof. Suppose v € L?(I'). Then y, € H'/?(Q) — L*Q) and usual regularity results
(cf. [16, Theorem 4.4.3.7]) will give us that ¢,(u) € W24(Q) for ¢ < 4, ¢ < pg. The
trace theorem (e.g. [16, Theorem 1.6.1.5]) states then that

m
Onepr(u) € H Wl_l/%q(l—‘j) Vg < 4,9 < po.

j=1
Since ¢r(u) = 0 on I', we have that d,¢r(u)(x;) = 0 (see [9, Lemma A.2] and [6, §4]) and
Onr(u) € C(I'). This compatibility condition is enough (cf. [16, Theorem 1.5.2.3(b)] to
obtain the global regularity in T".

If u € HY2(T), then y, € H(Q) C LP(Q) for all p < pq. Relations in (6) follow now

in the same way as we proved (5). The regularity result [16, Theorem 5.1.1.4] gives us
or(u) € H3(Q) for all s < 3, s < sq and the trace theorem hence yields

Onor(u) € H H5_3/2(1"j) Vs < 3,8 < sq.
j=1

If sq < 5/2 (i.e., for w > 27/3), the already mentioned global continuity of J,¢; is
enough to obtain the desired global regularity on the boundary. If 5/2 < sq < 3 (this is,
for angles /2 < w < 27/3) this continuity condition gives us also that 9, ¢ (u) € H*(T');
on the other hand, the definition of the Sobolev space H*~3/2(T;) for s > 5/2 gives that

OrOnir(u) € [T H (L)
j=1

Since s < 3, it is known (cf. [16, Theorem 1.5.2.3(a)]) that no compatibility condition is
required at the corners to have
m
[T a2y = 192, 9)
j=1
All together, we obtain that 0,0 (u) € HY(T') and its derivative satisfies 0,0, (u) €
H*=%/2(T"). These are precisely the conditions that define the space H*~3/2(I") (for

5/2 < s < 7/2), and therefore 9, ¢, (u) € H~3/2(T") by definition.
For sq > 3 and s = 3, (9) is no longer true in general. O



Lemma 3.4. For every open set Qo with smooth boundary I'y such that 1 CC Qo CC N
and every € M(Qy)

es(p) € W' () NIWAP(Q\ Q) NH(Q\ Q) V¢ < 2, p<po, s<sq, (10)

Oneps(n) € W=VP(T) N [ H7¥*(T;) Vp < pa, s < sq, (11)
j=1
and
Onps(p) € H*™3/2(I') Vs < min{3, sq}. (12)

Proof. Since ¢g(ut) is harmonic in Q\ ©1, we have that pg(u) € C2(Q2\ Q).
For any open set {2y with smooth boundary T’y such that 9y CC Qo CC Q, ps(p) is
the solution of the following boundary value problem:

_ASOS(M) =01in 2 \ Q?a st(lu) =0on Fa @S(M) =gon F27 (13)

where ¢ is the trace of (i) on I's and is a C°°(I'y) function. Therefore, using [16,
Theorems 4.4.3.7 and 5.1.1.4] we obtain (10). Notice that now we do not have the
restriction s < 3, since the right hand side of (13) is zero.
The regularity of its normal derivative is proven using the trace theory as in Lemma
3.3.
O

Some further interior regularity will also be useful later.

Lemma 3.5. For any open sets Qo and 3 such that Q1 CC Qo CC N3 CC N
ps(p) € W2™(Q3\ Qo)

and
[os ()l wr2.o0 @5002) < CllEllpean)s
where C' depends on the distance from Qp to Q3 \ Q.
Proof. The first statement is obvious since ¢g(u) is harmonic Q\; and Q3\Qs CC Q\Q;.
The proof of the continuity estimate is that of Lemma 3.2. Here we need to use a

bootstrapping argument with two open sets ' and Q" such that Q3 \ Q2 cC Q" cC
'ccQ\ O CC Q to obtain the intermediate results

l[os () It @a\a0) < Crlles()llwseamy
Calles(w) lwzary < Cslles(w)lwre) < Cllull pmea)-

[0 (1)l 2,00 (25\022)
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4 Optimality conditions and regularity of the solution
Define the Lagrangian of the problem, £: L*(T) x M (1) x M(Q;) — R as
Llu,psp7) = J(w) + (1" yu = b) + (10— yu).
We have that for any u,v € L?(T') and p*,u~ € M(Qy), with p = p+ — pu~ the first
derivatives are given by the expressions (see [11])
J'(u)
au[’(uv /ﬁ_a M_)

= (=Ohr(u) + vu,v)p
= (=Onpr(u) — Ongps(it) + vu, v)r

and the second derivatives are independent of w, u™, and p~ since the problem is
quadratic and the constraints are linear:
2 2 —\,,2 2 2
J”(u)v = auu£(“7:u+7iu )U = HyUHLQ(Q) + VHU”L2(F)'

Definition 4.1. We will say that u is a feasible point for (P) if u € Uyq. We will say
that ug € Uyq is a feasible Slater point for (P) if there exist § > 0 and € > 0 such that

a(z)+0 <wup(x) < p(x) —§ foraexel,
a(z) + e < yuy(z) < b(x) — ¢ for a.e. € Q.

