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Abstract. We develop a sampling-free approximation scheme for distributionally robust PDE-
constrained optimization problems, which are min-max control problems. We define the ambiguity set
through moment and entropic constraints. We use second-order Taylor’s expansions of the reduced
objective function w.r.t. uncertain parameters, allowing us to compute the expected value of the
quadratic function explicitly. The objective function of the approximated min-max problem separates
into a trust-region problem and a semidefinite program. We construct smoothing functions for the
optimal value functions defined by these problems. We prove the existence of optimal solutions for
the distributionally robust control problem, and the approximated and smoothed problems, and show
that a worst-case distribution exists. For the numerical solution of the approximated problem, we
develop a homotopy method that computes a sequence of stationary points of smoothed problems
while decreasing smoothing parameters to zero. The adjoint approach is used to compute derivatives
of the smoothing functions. Numerical results for two nonlinear optimization problems are presented.
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1. Introduction. Stochastic programming offers an approach to optimization
under uncertainty. In order to apply this approach, uncertain parameters are mod-
eled as a random vector distributed according to a probability distribution, which is
often unknown and approximated by a known nominal probability measure. Distribu-
tionally robust optimization (DRO) allows the decision maker to take into account the
“uncertainty” of that nominal probability distribution; the goal is to find an optimal
solution that is resilient to distributional uncertainty. The task is formulated as the
minimization of the worst-case expected value of a parameterized objective function.
The worst-case is computed w.r.t. probability measures contained in an ambiguity
set, which models the distributional uncertainty. These sets can be defined through
moment constraints [18, 52] and/or various probability distances [19, 41, 44]. Certain
classes of DRO problems (DROPs) can be solved efficiently [18, 19, 52]. However,
when the parametrized objective function is nonconcave as a function of the param-
eters or implicitly defined, DROPs are generally intractable [18, 52]. We develop
a computationally tractable sampling-free approximation scheme, based on [38], for
the distributionally robust nonlinear, partial differential equation (PDE)-constrained
optimal control problem

min
u∈Uad

{
sup
P∈P

EP [J(S(u, ξ), u, ξ)]
}
,(1.1)

where EP [J(S(u, ξ), u, ξ)] =
∫
Rp J(S(u, ξ), u, ξ)dP (ξ), Uad ⊂ U is the set of admissible

controls, and U is a Hilbert space. Moreover, J : Y ×U ×Rp → R is the parametrized
cost function, and S : U ×Rp → Y is the solution operator of the parameterized PDE
e(S(u, ξ), u, ξ) = 0 for ξ ∈ Rp, where e : Y × U × Rp → Z, and Y , Z are Banach
spaces. Motivated by [14, 18, 38, 47], we use moment and entropic constraints to
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define the ambiguity set P:

P = {P ∈M : ‖Σ̄−1/2(EP [ξ]− µ̄)‖2 ≤ ∆, σ0Σ̄ 4 CovP [ξ] 4 σ1Σ̄,

lnEP [exp (dT (ξ − EP [ξ]))] ≤ (σ1/2)dT Σ̄d for all d ∈ Rp },
(1.2)

where ∆ > 0, µ̄ ∈ Rp, Σ̄ ∈ Rp×p is a symmetric, positive definite matrix, σ0, σ1 ∈
R+ fulfill σ0 < σ1, and 4 is the Löwner partial order. Here, EP [ξ] denotes the
expectation and CovP [ξ] the covariance matrix both w.r.t P ∈ M, and M is the
set of probability measures on Rp equipped with its Borel-σ-field. The first two
conditions in (1.2) model confidence regions for the mean and the covariance of the
random vector ξ [38, sect. 2]. The ambiguity set P contains all distributions of strictly
sub-Gaussian random vectors, in particular all normal distributions, with mean µ
satisfying ‖Σ̄−1/2(µ − µ̄)‖2 ≤ ∆ and covariance matrix Σ fulfilling σ0Σ̄ 4 Σ 4 σ1Σ̄;
cf. [10, pp. 185–186]. The data, such as µ̄ and Σ̄, used in (1.2) may be defined using
empirical estimates, similar to the choices made in [18, sect. 3.4] and [47, sect. 3.3].
We refer to [14, 18, 47, 52] for further discussions of moment-based ambiguity sets,
and to [19, 44] for discussions of potential shortcomings of these sets.

Our approximation scheme and algorithmic approach builds on the one devel-
oped in [38] for finite dimensional optimization problems, which we extend to con-
trol problems with PDEs. We define the reduced parametrized objective function
Ĵ : U × Rp → R associated to (1.1) by

Ĵ(u, ξ) = J(S(u, ξ), u, ξ).(1.3)

For each u ∈ U , we require that Ĵ(u, ·) is twice continuously differentiable in a neigh-

borhood of µ̄, and we approximate Ĵ(u, ·) via the second-order Taylor’s expansion

Q(u, ξ; µ̄) = Ĵ(u, µ̄) +∇ξĴ(u, µ̄)T (ξ − µ̄) + (1/2)(ξ − µ̄)T∇ξξĴ(u, µ̄)(ξ − µ̄),(1.4)

where Q(·, ·; µ̄) : U × Rp → R. Here, ∇ξĴ(u; ·) and ∇ξξĴ(u; ·) denotes the gradient

and the Hessian of Ĵ(u; ·), respectively. The structure of the function Q allows us to
compute EP [Q(u, ξ; µ̄)] for every u ∈ U explicitly [38, sect. 1].

As in [38, sect. 1], we formulate the computationally tractable approximation of
(1.1) via the distributionally robust optimization problem (DROP)

min
u∈Uad

{
sup
P∈P

EP [Q(u, ξ; µ̄)]
}
.(1.5)

From [38, sect. 1], we obtain that the objective function Ψ : U → R of (1.5) can be
expressed as

Ψ(u) = Ĵ(u, µ̄) + ϕ(u) + ψ(u),(1.6)

where ϕ : U → R is the optimal value function of the semidefinite program (SDP)

ϕ(u) = max
Σ∈Sp+

{
(1/2)∇ξξĴ(u; µ̄) • Σ : σ0Σ̄ 4 Σ 4 σ1Σ̄

}
,(1.7)

Here, • is the Frobenius inner product. Moreover, ψ : U → R is the optimal value
function of the trust-region problem (TRP)

ψ(u) = max
d∈Rp

{
∇ξĴ(u; µ̄)T d+ (1/2)dT∇ξξĴ(u; µ̄)d : ‖Σ̄−1/2d‖2 ≤ ∆

}
.(1.8)
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We show, under suitable assumptions, that the approximation error of the cost func-
tion of (1.1) and (1.5) is small. The cost function Ψ of (1.5) can efficiently be eval-
uated (being the sum of a TRP and an SDP) without further approximations, such
as sampling; however it is nonsmooth [38]. For the numerical solution of (1.5), we
use the smoothing function of Ψ, that is, a smooth approximation of Ψ with explicit
bounds on the smoothing error, which was constructed in [38, sect. 6]. This function
defines smoothed DROPs parameterized by smoothing parameters. Deviating from
[38], we use a slightly different definition of a smoothing function that is independent
of convergence notions. We extend the homotopy method developed in [38, Alg. 3.1]
to allow the numerical treatment of infinite dimensional problems. The algorithm
applies optimization solvers to smoothed DROPs while decreasing smoothing param-
eters to zero. All required derivatives of the smoothing function of Ψ are computed
using UFL [4] and FEniCs [3]. Furthermore, we prove the existence of optimal solu-
tions for the DROP (1.1), of the approximated DROP (1.5) and smoothed ones, and
the existence of a worst-case distribution in (1.1). Moreover, we present a conver-
gence result of the homotopy method in Hilbert spaces; global convergence for a finite
dimensional setting has been established in [38, Thm. 6.2].