Theorem 4.2. Suppose problem (P) has a feasible point. Then it has a unique solution
u € Uyq with related state y = yg € K. If, further, (P) has a feasible Slater point, then
there exist two nonnegative measures i+, i~ € M(1) such that

—Ay=0imnQ, y=uonT (14a)
—Ap=y—yg+pninQ, pg=0o0onTl (14b)

_ . L, _
u(x) = Projja(a) 8(2)] (Vancp(a:)> on T (14c)
(y—9) <0VyeK (14d)

and

supp it C {x € Oy:

(z) = b(z)} (15a)
a(z)} (15b)

y
supp i~ C {zr € Q1: y(x) =

where i = it — i~ and @ = ¢ (@) + @s(fi)-

Proof. Since Problem (P) is strictly convex and we are supposing the existence of a
feasible point, existence and uniqueness of a solution @ € L?(T") is immediate.

Thanks to Lemma 3.2 and our assumption on the existence of a Slater point, from the
expression of the derivative of the Lagrangian, we obtain (see, e.g., [5]) the existence of
two nonnegative measures i and i~ such that (14d) holds and

OuL(a, 1", i) (u— @) > 0 Vu € Uy g,



which in our case means
(=0np +vu,u—u)r >0 Vu € Uy g, (16)

that leads directly to the projection formula (14c). Relations like (15a) and (15b) are
well known in the context of state constrained problems. See e.g. [10] for a proof for
non-constant constraints. O

Remark 4.3. The Lagrange multiplier i and the adjoint state @ need not be unique.
Consider the following one-dimensional problem. Q = (=1,1), Q1 = (=1/2,1/2), yq =
—1/2, v =1, b = —1/2. Then §y = —1/2, u = —1/2 is the unique solution of the
problem. But both pairs

_ 1 _
Y1 = 5(1 — |z[), fir = do
and
—22/2+3/8 if |zl <1/2, 12T X%
satisfy the optimality system.

@2:{ (I—lzh/2 iffef>1/2 _

Remark 4.4. It is also possible to state first order necessary optimality conditions with-
out the use of measures. Due to the convezity of Uyq and the expression for the derivative
of J, we have that

(—=Onpr(@) + v, u —a) > 0 Yu € Uyg.

This would lead to the expression

1

u = Projy <V8n<pr(u)) in the sense of L*(I).

This strategy is used in [24].
Corollary 4.5. If (P) has a feasible Slater point, then
e WI=YPP(D), j e WhP(Q) Vp < pa. (17)

Moreover, if a(z) < u(x) < f(z) for all z € T', then we also have

ue [[HT2(T) Vs <3, s < sq (18)
=1
and
ue H*32(T),j € H Q) Vs < min{3, sq}. (19)

Proof. On the one hand, using Lemma 3.4 we know that d,4(z) € W'=/PP(T) for all
p < pa.

To consider Oy, on the other hand, note that Equation (5) implies that O, (u) €
Wl_l/q’q(f‘) for all ¢ < 4, ¢ < pa. So the projection relation (14c) gives us that
e W'=Yy ¢ H'/2(I'). We can now use a bootstrap argument using the relations



(6) to obtain (17). The regularity of the state is an immediate consequence of the trace
theorem; see [1, Lemma 2.3] for details.
Let us check (18) and (19) now. Since the control constraints are not attained, (14c)

now reads )
u(z) = ;angb(:n) on I

Thanks to (17), already proved, we have that @ € H'/?(T') and we can also apply (7)
and (11) to deduce (18). Relation (19) follows from (8) and (12). The regularity of the
state follows directly from Lemma 3.1. O

5 Discretization

Let {7} be a quasi-uniform family of triangulations of 2. For the discretization of the
state and the adjoint state we use the space of linear finite elements Y}, C H(Q),

Y, ={yeCQ): y, € P{T)VT € Ty}

As usual, we will abbreviate Y0 = Yj, N H}(Q). For the control we use the space U,
of continuous piecewise linear functions that are the trace of some element of Y;. We
define the set of boundary nodes By, = {j: «; € I'} for later use. Finally, for the discrete
Lagrange multiplier we use the space M}, C M(£;) which is spanned by Dirac measures
corresponding to the nodes {z;}jez,, of the finite element mesh that are elements of €);.

For any function y € C(Q) (resp. u € C(I")) we denote by Iy € Y}, (resp. Inu € Up)
its nodal interpolator and for any function u € L?(T"), we will denote by Il,u € Uy, its

projection onto Uy, in the L?(T') sense, i.e.,
(ITpu, vp)r = (u, vp)r Yop € Up,.

Notice that for uj, € Up, Hpup = up. It is known (see [3, Eq. (2.20)], [11, Eq. (4.1)] or
(14, Eq. (3.8)]) that if u € HY(T), 0 < ¢ < 2

||u — HhUHLQ(F) S ||u||Ht(p) for 0 S t S 2. (20)
We will also use the space
Yy = {yn € Ya: yn(x;) = 0if z; ¢ T'}.

We discretize the state equation without penalization, (using variational crime) (see [2,
Theorem 5.2]): for any u € L*(T), yn(u) € Y}, is the solution of

(Vyn(w), Vzp) =0 Vzp € Yao, (yn(u),vn)r = (u, vp)r Yoy, € Up,.

It is customary to say that yp(u) is the discrete harmonic extension of u. Notice that
yp(u) = Ipu on T and hence, if uy € Up, yp(up) = up, on T
The discrete objective functional is defined as

1 v
In(u) = S llyn(u) = yallZe() + 5”””%2(1“)‘

10



We will denote by
Ua,pn = {un € Up: ax;) < up(z;) < B(x;) Vj € Br},

K =A{yn € Yi: alz;) < yn(xj) < b(xj) Va; € U},
and
Usa = {un € Uagn: yn(un) € Kp}.
Our discrete control problem then reads as

min J, (up) }

up, € Uad,h- (Pn)

We will discuss some properties of problem (IP,) similar to those of problem (PP).

Definition 5.1. We will say that uy, is a feasible point for (Py) if up € Ugqp. We will
call upg € Uqqp, a feasible Slater point for (Pp,) if there exist §, > 0 and €p, > 0 such that

a(xj) + 6p < upo(w;) < B(xj) — 0 Vi € By,
a(zj) +en < yn(uo)(z;) < b(xy) —epVa; € Q.
Theorem 5.2. Suppose that (P) has a regular feasible Slater point
ug € Wlfl/p’p(F), for some p > 2. Then there exists hg > 0 such that for all0 < h < hg

the discrete problem (Py) has a Slater feasible point upg = Hpug.
Moreover, the quantities 0, and €y, can be taken independent of h for h small enough.

Remark 5.3. Different assumptions on the reqularity of the Slater point are not rare
in the related literature on control problems with both control and state constraints. See
e.g [23, Assumption 6.2/, [8, Remark 3.8] or [24, Assumption 2.1].

Proof. Let ug € Ugg be the feasible Slater point for problem (IP), and define upg = Ijug.
With an inverse inequality, usual interpolation error estimates, and estimate (20) we
obtain

l[uo — puol| Lo ()
< luo — Inuol|Loo(ry + [nuo — Hpuol| oo (ry
< CR VPl -1y + ChTV2  Tug — Mauo| r2r
< CR VP ol /mn(ry
+ Ch Y2 (|| Thuo — ol p2(ry + lluo — ol 2(r))
< OBV gy s/mn ey + CH V2P gl cs/oqry) < ORIV,
From this uniform convergence, and the fact that a(z) < up < f(x) for all x € I', we

deduce the existence of some hg > 0 such that for all 0 < h < hg, a(z;) < upo(z;) <
B(x;) holds for all z; € T,

11



Since upg — up in L?(T), Lemma 3.2 allows to deduce that
}llii)% Yo — yuhOHL‘X’(Ql) =0. (21)

On the other hand, using the interior error estimate from [25, Theorem 5.1] we have
that for some open set {29 such that 21 CC Q9 CC 2 the estimate

||yuh0 - yh(uhO)HLw(Ql)
< C(og hlllyune = InYunoll oo (22) + 9o — yn(uno)llL2(e))

holds. The first addend in this expression converges to zero since ¥, is harmonic in €2,
and the second one as a consequence of [2, Theorem 5.5]. So we obtain

}LIL% Hyuho - yh(uhO)”L‘X’(Ql) =0. (22)

From the triangle inequality, (21), and (22), we conclude yp (upg) — Yy, in L°(€21). Since
a(x) < yuo(z) < b(x) for all z € Qy, there exists hg > 0 such that a(z;) < yp(uno)(z;) <
b(z;) holds for all 0 < h < hg and all z; € Q4. Hence, uyg is a Slater point.

The independence of §, and &5, with respect to h is clear from the definition of the
Slater point ug and the proven uniform convergences. O

For any u € L?(T') and pu € M(Q1), we define ¢, (), s n(it) € Yao to be the unique
solutions of

(Veorn(u), Vap) = (yn(u) — ya, 2n) Yzn € Yo
(Vs n(), Vap) = (, 2n) Vzp € Yo

Let us now introduce the discrete variational normal derivative. For any linear operator
Ty: Yy, — R, let o, € Yig be the solution of

(Vzn, Vo) = Th(zn) Van € Yio.
Then its discrete variational normal derivative 8290;1 € Uy, is the unique solution of
(Ofon, zn)r = (Vzn, Vo) — Th(zp) Yz, € Yy
The Lagrangian Lj,: L*(T') x Mj, x My — R of (Py) is defined by
L, i) 1y, ) = T (w) + iy s yn(w) = 0) + (uy, @ — yu(w)).

We have that for any u,v € L?(T') and any u;[,u,: € My, with up = /‘Z — jy, , the first
derivatives of Jy and L are given by the expression

Jp(w)v = (=0 op p(w) + vu, v)r
Bl (s, iyf s 17, )0 = (=0 p(w) — s (1) + v, v)r,

and again the second derivatives are independent of u, uz, and p,; since the problem is
quadratic and the constraints are linear:

T = 02, Lo, i, i 0 = lyn(0) Bz + vlolla .
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Corollary 5.4. If (P) has a regular feasible Slater point, then there exists hg > 0 such
that for all 0 < h < hg the discrete problem (Py) has a unique solution uy, € Uqqp with
related discrete state yp, € Kj,. Moreover, there exist nonnegative measures ,U,;, iy, € My
such that

(Vn, Vzp) = 0 Vzp € Yno, (Un,vn)r = (@,op)r Yop, € Up (23a)
(Van, Vo) = (I — Yd, zn) + (Bns 2n) Vo € Yio (23b)

(Bh>yn — Jn) <0 Vy, € Ky, (23¢)

(vay, — aﬁaﬁh,uh —ap) >0 Vup, € Uy g (23d)

where fi, = ) — [, and @ = @rp(Un) + s p(fin).