A popular solution approach (see, e.g., [18, 52, 14]) for moment-based DROPs,
that is, when the ambiguity set P is defined by moment constraints, exploits the fact
that a Lagrangian dual of the maximization problem in (1.1) is a robust optimization
(RO) problem [18, sect. 2.1]. Under suitable assumptions, strong duality holds and
the dual can be concatenated with the upper-level problem to obtain a single-level
problem [18, 52]. The tractability of the dual depends on the structure of Ĵ(u, ·)
[18, 52, 6]. For example, if Ĵ(u, ·) is the pointwise maximum of affine functions for
all u ∈ U , the dual is tractable [18, sect. 4.1]. However, this approach does not result

in explicit single-level programs when Ĵ(u, ·) is implicitly defined or non-quadratic.
Moreover, a “robustified” constraint appears in the single-level problem [18, p. 597]
and, hence, available solvers for PDE-constrained problems cannot be applied to it.

The DROP (1.1) becomes a risk-neutral problem when the ambiguity set P is a
singleton. We refer to [45] for an overview of stochastic programming. Risk-neutral
optimization with PDEs has been considered in, e.g., [20, 31].

The objective function f : U → R ∪ {∞} of (1.1),

f(u) = sup
P∈P

EP [Ĵ(u, ξ)],(1.9)

is convex if Ĵ(·, ξ) is convex for all ξ ∈ Rp and EP [Ĵ(u, ξ)] is well-defined for all

P ∈ P. Similarly, the composition of a convex, monotonic risk measure with Ĵ is
convex if Ĵ(·, ξ) is convex for all ξ ∈ Rp [45, Prop. 6.8]. Risk-averse optimization with
coherent risk measures can equivalently be reformulated as min-max problems similar
to that in (1.1) where the ambiguity set is the domain of the convex conjugate of the
risk measure [42, 45, 34]. In the literature on optimization with PDEs, popular risk
measures are: the conditional value-at-risk [32, 33], the entropic risk measure [34] and
the mean-plus-variance risk measure [1, 12, 48]. Risk-neutral and risk-averse shape
optimization are investigated in [15, 16]. Existence results for solutions and optimality
conditions of risk-averse control problems with PDEs are provided in [32, 33].

DRO with PDEs has been considered in [29] with ambiguity sets including the
support constraint P (ξ ∈ Ξ) = 1, where Ξ ⊂ Rp is a convex, compact Lipschitz
domain. An inner approximation of the ambiguity set is constructed via a measure
discretization, error bounds are derived and the author has shown that the objec-
tive function of the min-max problem is Clarke-subdifferentiable. Even though the
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cost function is subdifferentiable, only a limited number of algorithms for nonsmooth
control problems in infinite dimensional spaces are available; see [21] and references
therein. Our approach allows us to apply gradient-based solvers for PDE-constrained
optimization problems. The ambiguity set (1.2) does not have a support constraint
and, hence, it does not fulfill the assumptions made in [29]. The number of solutions
of the parameterized state equation for the approach developed in [29] depends on
the measure discretization. Our scheme is sampling-free and the evaluation of the
smoothing function of (1.6) requires only a single solution of the state equation.

Taylor’s expansions have also been used to approximate mean-plus-variance mini-
mization problems [1, 12] and RO problems [2, 17, 27, 36]. The authors of [1, 12] have
developed an approximation scheme for mean-plus-variance minimization problems
with PDEs depending on a random field. They approximate the parameterized cost
function Ĵ(u, ·) using first- and second-order Taylor’s expansions, allowing them to
explicitly compute the expectation and variance of the surrogate objective function.

If the ambiguity set P is given by all probability distributions supported on a
(compact) set Ξ ⊂ Rp, that is, when P = {P ∈ M : P (Ξ) = 1 }, the DROP (1.1)
is equivalent to a RO problem [46, p. 535]. RO with PDEs has been considered in
[2, 17, 27, 36, 22]. For numerical computations, the authors of [2, 27, 36] use second-
order Taylor’s expansions and obtain (1.5) without the value function defined by the
SDP (1.7), that is, when ϕ = 0, and they either reformulate the TRP (1.8) using its
necessary and sufficient optimality conditions, or use smooth optimization methods.
The first approach results in a mathematical problem with complementarity problems
[36, sect. 3.2.2]. Depending on the size of the trust-region radius ∆ in (1.8), an optimal
solution of (1.8) may be nonunique [39, p. 556] and, hence, the optimal value function
(1.8) may be nondifferentiable. Optimization methods for smooth problems may
therefore not be a suitable class of algorithms. Our algorithmic scheme provides an
alternative to those used in [2, 27, 36] for RO with PDEs.

Outline. We describe our algorithmic approach for the solution of (1.5) in sec-
tion 2. Section 3 provides the existence results of optimal solutions of the DROP
(1.1), the approximated DROP (1.5) and the smoothed DROP (2.1) as well as exis-
tence of a worst-case distribution for the maximization problem in (1.1). We prove
a convergence result for the homotopy method in section 4. The worst-case expected
error of the reduced parameterized objective function (see (1.3)) and the quadratic
approximation (see (1.4)) is examined in section 5. Section 6 is used to discuss the
evaluation of the smoothing function of (2.1) and its derivative, and the complexity of
our scheme in terms of PDE solutions. We provide applications and numerical results
in section 7 and draw conclusions in section 8.

Notation. We define R+ = [0,∞) and R++ = (0,∞). The set of symmetric
m×m-matrices and positive (semi)definite matrices is Sm and Sm++ ⊂ Sm (Sm+ ⊂ Sm),
respectively, and the identity matrix is I. We use λ : Sp → Rp to denote the eigenvalue
mapping with λmax(A) = λ1(A) ≥ · · · ≥ λp(A) = λmin(A). For A,B ∈ Sm, A 4 B
abbreviates B−A ∈ Sm+ . The Frobenius inner-product on Sm is •, ‖A‖2 is the spectral

norm of A ∈ Sp, and ‖ · ‖B = ‖B1/2 · ‖2 with B ∈ Sp++. For a ∈ Rm, Diag(a) denotes
the diagonal matrix with (Diag(a))ii = ai and (·)+ = max{0, ·}. The Euclidean norm
on Rm is ‖ · ‖2 and Bε(x) = { y ∈ Rm : ‖y − x‖2 < ε } with ε > 0. We denote the
Fréchet derivative of G : X1 × X2 → X3 w.r.t. x1 by either Dx1

G or Gx1
, and the

gradient of G w.r.t. x1 by ∇x1
G. If A ∈ L (X1, X2), then A∗ ∈ L (X∗2 , X

∗
1 ) is its

adjoint operator. The set L (X1, X2) stands for the space of bounded linear operators
from X1 to X2, X∗ = L (X,R), and 〈·, ·〉X∗,X is the duality pairing of X∗ and X. The
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Algorithm 2.1 Homotopy method

Choose (τ1, ν1, η1) > 0 and u0 ∈ Uad.
For k = 1, 2, . . .

1. Compute a stationary point uk of (2.1) using uk−1 as initial point.
2. Choose 0 < (τk+1, νk+1, ηk+1) < (τk, νk, ηk).

map 1A is the indicator function of A. Throughout, let N (µ,Σ) denote the normal
distribution with mean µ ∈ Rp and covariance Σ ∈ Sp+. A metric space X is endowed
with its Borel-σ-field. A function is measurable if it is Borel-measurable. We use ξ to
denote a measurable mapping ξ : Ω→ Rp and a deterministic vector ξ ∈ Rp.