Proof. Problem (IPp,) is a finite dimensional strictly convex optimization problem whose

feasible set is not empty due to Theorem 5.2, so it has a unique solution uy, € Uyqp-
The optimality system is immediately obtained from the expression for the first deriva-

tive of the discrete Lagrangian. O

Lemma 5.5. Under the assumptions of Corollary 5.4, the discrete Lagrange multipliers
are bounded independently of h.

Proof. Consider upg the sequence of feasible Slater points for problems (P,) found in
Theorem 5.2. Since upg — ug in L*(I), it is a bounded sequence, and the continuity of
the solution operator from L?(T) to L?(2), together with [2, Theorem 5.5], implies that
yn(uno) is also bounded in L?(£2). So we may deduce the existence of C' > 0 such that

2 2
@l z2ry < ;Jh(ﬂh) < ;Jh(uho) <C.

With the same reasoning made for the discrete states related to the Slater points, we
deduce that the sequence of discrete optimal states 7, is also bounded in L?((2).
Since upg is a Slater point for problem (Pp,), there exists p > 0 such that

a(z;) < yn(uno)(x;) — p < yn(uno)(x;) + p < blay) Va; € Q.

Notice that gp, = ﬂz — fi;, € My, and hence it is a combination of Dirac deltas centered
at the nodes of the mesh. There exist A\; € R for all j such that x; € €y such that

fin = Zj\jém]

Define z; € Y}, as

pif X >0
Zh(.CCj) = —p 'if Aj <70
0 if CC]' ¢ Ql

Clearly, yno + 25 € Kp, and using (23c) we have

{fin, yn(uno) + 2n — yn) < 0.

13



So we have, using the definition of the discrete normal derivative of yg j,(fip,), the fact that
s, n(fin) € Yno together with the definition of discrete state, the discrete Euler-Lagrange
condition (23d) together with the boundary conditions satisfied by the discrete states,
the definition of discrete normal derivative of ¢, (), the fact that opn(un) € Yao
together with the definition of discrete state and the already proved boundedness in
L*(T) of the discrete optimal controls and the discrete Slater controls and in L?(€2) of
its related states:

plinll ey = P > IN| = (in, 2n)
< Afin; Yo — yn(uno))
Y (@h — yn(no)), Veosn(itn)) = (Orpsn(fin), Un — Yn(uno))r
vty — O (), W — wno)r
= (viip, Up — upo)r
(V(@n — yn(uno))s Vorn(tn)) — (Un — Ya, Yo — yn(uno))
= (vip, up — upo)r < C.

Hence the assertion is proven. O

6 Error estimates

To obtain error estimates, we will make the following technical assumption on the tri-
angulation, which is not difficult to fulfill in practice:

Assumption (H) There exists some h > 0 and an open set Qy 7, such that 1y CC
Qly CC Ay, CC Q for some open set o with smooth boundary I'y such that for all
0<h<h

Qyj, =U{T € Tp: st x5 € Qyp Vaj vertex of T'}.

Notice that for every T' € T, either int T € Q7 or int T € Q\ Q5 and {Tp}y,
induces a quasi-uniform family of triangulations {72}, on Q\ Qy7 . We define

ffh = {yh S C(Q\Qzﬁ): Yp € Pl(T) VT € 7-2,h}

and 3 . B
Yh70 =Y, N H& (Q \ QQ,E)‘
We will denote by (-,-)q\q,, the inner product in L3\ 5_2275). We will also use the

space U, of the traces of the elements of Y}, on I'y 1., the boundary of €, .
We can also define a variational discrete normal derivative on I'y . For any ej, € Up,

and T),: Y}, — R linear, let ¢, € Y}, be the unique solution of

(qu)h, Vzh)g\ﬁz,ﬁ = Th(zh) for all z;, € ?h@, ¢n=eponl', ¢p, =0 on FQJ}
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Then it can be shown as in [11] that there exists a unique d"¢, € Uy, such that

(O dn, 2n)r, 5 = (Von, Van)ona, , — Thl(zn) Yz € Y (24)

,h

We have the following relation between the boundary data on I' and the discrete normal
derivative on I'y 7.

Lemma 6.1. Suppose that Assumption (H) is satisfied, consider ey, € Uy, and let ¢, € Y,
be the unique solution of

(Von, vzh)ﬂ\ﬁz,}} =0Vz, € ?h,Oy on=-en onl, ¢p=0 onlyp.

Then, there exist hg > 0 and C > 0 such that for all 0 < h < hg

HalﬁhHLZ(rM) < %HehHLZ(F)
1s satisfied.
Proof. Take any v;, € Uy, and let i, € Yj, be the unique solution of
(Vnp, Vzh)Q\QM =0Vz, € ?hp, nn =0 on T, = vy on Ty

Then, with (24) and using the appropriate inverse inequality (cf. [4, Theorem (4.5.11)],
we obtain

(Ondn vn)r,, = (Vén, Vimaa, , < IVl 2@a, IVl 20, 1)

< Cllenll gz lonll iz, ;)
1 1
< CWHehHLQ(F)WH'U}LHLZ(FZ;L)
and the result follows. ]

Lemma 6.2. For any u € W=VPP(T) there exists some hy > 0 and some C' > 0
independent of u such that for all 0 < h < hy the following estimate holds

10npr (1) = e (W 2y < CR VP llullyr-s/nary Yo < po. (25)

Suppose further that assumption (H) is satisfied. Then, for any u € M(S1), there exist
some ha > 0 and C > 0 independent of p such that for all 0 < h < hy the following
estimate holds

10nes (1) — O s n (i)l L2y < CR P il pyayy VP < pa. (26)

Proof. The proof of the estimates for both the regular part and the singular part is
similar. We will write the details for the singular part, since it requires some more
tricks. We will drop the dependence on p in the following lines. First we write

[|Ontps — 82@5,11“%2(1“) = [|Onips — Hhan@s”%%r) + [T 0n s — aﬁ@s,h“%ﬂ(l")'
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From Lemma 3.4 and estimate (20) it follows that
[|Onps — HhanSOSHLZ(F) < Chs”:“’”/\/l(ﬁl) Vs < min{3/2, sq — 3/2}.