2. Algorithmic Approach to Solve the Approximated DROP. We de-
scribe our algorithmic approach, which is based on [38], to compute a stationary point
of the approximated DROP (1.5). We construct smoothing functions ψ̃ : U×R2

++ → R
of ψ : U → R (see (1.8)) and ϕ̃ : U × R+ → R of ϕ : U → R (see (1.7)), and compute
approximate stationary points of a sequence of smoothed control problems

min
u∈Uad

{
Ψ̃(u; τk, νk, ηk) = Ĵ(u, µ̄) + ϕ̃(u; τk) + ψ̃(u; νk, ηk)

}
(2.1)

with decreasing smoothing parameters (τk, νk, ηk) ∈ R3
++ indexed by the outer itera-

tion counter k, where Ψ̃ : U × R3
++ → R. We summarize this algorithmic framework

in Algorithm 2.1. In section 4, we prove the convergence of weak limit points of opti-
mal solutions, generated by Algorithm 2.1, to minimizers of (1.5). We can apply the
same gradient-based optimization methods to (2.1) that are suitable for the nominal
control problem

min
u∈Uad

Ĵ(u, µ̄).(2.2)

We build our definition of a smoothing function on [13, Def. 3.1], allowing however
for multiple smoothing parameters as in [38, Def. 3.1].

Definition 2.1. Let X be a Banach space. The function φ̃ : X × Rm++ → R is

a smoothing function of φ : X → R if φ̃(·; t) is continuously differentiable for every
t ∈ Rm++, and for every x ∈ X, we have |φ(x) − φ̃(x; t)| ≤ γ(t), where γ : Rm+ → R+

fulfills γ(t)→ 0 as Rm++ 3 t→ 0.

In sections 2.1 and 2.2, we show that the smoothing functions for the optimal value
functions (1.7) and (1.8) constructed in [38] satisfy Definition 2.1.

2.1. Smoothing Approach for the SDP. We state a smoothing function of
the optimal value function ϕ defined in (2.3), which was constructed in [38, sect. 4].

We require that ∇ξξĴ(·, µ̄) is continuously differentiable. From [53, Thm. 2.2],
[38, sect. 4] and (1.7), we obtain that

ϕ(u) = (σ̄0/2)G(u) • I + ((σ̄1 − σ̄0)/2)

p∑
i=1

(λi (G(u)))+ ,(2.3)

where the preconditioned Hessian mapping G : U → Sp is defined by

G(u) = Σ̄1/2∇ξξĴ(u, µ̄)Σ̄1/2.(2.4)
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We define ϕ̃ : U × R++ → R by

ϕ̃(u; τ) = (σ̄0/2)G(u) • I + ((σ̄1 − σ̄0)/2)w̃(λ(G(u)); τ),(2.5)

where w̃ : U × R++ → R is given by

w̃(z; τ) = τ

p∑
i=1

ln (1 + exp (zi/τ)) .(2.6)

Now, let τ > 0 be arbitrary. From [38, eq. (4.5)], we obtain

ϕ(u) ≤ ϕ̃(u; τ) ≤ ϕ(u) + (1/2)τp ln 2, for all u ∈ U.(2.7)

The mapping Sp 3 A 7→ w̃(λ(A); τ) is twice continuously differentiable [37, Thm. 4.2].

Together with (2.7), we deduce that ϕ̃ is a smoothing function of ϕ. If ∇ξξĴ(·, µ̄) is
twice continuously differentiable, then ϕ̃(·; τ) is twice continuously differentiable.

2.2. Smoothing Approach for the TRP. We state a smoothing function of
the optimal value function ψ (see (1.8)), which has been constructed in [38, sect. 5].

We require that ∇ξĴ(·, µ̄) and ∇ξξĴ(·, µ̄) are continuously differentiable. We

define ψ̃ : U × R2
++ → R by

ψ̃(u; ν, η) = max
s̃∈Rp+2

{
g̃ν(u)T s̃+ (1/2)s̃T H̃η(u)s̃ : (1/2)‖s̃‖22 ≤ (1/2)∆2

}
(2.8)

where H̃η : U → Sp+2 and g̃ν : U → Rp+2 are given by

H̃η(u) =

G(u)
0

E(G(u); η)

 , g̃ν(u) =

g(u)√
2ν√
2ν

 ,(2.9)

and G is defined in (2.4), ν, η > 0, and the preconditioned gradient mapping g : U →
Rp is

g(u) = Σ̄1/2∇ξĴ(u, µ̄).(2.10)

Here, E : Sp × R++ → R is the entropy function defined by

E(A; η) = η ln

p∑
i=1

exp(λi(A)/η).(2.11)

We have λmax(A) ≤ E(A; η) ≤ λmax(A) + η ln p [40, eq. (17)], and E(·; η) is twice
continuously differentiable for all η > 0 [37, Thm. 4.2]. The TRP (2.8) is a dual of a
reciprocal barrier approximation of a smoothed dual of the TRP (1.8) [38, sect. 5.2].

Let ν, η > 0 be arbitrary. From [38, eq. (5.31)], we obtain that

ψ(u) ≤ ψ̃(u; ν, η) ≤ ψ(u) + 2
√

2ν∆ + (1/2)∆2η ln p for all u ∈ U.(2.12)

Using the reasoning as in the proof of [38, Thm. 5.9], we can show that ψ̃(·; ν, η) is
continuously differentiable. Combined with (2.12), we obtain that it is a smoothing

function of ψ. If ∇ξĴ(·, µ̄) and ∇ξξĴ(·, µ̄) are twice continuously differentiable, we

can show that ψ̃(·; ν, η) is twice continuously differentiable as in [38, Thm. 5.9].
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3. Existence of Optimal Solutions. We prove the existence of optimal so-
lutions of the DROPs (1.1), (1.5) and (2.1), and of a worst-case distribution of the
maximization problem in (1.1).

3.1. Existence of Optimal Solutions to the DROP. We state conditions
implying that (1.1) has optimal solutions which are built on those used in [32, Chap.
3] and [34, sect. 3.2].

Assumption 3.1. For all (u, ξ) ∈ Uad ×Rp, the state equation e(y, u, ξ) = 0 has a
unique solution y = S(u, ξ) ∈ Y , which defines the solution operator S : Uad×Rp → Y .
1. The operator S(·, ξ) : Uad → Y is weakly-weakly continuous for all ξ ∈ Rp.
2. The mapping S(u, ·) : Rp → Y is continuous for all u ∈ Uad.

Assumption 3.1 implies that the reduced parameterized objective function Ĵ (see
(1.3)) is well-defined. If Assumption 3.1 holds and Y is separable, then S(u, ·) : Rp →
Y is strongly measurable (see [26, Lem. 1.5] and [23, Cor. 2, p. 73]) and, hence, [34,
Assumption 2.1.1] is satisfied, that is, strong measurability of S(u, ·) for all u ∈ Uad.
Assumption 3.1.1 may be verified using Lemma B.1. Assumption 3.1.2 can be shown
using the implicit function theorem when ey(S(u, ξ), u, ξ) ∈ L (Y, Z) is boundedly
invertible for all (u, ξ) ∈ Uad × Rp.

Assumption 3.2. The function J : Y × Uad × Rp → R is continuous.
1. There exists ρ ∈ R such that J(y, u, ξ) ≥ ρ for all y ∈ Y , u ∈ Uad and every ξ ∈ Rp.
2. The mapping J(·, ·, ξ) : Y ×Uad → R is weakly lower semicontinuous for all ξ ∈ Rp.
Assumption 3.2 is satisfied for, e.g., tracking type functionals; see Example 3.5. If
J(·, ·, ξ) is convex for all ξ ∈ Rp and J is continuous, then Assumption 3.2.3 holds [24,
Thm. 1.18].

We introduce the notion of uniform integrability. A measurable function θ : Rp →
R is uniformly integrable (w.r.t. P) if supP∈P EP [|θ(ξ)|1|θ(ξ)|≥t] → 0 as t → ∞ [8,
sect. 2.7(i)].

Assumption 3.3. For all u ∈ Uad, Ĵ(u, ·) (see (1.3)) is uniformly integrable.

Assumption 3.3 can be verified for many problems using the next lemma.

Lemma 3.4. The following conditions imply that the measurable function h :
Rp → R is uniformly integrable: (i) supP∈P EP [|h(ξ)|r] < ∞ for some r > 1; (ii)
there exists a uniformly integrable function g : Rp → R+ such that |h| ≤ g; (iii) g1,
g2 : Rp → R are uniformly integrable and h = g1 + g2.

Proof. Fix t > 0 and P ∈ P. The following estimates yield the claim: (i)
EP [|h(ξ)|1|h(ξ)|>t] ≤ t−r+1EP [|h(ξ)|r] (see, e.g., [26, p. 44]); (iii) EP [|h(ξ)|1|h(ξ)|≥2t] ≤
2EP [|g1(ξ)|1|g1(ξ)|≥t] + 2EP [|g2(ξ)|1|g2(ξ)|≥t] (see, e.g., [7, p. 230]).

Example 3.5. Let X be a Hilbert space, Y ↪−→ X be a continuous embedding,
and let Assumption 3.1 hold. Consider J : Y × U → R+ defined by J(y, u) =
(1/2)‖y − yd‖2X + (α/2)‖u‖2U , where yd ∈ X and α ≥ 0. Let u ∈ U be arbitrary.

If ‖S(u, ·)‖2X is uniformly integrable, then Ĵ(u, ·) is uniformly integrable. Indeed,
Young’s inequality yields

Ĵ(u, ξ) = 1
2‖S(u, ξ)− yd‖2X + α

2 ‖u‖2U ≤ ‖S(u, ξ)‖2X + ‖yd‖2X + α
2 ‖u‖2U ,(3.1)

for all ξ ∈ Rp. Now, Lemma 3.4 implies the assertion. We verify the uniform integra-
bility of ‖S(u, ·)‖2X for two examples in section 7.

We show that the DROP (1.1) has an optimal solution.
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Theorem 3.6. Let Assumptions 3.1–3.3 hold. Suppose the level set {u ∈ Uad :
f(u) ≤ γ } is nonempty and bounded for some γ ∈ R, and Uad ⊂ U is closed and
convex, where f is defined in (1.9). Then, the DROP (1.1) has an optimal solution.

We apply Lemmas 3.7 and 3.8 to prove Theorem 3.6.

Lemma 3.7. We have {N (µ,Σ) : ‖Σ̄−1/2(µ− µ̄)‖2 ≤ ∆, σ0Σ̄ 4 Σ 4 σ1Σ̄ } ⊂ P.

Proof. The claim follows from a discussion in [10, pp. 185–186].

Lemma 3.8. If Assumptions 3.1–3.3 hold, then f : Uad → R defined in (1.9) is
finite-valued and weakly lower semicontinuous.

Proof. Fix u ∈ Uad and δ > 0. Since P 6= ∅ (see Lemma 3.7) and Assumption 3.3

holds, for some t > 0 and all P ∈ P, we get EP [|Ĵ(u, ξ)|] ≤ t+EP [|Ĵ(u, ξ)|1|Ĵ(u,ξ)|≥t] ≤
t+ δ. Hence f(u) ∈ R. Since u ∈ Uad is arbitrary, f is finite-valued.

Now, fix (uk) ⊂ Uad with uk ⇀ u ∈ Uad as k →∞, and P ∈ P. We show that

lim inf
k→∞

EP [Ĵ(uk, ξ)] ≥ EP [Ĵ(u, ξ)].(3.2)

Assumptions 3.1 and 3.2 imply that Ĵ(·, ξ) is weakly lower semicontinuous for all

ξ ∈ Rp and that Ĵ(u, ·) is continuous and, hence, measurable for all u ∈ Uad [26, Lem.

1.5]. We deduce EP [lim infk→∞ Ĵ(uk, ξ)] ≥ EP [Ĵ(u, ξ)]. Fatou’s lemma yields (3.2).
It must yet be shown that f (see (1.9)) is weakly lower semicontinuous. Fix ε > 0.

Since f(u) <∞, there exists Pε ∈ P with f(u) ≤ EPε
[Ĵ(u, ξ)] + ε. Now, (3.2) yields

f(u) ≤ EPε [Ĵ(u, ξ)] + ε ≤ lim inf
k→∞

EPε
[Ĵ(uk, ξ)] + ε ≤ lim inf

k→∞
f(uk) + ε.

Since ε > 0, (uk) ⊂ Uad and u ∈ Uad are arbitrary, f is weakly lower semicontinuous.

Proof of Theorem 3.6. Owing to Lemma 3.8, we can apply the direct method of
the calculus of variations to prove that (1.1) has an optimal solution u∗ ∈ Uad.

3.2. Existence of Worst-Case Distributions. We show that a worst-case
distribution of the maximization problem in (1.1) exists. A worst-case distribution
of (1.5) is the normal distribution, where the mean is a maximizer of (1.8) and the
covariance matrix is one of (1.7).

Theorem 3.9. If Assumptions 3.1–3.3 hold and u ∈ Uad, then there exists P ∗ ∈
P such that EP∗ [Ĵ(u, ξ)] = supP∈P EP [Ĵ(u, ξ)].

We use Lemmas 3.10 and 3.11 to prove Theorem 3.9.

Lemma 3.10. If (Pk) ⊂ P fulfills Pk ⇀ P as k →∞ with P ∈M, then P ∈ P.1

Proof. Let i, j ∈ {1, . . . , p} and d ∈ Rp be arbitrary. Define θ1, θ2, θ3 : Rp → R
by θ1(ξ) = ξi, θ2(ξ) = ξiξj and θ3(ξ) = exp(dT ξ). We show that they are uniformly
integrable. We have |θ1(ξ)| ≤ ‖ξ‖2 and |θ2(ξ)| ≤ ‖ξ‖22 for all ξ ∈ Rp. Lemma A.1 and
(1.2) imply supP∈P EP [‖ξ‖r2] <∞ for r = 1, 2, 4. For all P ∈ P, we have

EPk
[|θ3(ξ)|2] = exp(2dTEP [ξ])EP [exp(2dT (ξ − EP [ξ]))] ≤ exp(2dTEP [ξ] + 2σ1d

T Σ̄d).