For the second addend, denote by e = I1,0,¢s — Oﬁcpsvh and define ¢; € Y}, as the
unique solution of

(V¢h, Vzh)Q\QM =0 for all 2z, € ffh’o, on =e,onl, ¢, =0 on F2,7L'
We use the definition of II; and the value of ¢; on I' to write
H€h||2L2(r) = [[Hp0nps — aﬁ@s,h”%%l‘)
= (T0nps — 0%ps 1y TOnps — O ps )

= (angps - ag‘ros,hv Hhan@s - ag@s,h)l‘
= (Onps, BT — (Ohypsns 1)1 (27)

Since ¢, = 0 on I'y 7, the extension of ¢y, to {2, 7 by 0 is an element of ¥;,. With an abuse
of notation we well also refer to this extension as ¢5. Now we can use that ¢, € H*(Q)
and apply Green’s formula to obtain

(Ongs, ¢n)r = = (Pn, 1) + (Vén, Vo) = (Von, Vos) = (Von, Vos)ang, ;- (28)

where we have used that supp ii C Q1 C Qo CC Q57 and ¢p, =0 in Qy 5. In the same
way we use that ¢y € Yy, and the definition of the discrete normal derivative to obtain

(05 s )T = —(Dhs 1) + (Vb, Vips 1)
= (Von, Vosn) = (Vor, Vosn)aa, ;- (29)

Now we use (27)-(29) and insert the zero £(Vép, VInps)g\q, . to write

lenll7zry = (Vén, Vios — Vings)og, , + (Von Vings = Veosn)ona, - (30)

Let us discuss the second term of (30). For any zj, € Y}, such that z, = 0 on I, using
the definition of discrete normal derivative, we have

(v¢h7 vzh)Q\QQ,H = (87};¢h7 Zh)FQJI
and therefore
(Von, VIngs = Vosnana, , = Ondn: Inws — @sp)r,
= (8:LL¢ha Thps — ‘PS)FQ,;} + (82@1’ Ps — Sos,h)Fg,;l-

From Lemma 3.5, we know that ¢ is regular in 3 \ Qy for some 3 CC Q such that
[yn C O3\ Q2, so we use interpolation error estimates (see e.g. [13, Theorem 17.2])
and Lemma 6.1 for the first term. For the second one we also use Lemma 6.1 and the
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uniform estimate for Green functions [25, Theorem 6.1(i)]. This result is proved for
Dirac measures, but the proof is the same (with the obvious changes) for any measure
with compact support. We obtain

(Von, VIngs = Vosn)ava, ; < Chlloghlllenll 2wy llel ma,)-

For the first term in (30)

(Von, Vos = VInps) g, ; < llonllwrr a, ) llvs = heslwir@a, )
< Cllenllyr-1rv o yhllpsllwze@n, ;)
< Cllenll gri—1/e iyl el pear (31)
< ChYY" Menll p2yhllil ey
= ChY Pl ooy Il paanr -

Collecting all the estimates the proof is complete. For the regular part, it is easier, since
we can define ¢j, € Y}, and we avoid the second term in (30). O

To obtain error estimates, we will follow two different methods of proof for problems
with pure state constraints and problems with additional control constraints. We discuss
the main differences of these methods along with the advantages and disadvantages of
each of them at the end of the paper.

6.1 No control constraints

The main result of this part is the error estimate proved in Theorem 6.4. A technical
lemma necessary for the proof is provided first.

Lemma 6.3. Suppose that (P) has a regular feasible Slater point,
a,b € W2P(Qy) for all p < po and a(z) < u(z) < B(z) for all x € T. Let i and
up, be the solutions of problems (P) and (Py), respectively, and i and iy, Lagrange mul-
tipliers associated to these solutions. Then

(8o (1) — s n(fin), @ — ap)r < CHEEYP) vy < pg.

Proof. Using the definition of the L?(I") projection, the definition of the discrete normal
derivative, the equalities yp (@) = I, yr, = up, on T, the fact that both ¢g 5 (fin), ¢sn(R) €
Y30 and the discrete state equation, we obtain

agSos,h(ﬂ) - 8Z<Ps,h(ﬂh)a Iy — ap)r

h — ﬂayh(a) - yh>
= (1" gn — yn(@) — (5=, gn — yn(@))
+ (g yn(@) = gn) — (g, yn(@) = Gn)
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For the first two addends we use that j = bon supp u™, § = aonsupp u—, Ina < g, < Ipb
and the estimates for the interpolation error to obtain

(5590 — yn(@)) — (3™, n — yn(@))
< (Bt b —yn(@)) + (@ Inb = b) + (37, —a + yn(a)) + (a~,a — Ina)
= (" b—9) — (7, a—9) + (E" —a~,5 — yn(@))
+ <ﬂ+, Ihb - b> + <ﬂ7, a — Iha>
= (i1, 5 — yn(@)) + (E*, Iyb — by + (i~ ,a — Ipa)
< lallaacan) (17 = vn(@) (o)
+ O P (lallwzo g,y + Ibllwzr(ay)) ¥p < po-