Lemma 3.4 implies that θ1, θ2 and θ3 are uniformly integrable. Now, [8, Thm. 2.7.1]
yields EPk

[ξi] = EPk
[θ1(ξ)] → EP [θ1(ξ)] = EP [ξi], and EPk

[ξiξj ] = EPk
[θ2(ξ)] →

EP [θ2(ξ)] = EP [ξiξj ] as k →∞. Since i, j ∈ {1, . . . , p} are arbitrary, we obtain

EPk
[ξ]→ EP [ξ], and EPk

[ξξT ]→ EP [ξξT ] as k →∞.
1We refer to [26, p. 39] for a definition of weak convergence of a sequence of probability measures.
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Combined with [8, Thm. 2.7.1], we get

CovPk
[ξ] = EPk

[ξξT ]− EPk
[ξ]EPk

[ξ]T → CovP [ξ],

EPk
[exp(dT (ξ − EPk

[ξ]))] = exp(−dTEPk
[ξ])EPk

[θ3(ξ)] → EP [exp(dT (ξ − EP [ξ]))].

We have ‖Σ̄−1/2(EPk
[ξ] − µ̄)‖2 ≤ ∆, σ0Σ̄ 4 CovPk

[ξ] 4 σ1Σ̄, and EPk
[exp(dT (ξ −

EPk
[ξ]))] ≤ exp((σ1/2)dT Σ̄d) for all k ∈ N0 and d ∈ Rp. Putting together the pieces,

we conclude that P ∈ P.

Lemma 3.11. If (Pk) ⊂ P is a sequence of probability measures, then (Pk) has a
weakly convergent subsequence (Pk)K such that Pk ⇀ P ∈M as K 3 k →∞.

Proof. We show that (Pk) is tight.2 Lemma A.1 yields supk∈N0
EPk

[‖ξ‖22] < ∞.
Markov’s inequality gives supk∈N0

Pk(‖ξ‖2 >
√
t) ≤ (supk∈N0

EPk
[‖ξ‖22])/t → 0 as

t → ∞ and, hence, (Pk) is tight. Combined with [26, Lem. 4.20 and Prop. 4.21], we
conclude that (Pk) has a subsequence (Pk)K such that Pk ⇀ P ∈M as K 3 k →∞.

Proof of Theorem 3.9. Lemma 3.8 yields supP∈P EP [Ĵ(u, ξ)] ∈ R. Let (Pk) ⊂ P
satisfy limk→∞ EPk

[Ĵ(u, ξ)] = supP∈P EP [Ĵ(u, ξ)]. Lemma 3.11 implies the existence
of a subsequence (Pk)K of (Pk) such that Pk ⇀ P ∗ ∈M as K 3 k →∞. Lemma 3.10

yields P ∗ ∈ P. Assumptions 3.1–3.3 imply that Ĵ(u, ·) is continuous and uniformly
integrable. Hence, [8, Thm. 2.7.1] yields EP∗ [Ĵ(u, ξ)] = limK3k→∞ EPk

[Ĵ(u, ξ)] =
supP∈P EP [Ĵ(u, ξ)].

3.3. Existence of Optimal Solutions to Approximated and Smoothed
DROPs. We show that the approximated DROP (1.5), and the smoothed DROP
(2.1) have optimal solutions.

Assumption 3.12. For some ε > 0 and all (u, ξ) ∈ Uad ×Bε(µ̄), e(y, u, ξ) = 0 has
a unique solution y = S(u, ξ) ∈ Y , which defines the operator S : Uad ×Bε(µ̄)→ Y .
1. For all u ∈ Uad, J(·, u, ·) is twice continuously differentiable, where J : Y × Uad ×
Bε(µ̄)→ R.

2. The map e : Y ×U×Bε(µ̄)→ Z is twice continuously differentiable. For all (u, ξ) ∈
Uad ×Bε(µ̄), the operator ey(S(u, ξ), u, ξ) ∈ L (Y,Z) is boundedly invertible.

3. The mapping Ĵ(·, µ̄) : Uad → R is weakly lower semicontinuous, and ∇ξĴ(·, µ̄) :

Uad → Rp and ∇ξξĴ(·, µ̄) : Uad → Sp are weakly(-strongly) continuous.

Assumption 3.12.1–2 imply that the objective functions of the approximated DROP
(1.5) and the smoothed DROP (2.1) are well-defined. We comment on Assump-
tion 3.12.3 in Remark 3.15. Assumption 3.12 implies that both DROPs (1.5) and
(2.1) have optimal solutions.

Theorem 3.13. Let Assumption 3.12 hold, Uad ⊂ U be nonempty, closed and
convex. Furthermore, let Uad be bounded or Ψ be coercive, where Ψ is defined in
(1.6). Then, the approximated DROP (1.5) has an optimal solution and, for every
ρk = (τk, νk, ηk) ∈ R3

++, the smoothed DROP (2.1) has an optimal solution.

We prove Theorem 3.13 using Lemma 3.14.

Lemma 3.14. Let Assumption 3.12 hold and ρk = (τk, νk, ηk) ∈ R3
++ be arbitrary.

Then, Ψ : Uad → R and Ψ̃(·; ρk) : Uad → R are weakly lower semicontinuous.

Proof. The mapping λ is continuous [25, Cor. 6.3.8] and, hence, λ ◦G : Uad → R
and E(·; η) ◦ G : Uad → R are weakly continuous, where G is defined in (2.4) and

2We refer to [26, p. 62] for a definition of tightness of a sequence of probability measures.
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E(·; ηk) in (2.11). From (2.3) and (2.5), we obtain that ϕ : Uad → R and ϕ̃(·; τk) :
Uad → R are weakly continuous. Owing to Assumption 3.12, [22, Thm. 2.5] implies
that ψ : Uad → R (see (1.8)) and ψ̃(·; νk, ηk) : Uad → R (see (2.8)) are weakly lower

semicontinuous. The weak lower semicontinuity of Ĵ(·, µ̄) : Uad → R implies that of

Ψ : Uad → R and Ψ̃(·; ρk) : Uad → R.

Proof of Theorem 3.13. Lemma 3.14 yields the lower semicontinuity of Ψ and
Ψ̃(·; ρk). If Ψ is coercive, then (2.7) and (2.12) imply that Ψ̃(·; ρk) is coercive. Now,
the direct method of the calculus of variations yields the existence of an optimal
solution of (1.5) and of (2.1).

Assumption 3.12.3 may be verified using compact embeddings.

Remark 3.15. Let Uad ⊂ U and U ↪−→ U0 be a compact embedding, and ℘ : U → R
be weakly lower semicontinuous. We consider J1 : Y × Bε(µ̄) → R and the solution
operator S : U0 × Bε(µ̄) → Y . Let J1 and S be twice continuously differentiable.
Suppose that J(y, u, ξ) = J1(y, ξ) + ℘(u) for all y ∈ Y , u ∈ U and ξ ∈ Bε(µ̄).

Then Assumption 3.12.1 and 3.12.3 hold. Indeed, Ĵ(·, µ̄) : Uad → R is weakly lower
semicontinuous. Moreover, U0 × Rp 3 (u, ξ) 7→ J1(S(u, ξ); ξ) is twice continuously

differentiable, and we have DξĴ = Dξ(J(S(·, ·), ·)) and DξξĴ = Dξξ(J(S(·, ·), ·)). We

deduce that ∇ξĴ(·, µ̄) : Uad → Rp and ∇ξξĴ(·, µ̄) : Uad → Sp are weakly continuous.

4. Global Convergence of the Homotopy Method. We present a conver-
gence result for a sequence of optimal solutions of (2.1) as the smoothing parameters
converge to zero. Theorem 4.1 implies global convergence of a sequence of minimizers
generated by Algorithm 2.1.

Theorem 4.1. Let the conditions of Theorem 3.13 hold, ρk = (τk, νk, ηk) ∈ R3
++

fulfill ρk → 0 as k → ∞ and, for all k ≥ 0, let uk be an optimal solution of (2.1).
Then (uk) is bounded and each weak limit point of (uk) is an optimal solution of (1.5).

Proof. Fix u ∈ Uad. Using (2.7) and (2.12), and Ψ̃(uk; ρk) ≤ Ψ̃(u; ρk), we have

Ψ(uk) ≤ Ψ̃(uk; ρk) ≤ Ψ̃(u; ρk) ≤ Ψ(u) + 1
2τkp ln 2 + 2

√
2νk∆ + (1/2)∆2ηk ln p,(4.1)

for all k ∈ N0, where Ψ is defined in (1.6) and Ψ̃ in (2.1). The sequence (uk) ⊂ Uad

is bounded because either Uad is bounded or Ψ is coercive by assumption.
Let u∗ be a weak accumulation point of (uk). Then, there exists (uk)K ⊂ (uk)

such that uk ⇀ u∗ as K 3 k →∞. We have u∗ ∈ Uad since Uad is closed and convex.
Lemma 3.14 yields Ψ(u∗) ≤ lim infK3k→∞Ψ(uk). Combined with (4.1) and ρk → 0
as k →∞, we obtain Ψ(u∗) ≤ Ψ(u). Hence, u∗ is an optimal solution of (1.5).

5. Error of Quadratic Approximation. We show that the worst-case ex-
pected error between the cost function of (1.1) and that of (1.5) converges to zero for
“shrinking” ambiguity sets.

Lemma 5.1. Let u ∈ Uad be arbitrary, Assumption 3.12.1-2 hold, and L(u, ·) :
Rp → R+ be measurable such that supP∈P EP [|L(u, ξ)|2] <∞ and

|Ĵ(u, ξ)−Q(u, ξ; µ̄)| ≤ (L(u, ξ)/6)‖ξ − µ̄‖32, for all ξ ∈ Rp,(5.1)

where Ĵ is defined in (1.3) and Q in (1.4). Then, we have

sup
P∈P

EP [|Ĵ(u, ξ)−Q(u, ξ; µ̄)|]→ 0 as (∆, σ1)→ 0+.(5.2)
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Proof. Let P ∈ P be arbitrary. Using Hölder’s inequality and (5.1), we find that

EP [|Ĵ(u, ξ)−Q(u, ξ; µ̄)|] ≤ (1/6)(EP [|L(u, ξ)|2])1/2(EP [‖ξ − µ̄‖62])1/2.(5.3)

The triangle inequality, and the monotonicity and convexity of R+ 3 z 7→ z6 imply

EP [‖ξ − µ̄‖62] ≤ 25EP
[
‖ξ − EP [ξ]‖62

]
+ 25‖EP [ξ]− µ̄‖62.

Lemma A.1 yields EP [‖ξ − EP [ξ]‖62] ≤ 2(6/e)6(I • σ1Σ̄)6. Using (1.2), we obtain
‖Σ̄−1/2(EP [ξ]− µ̄)‖2 ≤ ∆ and, hence, ‖EP [ξ]− µ̄‖62 ≤ ‖Σ̄1/2‖62∆6. We deduce

EP [‖ξ − µ̄‖62] ≤ 64(6/e)6(I • σ1Σ̄)6 + 32‖Σ̄1/2‖62∆6.

Hence supP∈P EP [‖ξ− µ̄‖62]→ 0 as (∆, σ1)→ 0. Combined with (5.3), we get (5.2).

6. Quadratic Approximation of the Reduced Parametrized Objective
Function. We compute the derivatives of the smoothing functions ϕ̃ (see (2.5)) and
ψ̃ (see (2.8)). Furthermore, we discuss the complexity of computing the gradient and
the Hessian which define the quadratic model Q (see (1.4)), and of the first derivative
of the smoothing functions ϕ̃ and ψ̃. Throughout the section, let Assumption 3.12.1–2
hold, J(y, ·, ξ) : U → R be continuously differentiable for all (y, ξ) ∈ Y × Rp, and let
(τ, ν, η) ∈ R3

++ and ū ∈ U be arbitrary.

6.1. Evaluation of the Optimal Value Functions and their Derivatives.
We derive formulas for the derivative of the smoothing functions ϕ̃ (see (2.5)) and ψ̃
(see (2.8)).

6.1.1. Evaluation of the Smoothing Function of the SDP and its Deriv-
ative. In order to evaluate ϕ̃, we propose computing the matrix ∇ξξJ(ū, µ̄) when the
number of parameters p is moderate. We use the identity G(ū)•I = ∇ξξJ(ū, µ̄)• Σ̄ to
evaluate the first addend in (2.5) and compute an eigendecomposition of G(ū) via the
(generalized) eigenvalue problem ∇ξξJ(u, µ̄)q = λΣ̄−1q, ‖q‖2 = 1, where G is defined
in (2.4). We have

〈DG(ū)∗P, s〉U∗,U = P • (DG(ū)s) = 〈D(G(ū) • P ), s〉U∗,U(6.1)

for all s ∈ U , P ∈ Sp. From section 2.1, [37, Lem. 3.1], (2.5) and (6.1), we obtain that

Duϕ̃(ū; τ) = (σ̄0/2)DG(ū)∗I + ((σ̄1 − σ̄0)/2)DG(ū)∗[Q(ū)M(ū)Q(ū)T ],(6.2)

where w̃ is defined in (2.6) and G in (2.4), Q(ū) ∈ Rp×p fulfills Q(ū)TQ(ū) = I, and

G(ū) = Q(ū)Diag(λ(G(ū)))Q(ū)T , and M(ū) = Diag(∇xw̃(λ(G(ū)); τ)).(6.3)

Using (6.1), the expression DG(ū)∗[Q(ū)M(ū)Q(ū)T ] in (6.2) becomes

DG(ū)∗[Q(ū)M(ū)Q(ū)T ] =

p∑
i=1

mii(ū) Du(qi(ū)TG(u)qi(ū))
∣∣
u=ū

,(6.4)

where mii(ū) is the ith diagonal entry of M(ū) and qi(ū) the ith column of Q(ū).
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6.1.2. Evaluation of the Smoothing Function of the TRP and its Deriv-
ative. In order to evaluate ψ̃, we compute E(G(ū); η) (see (2.11)) using the eigenval-
ues of G(ū) that are already needed to evaluate ϕ̃; see section 6.1.1. From section 2.2
and [9, Rem. 4.14], we obtain that

Duψ̃(ū; ν, η) = Du(g(ū)T s∗) + 1
2Du((s∗)TG(ū)s∗) + 1

2 s̃
2
p+2DuE(G(ū); η),(6.5)

where s̃ = (s∗, s̃p+1, s̃p+2) ∈ Rp+2 is the optimal solution of (2.8) for u = ū. We have

∇AE(A; η) = R(A)Diag(θ(A))R(A)T and θi(A; η) =
exp(λi(A)/η)∑p
i=1 exp(λi(A)/η)

,(6.6)

where R(A) ∈ Rp×p, R(A)TR(A) = I, and A = R(A)Diag(λ(A))R(A)T ∈ Sp [40, eq.
(18)]. Combined with the chain rule and (6.1), we find that

DuE(G(ū); η) =

p∑
i=1

θi(ū) Du(qi(ū)TG(u)qi(ū))
∣∣
u=ū

,(6.7)

where θi(ū) = θi(G(ū); η) and qi(ū) is the ith column of Q(ū) (see (6.3)).

6.2. Computation of Derivatives and Computational Complexity. We
discuss the number of linear and nonlinear PDE solves required to evaluate Ψ̃(·; τ, ν, η)
(see (2.1)) and its derivative. We define ρ = (τ, ν, η).