To finish, we use that g, = b on supp,uh, —b<0, Yy, =aonsuppjy,and j—a >0
to obtain
(itgy s yn(@) = gn) — (i, > yn (@) — Yn)
= (g, yn(@) = b) = (, , yn (1) — a)
= (T yn (@) = §) + (g, 7 = b) = (g, yn (@) = §) — (@, . 5 — a)
(i, yn() — )

18nl peen 19 — yn(@)|| oo (y)-

All together we arrive at

(s n (1) = Onypsn(ian), @ — an)r
< (1Al meey) + 2R a@o) T = yn(@) ]| oo )
+ Ch* P (||allwza i) + [blw2s@n) VP < po.
Thanks to the boundedness of fi, proved in Lemma 5.5, it only remains to estimate
19 — yn(@)|| oo (0,)- We use the interior error estimates [25, Theorem 5.1], interpolation
error estimates, finite element error for non-regular problems (cf. [4, Theorem (12.3.5)],
the interior regularity results of Lemma 3.2, Lemma 3.1 and the regularity of the optimal

control state of Corollary 4.5. For any open set {25 such that ; CC Qo CC Q, all p < pq
and s < min{3, so} we obtain

15— yn (@) Lo (0y) < C(og hl|§ — Ingll oo ) + 17 — yn (@)l 22(0y))
< C(|log h’h272/p‘|g||W2vP(Qg) + PG o))
< C(]log h|h2_2/p||ﬂ||wl—1/p,p(r) + hs_lHﬂHHs—:S/z(r))- (32)

Choosing s = 3 — 2/p (which is smaller than 3 and sgq), the proof is complete. Since the
result is valid for all p < pq, the |logh| term can be neglected. ]

Theorem 6.4. Let u and up be the solutions of problems (P) and (Py), respectively,
and suppose that (P) has a regular feasible Slater point, Assumption (H) is satisfied,
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a,b € W2P(Qy) for all p < pq and a(x) < u(z) < B(x) for all z € T. Then there exists
some hg > 0 and C > 0 such that for all 0 < h < hg

@ — tp 2y < CRYTYP Vp < pa.
Proof. Since J is quadratic, we can write
*Hu — Up[Tary < Jp (ue) (@ —an)? = J5 (@) (@ — an) — J5,(@n) (@ — )
= n@r,p(U) +vU, U — Uup)r — (—0,¢r,h(Up) + VU, U — Up)T
(—Oorp (@) + )r — (=0pen(in) + )

with some ug = up, +&(u —up), 0 < € < 1. Inserting the term 40,4, () and taking into
account that in the absence of control constraints first order optimality conditions read
like

v — Oppr () — Opps(p) =0 (33)
vit, — Open(@n) — Oys n(itn) = 0, (34)
we get to
VHa_ﬁhH%Q(F) ( ngps( ngOS h(:H )77_71}1,)1_‘
+ (Onpr(u) — n%or (W), @ — tup)r
= (Ongps(It) — anSOS (), & —up)r
+ (s n(12) — Otspsn(jin), & — tp)r
+ (an(/)r(u) - angor h(a) u— ﬂh)l“- (35)
The result then follows from (35) and Lemmas 6.2 and 6.3. O]

6.2 Control constrained case.

We provide hence a different proof from the one done for the no-control-constrained
case, where we use a technique similar to that followed by Meyer in [23] or Rdsch and
Steinig [24], where we show an order of convergence of O(h3/4=1/(2P)). Before stating
and proving the main result of this section, we will collect some auxiliary results. We
begin with the error estimates for the L?(I") projections.

Lemma 6.5. The L?-projection 11}, fulfills the projection error estimates
lu = T ey < CR* Pl yyramarmnry (36)

as well as
lu = Tpull g-1/2r) < Ch3/2_1/pHuuwl—l/p»l’(r) (37)

for all w € W=YPP(T) and all p < 4oc0.
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Proof. Estimate (36) follows from [12, Theorem 2.1] and usual interpolation error esti-
mates. The proof of estimate (37) is a bit more delicate. It involves a duality argument
that relies on the approximation property (20).

To shorten notation let us define F = {v € HY?(T): [v[[ 172y = 1}. Using the
definition of II;, and of the dual norm we may write

lu—Tpullg-120ry = su1})_<u = Hpu, v) g-1/2r0y, g2y

ve

= sup(u — u,v)
vEF

= sup(u— pu,v — o)
vEF

< sup [|u — Il Loy lv = Tpo|| £2(ry
veEF

< sup b VP [ullyicamo oy 20l ey
veF

= Chg/%l/pHUHWI—I/M(F)v
and the proof is complete. O

The reader may compare (37) with [23, Eq. (4.2)] or [24, Eq. (3.4)] and wonder why
we have not used the norm of W'~1/P?(I')* instead of the norm in H~/2(I"), which
would have lead to an estimate of order h2=2/P. The reason is that we will need the
continuity of the solution operator into L?(£2) in (44), and this is not possible for data
in W=1/pp(T)*,

Le us now state properly the meaning of the state equation for data v € H~/ 2(T).
We will say that y = Su if

/ yAzdx = (u, On2) g-1/2(ry /2y V2 € H%(Q) N H (D).
Q

Since z =0 on T', 9,2 € H'/?(T) and the definition makes sense (see [9, Lemma A.2]).