To compute Ψ̃(ū; ρ), we evaluate Ĵ(ū, µ̄), ∇ξĴ(ū, µ̄) and ∇ξξĴ(ū, µ̄). We evaluate

Ĵ(ū, µ̄) using the solution of the state equation. The gradient ∇ξĴ(ū, µ̄) can be
computed via the adjoint approach which requires the solution of an adjoint equation
[24, eq. (1.85)]. We compute the Hessian ∇ξξĴ(ū, µ̄) via the adjoint approach which
requires the solution of p sensitivity and p adjoint equations [24, sect. 1.6.5].

To evaluate the derivate of Ψ̃(·; ρ) at ū, we computeDuĴ(ū, µ̄), Du(∇ξĴ(ū, µ̄)T sξ),

Du(sTξ ∇ξξĴ(ū, µ̄)sξ), and Du(qi(ū)T∇ξξĴ(ū, µ̄)qi(ū)) for i = 1, . . . , p, and a certain

sξ ∈ Rp; see (6.4), (6.5) and (6.7). We can evaluate DuĴ(ū, µ̄) without further costs;

see [27, eq. (11)]. For i = 1, . . . , p, we compute Du(qi(ū)T∇ξξĴ(ū, µ̄)qi(ū)) using [27,
eq. (20)], requiring the solution of the sensitivity and adjoint adjoint equations [27,

eqs. (15), (18), (19)]. These PDE solves allow us to compute Du(∇Ĵ(ū, µ̄)T sξ) using

[27, eq. (14)] and Du(sTξ ∇ξξĴ(ū, µ̄)sξ) without additional costs.
To summarize, the evaluation of Ψ(ū; ρ) involves the solution of the state equation,

and 2p+ 1 solutions of linear equations, and that of DuΨ(ū; ρ) requires, in addition,
2p solutions of linear equations. In order to compute the Riesz representation of
DuΨ(ū; ρ), we solve one more linear PDE.

7. Applications and Numerical Results. We formulate and analyze two dis-
tributionally robust optimization problems with PDEs, and present numerical results.

7.1. DRO of a Steady Burgers’ Equation. We formulate an optimal control
problem of a parameterized steady Burgers’ equation that was studied in [33, 30, 28]
for risk-averse objective functions other than (1.9). We consider

min
u∈U

sup
P∈P

EP [(1/2)‖S(u, ξ)− yd‖2L2(D)] + (α/2)‖u‖2L2(D),(7.1)

where D = (0, 1), U = L2(D), α = 10−3, yd = 1, and S(u, ξ) ∈ Y = H1(D) solves the
weak form of the steady Burgers’ equation

−ν(ξ)yxx(x) + y(x)yx(x) = ξ2/100 + u(x), x ∈ D,

y(0) = 1 + ξ3/1000, y(1) = ξ4/1000,
(7.2)
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where p = 4, ξ ∈ Rp, u ∈ U and ν : Rp → R++, ν(ξ) = 10ξ1−2. Deterministic control
problems subject to (7.2) are analyzed in [49, 50].

We define V = H1
0 (D) and e = (e1, e2) : H1(D)×H−1(D)× Rp → V ∗ × R2 by

〈e1(y, u, ξ), v〉V ∗,V =

∫
D

[ν(ξ)yx(x)vx(x) + (y(x)yx(x)− ξ2
100 − u(x))v(x)]dx(7.3)

for all v ∈ V and e2(y, u, ξ) = (y(0)−1−ξ3/1000, y(1)−ξ4/1000); cf. [49, p. 79]. Using
the derivations in [49, p. 81], we can show that e is twice continuously differentiable.
The function J : Y × U → R+, J(y, u) = (1/2)‖y − yd‖2L2(D) + (α/2)‖u‖2L2(D) is
convex and infinitely times continuously differentiable. Hence, the differentiability
requirements in Assumption 3.12 are met, and Assumption 3.2 holds.

The following considerations are based on [30, sect. 5.2.1] and [49, Chap. 4]. Let
ξ ∈ Rp be arbitrary. Define ε : Rp → R by ε(ξ) = ν(ξ)/2.3 Using [49, Lem. 2.2], we
can show that there exists y0(ξ) ∈ H1(D) such that e2(y0(ξ), u, ξ) = 0 for all u ∈ U ,
and ‖y0(ξ)‖L2(D) ≤ ε(ξ). The derivations in [49, sect. 2.3] imply that there exists a
solution S(u, ξ) ∈ Y of the weak form of (7.2). If ν(ξ) is sufficiently large, then the
steady Burgers’s equation (7.2) has a unique solution [49, Thm. 2.13].

Fix u ∈ Uad. Using [5, Thm. 8.2.9], we can show that the set-valued solution
mapping S(u, ·) : Rp ⇒ Y , S(u, ξ) = { y ∈ Y : e(y, u, ξ) = 0 } is measurable and there
exists a measurable selection S(u, ·) of S(u, ·) with e(S(u, ξ), u, ξ) = 0 for all ξ ∈ Rp.

Let (y, u, ξ) ∈ Y × U × Rp fulfill e(y, u, ξ) = 0. The operator ey(y, u, ξ) ∈
L (Y, V ∗×R2) is surjective [49, Thm. 3.3]. Combining the proof of [49, Thm. 3.3] and
a Fredholm-type alternative, we can show that ey(y, u, ξ) is bijective. The bounded
mapping theorem and the implicit function theorem imply that S is locally unique.

Let S(u, ·) be a measurable selection of S(u, ·). We show that ‖S(u, ·)‖2Y is uni-
formly integrable. Using [49, Lem. 2.3] and the derivations in [49, p. 71], we obtain

‖S(u, ξ)‖Y ≤ (1 +
√

8)‖y0(ξ)‖Y + (
√

8/ν(ξ))‖u‖H−1(D) + (
√

8/ν(ξ))‖y0(ξ)‖2Y ,(7.4)

‖y0(ξ)‖2Y ≤ (ε(ξ)2((1 + 10−3ξ3)2 + 10−6ξ2
4) + ε(ξ)4)2 + ε(ξ)2.

Combined with Lemmas 3.4, A.1, and A.3, we can show that the square of each addend
in (7.4) is uniformly integrable. Jensen’s inequality and the compact embedding
L2(D) ↪−→ H−1(D), imply that ‖S(u, ·)‖2Y is uniformly integrable.

Discretization and Numerical Results. We transformed the Burgers’ equa-
tion (7.2) to one with homogeneous boundary conditions, and discretized it using
continuous piecewise linear finite elements on a uniform mesh of (0, 1) with 2000
elements as in [30, sect. 5.2.2].

We approximated the DROP (7.1) with the DROP (1.5) and used Algorithm 2.1
to compute a stationary point of (1.5). We implemented Algorithm 2.1 in Python

using UFL [4] to evaluate derivatives of J and e, and FEniCs [3] to compute the
solutions to the PDEs (see section 6.2).

We chose the initial point u0 = 0, and (τ1, ν1, η1) = 10−2(1, 10−2, 1) in Algo-
rithm 2.1 and used (τk+1, νk+1, ηk+1) = 10−1(τk, 10−1νk, ηk) to update the smoothing
parameters. The parameter νk were decreased faster than τk and ηk due to the term
(2νk)1/2 in (2.12). Algorithm 2.1 used moola [43] with its default settings except
of using the termination tolerance 10−4 for each inner iteration of Algorithm 2.1,
Wolfe line search, and LBFGS. The TRPs (2.8) were solved using the Moré–Sorensen
algorithm [39].