Lemma 6.6. The control-to-state-mapping Su = vy, is well defined and continuous from
H=Y2(T') to L*(Q). For any open set ' CC Q, it is also continuous from H~Y2(T") to
().

Proof. The proof of the first part follows the usual duality argument. To shorten nota-
tion, let us denote F = {f € L%(Q): I fllz2() = 1} and for every f € L%(Q), let z be
the unique element in H?(2) N H}(Q) such that —Az = f in . Then

ol = sup [ ufde = sup ~(u,002) -sraey
fEFJQ feF
< sup Hu”H*1/2(F)HanZHHl/Q(F)
feF

< sup Cllull 12yl fl 22@) = Cllull g-1/2(ry.-
feF

The interior regularity can be proven using a similar discussion to that of Lemma 3.3
and a bootstrap argument like in Lemma 3.5 O
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Lemma 6.7. Suppose that (P) has a regular feasible Slater point and that Assumption
(H) is satisfied. Then the sequence of discrete optimal controls uy of Problem (Pp) is
bounded in the W'=1/PP(T)-norm independently of h for all p < pq.

Proof. For the proof we refer to [11, Theorem 6.2]. This proof is based on the stability of
the L?(I')-projections in W'~1/PP(T) stated in [12] and can be adapted with the obvious
changes starting with our Lemma 6.2. O

Lemma 6.8. Suppose that (P) has a regular feasible Slater point. Let @y be the optimal
control of (Py). There exists a sequence u* = u*(h) of controls, uniformly bounded in
W=1/PP(T) for all p < pq, that are feasible for (P), and a constant C' > 0 independent
of h such that

0~ ()l ey < OB 77 p < o (38)

Proof. For h > 0 consider upg = Ilug the discrete Slater point introduced in Theorem
5.2. For k = k(h) to be determined define the auxiliary control

ut =ap + H(uho — ﬂh).

The boundedness of the sequences u* follows directly from Lemma 6.7 and the stability of
1T, stated in [12, Theorem 2.3]. Then, clearly the error ||, — || g-1/2(r is determinded
by x(h). Notice, for instance,

u* = (1= r)up + kupp < (1= K)B+ k(B —6p) =B — Kdp < B,

where J}, is introduced in Definition 5.1. Repeating these calculations for the lower bound
results in feasibility of u* with respect to the control constraints. To check feasibility
regarding the state constraints, observe that in {2; we have

Y(u) = () + y(u") — g ()
< (L= ®)yn(tn) + £yn(uno) + [y(w*) = yn(u)|| Lo (y)-
Similar to (32), we obtain with [11, Theorem 5.4]
ly(w") = yn(u")l oo (ay)
< C(log hllly(u*) = Iny(u*)|| Lo (aq) + ly(w) = yn(u)] L2(q))
< C([og h|W*"*Plly(u*) w2 () + B2 P [0 lya-aimnr))
< C(|1og A a1/ ey + BV s/
< CRP2 7P| [y - (39)

Taking into account that u*(h) is bounded in W'=1/PP(T), all the estimates yield

y(u®) = yn(u®) + y(u®) = yn(u’)
< (1= k)b + k(b —ep) + Ch3/21/p
<b-— kep+ Ch3/2-1/p,
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Noting that for h small enough, ¢, > 0 is independent of h (cf. Theorem 5.2), we
obtain for k = C’h3/2_1/p/5h feasibility with respect to the upper bound. Analogous
calculations for the lower bound and the definition of kK = k(h) yields the assertion
including the required error estimate. O

Lemma 6.9. Suppose that (P) has a regular feasible Slater point. Let u be the optimal
control of (P). There exists a sequence uj of controls, uniformly bounded in Wwl-1/pp(T)
for all p < pq, that are feasible for (Pp) and a constant C' > 0 independent of h such
that

I - w2y < ChI=VP Vp < pa (10)

@ = | /2y < CRYP7YP p < pa. (41)
Proof. The proof is similar to the one of Lemma 6.8. Define
u;; = IIyu + K](uho — Hmj),

and note that upg = IIpup. The boundedness of the sequence uj follows again directly
from the stability of IIj, stated in [12, Theorem 2.3]. Obviously, for x sufficiently small,
uy € Uy, is instantly verified. To discuss the state constraints in the interior of (2,
by means of the projection error estimate from Lemma 6.5 together with the interior
regularity result in Lemma 6.6 and estimate (37), and the interior L>°-error estimate for
the state which is obtained as in the proof of the previous lemma, see (39), we obtain

yn(up) = ylup) +ynluy) —yluy)
= (1-r)y+ry(uo) + (1 — x)y(Ilpu — u)
+ry(Ipup — uo) + yn(up) — y(uy,)

< (1= R)b+ k(b —e)+ C1—m)h > VP[]l 1m0y
+CRRP2 P [wg g1/ ry + OB 7P| -1y
< b— ke + CRY?P, (42)

and thus we may choose k = Ch3/271/P /e, To obtain the estimates (40) and (41), we
use that £ < Ch3/2~1/? and (36) and (37), respectively.

lup, = @l 2y < 1Tat — @l 2py + CAY 2P lupg — Ty 2y < CRIP
as well as

lwh, = @ll -7y < 0@ = all 1oy + CHY2 7P lupg — Tyl ooy

< CR3/2-1/p,
O
Lemma 6.10. There exists C > 0 such that the following estimate holds:
Iy (@n) — yn(@n)llz2c) + ly(uh) — ya(up)llzzi) < Ch¥*71P ¥p < pq. (43)
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Proof. The assertion follows from the error estimate for semilinear equations in [11,
Theorem 5.4] and the uniform bounds stated in Lemmas 6.7 and 6.9.
ly(an) — yn(un)llz2() + lly(up) — yn(up)ll L2
< CR2Y (|fanllyassmoey + Ik lwa-s/mmry)
< CR3/2=1/p,

d

With the preceding results, we are now in the position to prove our error estimates in
the control-constrained case.

Theorem 6.11. Let u and uy be the solutions of problems (P) and (Py,), respectively,
and suppose that (P) has a regular feasible Slater point and Assumption (H) is satisfied.
Then there exists some hg > 0 and C' > 0 such that for all 0 < h < hg

3_1
|la — ’L_LhHLz(p) < Ch4 2 Vp < pq.

Proof. We follow closely the technique of proof in [23], Lemma 7 and Theorem 3. We
use the auxiliary controls u* and wu; from Lemmas 6.8 and 6.9, that are feasible for
Problems (P) and (IP,), respectively, to test the variational inequalities for (IP) and (IP).
This leads to

0 < (vu — Oh@,u* —u)r =v(u,u" —a)r + (¥ — ya, y(u" —))
0 < (v, — Oan, uj, — an)r = v(an, wl, — an)r + (Gn — ya, yn(u), — @),

where the Lagrange multiplier terms disappear because of feasibility of u* and wu; with
respect to the state constraints. Then, adding both inequalities and straight forward
computations lead to

— 150 = Gll720) + (wn(@n) — y(@), yn(uh) — y(ui) + y(up) — y(@)
+ (y(@) — ya, y(u*) — y(un) + y(up) — y(a)
+y(tn) — yn(un) + yn(uy) — y(uy))-

Rearranging terms and estimating the right-hand-side of the last inequality further, we
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arrive at

v, 1, _
5”“ - uhH%Q(F) + *Hy - th%%Q)

< vlllgyse (Hu = nll -2y + 1k, = @l 172 )
2 = 3y + ) = p()l By + (i) — v (@3
+ Iy (@) = all 2o (Iy(e7) = vz + (i) — v(@) | z2)
+ ly(8) = yall 2y (ly(in) - yh<uh>rrL2<Q+uyh<uh> y(i)l2@)
< Sl = @z + Cllus, = @l ey + (i) = o (i) 720

+ (vl + Clly(@) - ydum)

(Il = @l -2y + st = @l g2 )
+1ly(@) = vallz2c@) (@) = wn@n)lz2@) + lun(er) = (i)l 2)

where we applied in particular Young’s inequality, the Cauchy-Schwarz inequality, as
well as the estimate

1y (up) = y(@|l L2y < Cllup, — @ll g-172(ry- (44)

which follows from Lemma 6.6.
We now use estimates (38), (40), (41) and (43). Collecting all estimates yields the
assertion after taking the square root. O

6.3 Comparison between the two methods of proof

Let us end this manuscript with a short comment on the different methods of proof in
Sections 6.1 and 6.2. If we try to write the proof of Subsection 6.2 for the non-control-
constrained case, and we want to get an order O(h!~1/?) as we obtained in Subsection
6.1, somehow we should use the norm in H*~%/2(I') (s < 3, s < sq) instead of the norm in
W1=1/PP(T). Indeed, the optimal control has that regularity, which would improve the
error for the L?-projection, estimate (37). But to improve the FEM estimates (39), (42),
and (43), using the same technique as in (32), we would need the norm in H*~%/2(T) of
the discrete optimal controls to be bounded, as we state in Lemma 6.7 for the norm in
W1=1/PP(T). To have that bound, we would have to prove stability of II; in H*~3/2(T),
(this is not proved in [12] but it can be proven with the same technique used therein)
and an error estimate for the approximation of the adjoint state analogous to that of
Lemma 6.2. The key point is that we are not able to improve the order of convergence
O(h'~1/P) in (31), so the subsequent argument in the proof of Theorem 6.2 in [11], which
eventually uses an inverse estimate, would not lead to the desired result.

On the other hand, to adapt the method of Section 6.1 to the control constrained
case, we have to use the inequality form of the first order necessary conditions (16) and
(23d) instead of (33) and (34). One idea to compare both inequalities is to use the
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interpolate introduced by Casas and Raymond cf. [11, Equation (7.9)] as test function,
but this only leads to an order of O(hY/2~1/(2P)). The main reason for this is that in the
analogous of Lemma 6.3, we would find the term ||y — yh(ugR)HLoo(Ql), where u{® is the
afore-mentioned interpolate, which will be bounded by the finite element error estimate
plus the interpolation error || — u$®|x in some appropriate norm. The finite element
error is of order O(h*2~1/P) (in contrast to the unconstrained case, where it is O(h?~%/?)
due to the higher regularity of the control as shown in (32)), but the interpolation error
|lu — USR”LQ(Q) is of order O(h'~/P) (cf. [11, Lemma 7.5]). To obtain a final order of
O(h3/*=1/(2P)) it would be enough to prove that ||a — UERHH—I/Q(F) < Ch3/2=1P but
we have not been able to prove such an estimate. The key difference is that with the
technique used in Section 6.2 we are able to use the L?-projection instead of the Casas
and Raymond interpolate, and we obtain an interpolation error in H~/2(I") of order
O(h3/2~1/P) (see eq. (37)). Notice also that we do not need to assume a,b € W2?(Qy)
to obtain the final error estimate in Theorem 6.11.
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