3We choose n = n(ξ) = ((1 + 10−3ξ3)2 + 10−6ξ24)/(4ε(ξ)) + 1 ≥ 1 in the proof of [49, Lem. 2.2].
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Table 1
Iteration history of Algorithm 2.1 applied to the approximated DROP of steady Burgers’ equa-

tion (7.2), with ∆ = σ1 = 0.1, σ0 = 0, µ̄ = 0, Σ̄ = I and tk = (τk, νk, ηk).

k Ψ̃(uk; tk) ‖∇uΨ̃(uk; tk)‖U #iter
‖uk−uk−1‖U
1+‖uk−1‖U

#Ψ̃(uk; tk) #∇uΨ̃(uk; tk)

1 7.97059e-03 6.13993e-05 18 8.24726e-01 21 21
2 4.71019e-03 9.30584e-05 9 7.27281e-02 11 11
3 4.54354e-03 8.85734e-05 3 3.23832e-03 5 5

Figure 1 depicts the controls u∗N and u∗DR and their corresponding states for
three different ambiguity sets, where u∗N is a stationary point of the nominal control
problem (2.2) and u∗DR is the final iterate of Algorithm 2.1. The robust controls
depicted in Figure 1 have a similar structure to those obtained in [33, sect. 6.2] via
the minimization of the conditional value-at-risk combined with a sample average
approximation. For the approach in [33], each evaluation of the cost function and its
gradient requires as many solutions of the Burgers’ equation (7.2) as samples used,
ranging from 19,000 to 23,000 in [33, sect. 6.2]. Our approach requires 37 solutions of
(7.2) and 629 solutions of linear PDEs in total for the setup displayed in Table 1. We
note that the cost function used here and in [33, sect. 6.2] are different and, hence,
corresponding optimal controls cannot be compared directly. Our point is, however,
that our approach produced reasonable controls with moderate computational costs.

We present detailed numerical results for the data ∆ = σ1 = 0.1, σ0 = 0, Σ̄ = I
and µ̄ = 0. Table 1 provides an iteration history of Algorithm 2.1. It displays the
objective function value of (2.1) and the U -norm of its gradient at the computed
stationary point uk of (2.1) for each outer iteration k of Algorithm 2.1. Moreover, it
shows the number of inner iterations performed, a relative distance of subsequent sta-
tionary points, and the number of objective and gradient evaluations. The number of
outer iterations of Algorithm 2.1 and the error of subsequent iterates of Algorithm 2.1
decrease monotonically.

Table 2 displays for the stationary points u∗N and u∗DR the statistics

Em(u) = max
1≤i≤m

EPi
[Ĵ(u, ξ)], SDm(u) = max

1≤i≤m
SDPi

[Ĵ(u, ξ)],

urSDm(u) = max
1≤i≤m

EPi

[(
Ĵ(u, ξ)− EPi

[Ĵ(u, ξ)]
)r

+

]
, r ∈ {1, 2},

Qmβ (u) = max
1≤i≤m

VaRPi,β(Ĵ(u, ξ)),

(7.5)

where Pi = N (µ̂i, σ̂
2
i Σ̄) ∈ P, m ∈ N, SDPi is the standard deviation, urSDPi is

the upper-r-semideviation and VaRPi,β , β ∈ (0, 1), is the value-at-risk. Here, µ̂i are
uniformly and independently distributed over {µ ∈ Rp : ‖µ‖2 ≤ ∆ } and σ̂i on [σ0, σ1]
for i = 1, . . . ,m. We chose m = 10 and approximated the quantities in (7.5) with 1000
independent samples. The statistics reported in Table 2 verify empirically that the
distributionally robust control is more robust than the nominal control. We obtained
similar results as in Table 2 for different choices of the parameters ∆, σ0 and σ1. The
numerical results indicate that the objective function Ψ (see (1.6)) may be nonsmooth
at u∗DR(∆) for several different values of ∆.

7.2. DRO of an Unsteady Burgers’ Equation. We consider the distribu-
tionally robust optimization of an unsteady Burgers’ equation. We consider

min
u∈Uad

sup
P∈P

EP [(1/2)‖S(u, ξ)− yd‖2X ] + (α/2)‖u1‖2L2(I) + (α/2)‖u2‖2L2(I),(7.6)
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Table 2
Statistics (see (7.5)) for nominal control u∗N and distributionally robust control u∗DR(∆), asso-

ciated to steady Burgers’ equation (7.2), with ∆ = σ1 = 0.1, σ0 = 0, µ̄ = 0, and Σ̄ = I.
u Em(u) u1SDm(u) SDm(u) u2SDm(u) Qm

.50(u) Qm
.80(u) Qm

.95(u)
u∗N 5.27694e-03 3.83522e-02 3.36866e-03 2.81567e-03 3.90261e-03 8.68155e-03 1.12073e-02
u∗DR 5.01929e-03 3.43171e-02 2.70053e-03 2.26590e-03 3.87501e-03 7.68191e-03 9.81026e-03

0.0 0.2
−1

0

1

2

3

4

u∗N
u∗DR(0.05)

u∗DR(0.1)

u∗DR(0.15)

0.8 1.0 0.0 0.2
0.0

0.2

0.4

0.6

0.8

1.0

S(u∗N , µ̄)

S(u∗DR(0.05), µ̄)

S(u∗DR(0.1), µ̄)

S(u∗DR(0.15), µ̄)

0.8 1.0

Fig. 1. (Left) Stationary control u∗N of (2.2) and u∗DR(∆) of (1.5) for ∆ = σ1 = 0.05, ∆ =
σ1 = 0.1 and ∆ = σ1 = 0.15, associated to the approximated DROP of the steady Burgers’ equation
(7.2). The remaining data that defines the ambiguity set P (see (1.2)) is σ0 = 0, µ̄ = 0, Σ̄ = I.
(Right) Corresponding states evaluated at (u∗N , µ̄) and (u∗DR(∆), µ̄). Each graph is approximately
constant between the breaks.

where Uad ⊂ U = L2(I) × L2(I), I = (0, 1), D = (0, 1), α = 0.01, yd = 0.075,
X = L2(I, L2(D)), Y = W (I;L2(D), H1(D)),4 and S(u, ξ) solves the weak form of the
unsteady Burgers’ equation

yt(x, t) = ν(ξ)yxx(x, t)− y(x, t)yx(x, t) + (ξ4/100)t, x ∈ D,

y(x, 0) = φ(x, ξ), x ∈ D, yx(0, t) = u1(t), yx(1, t) = u2(t), t ∈ I,
(7.7)

where (u1, u2) ∈ U , ν : ξ → R++, ν(ξ) = 10ξ1−1, and φ : D × Rp → R, φ(x, ξ) =
(1 − 10ξ2)x2(1 + 10ξ3 − x)(1 − x). The model (7.7) is based on the one used in [11,
sect. 7].

We show that Assumptions 3.1, 3.2, and 3.12.2 hold. We define V = L2(I, H1(D)),
e = (e1, e2) : Y × U × Rp → V ∗ × L2(D) and e2(y, u, ξ) = y(·, 0)− φ(·, ξ) by

〈e1(y, u), v〉V ∗,V = 〈yt, v〉V ∗,V +

∫
I

[u1(t)v(0, t)− u2(t)v(1, t)]dt

+

∫
I

∫
D

[ν(ξ)yx(x, t)vx(x, t) + (y(x, t)yx(x, t)− 10−2ξ4t)v(x, t)]dxdt,

for all v ∈ V ; cf. [49, p. 145].
Let u ∈ U and ξ ∈ Rp be arbitrary. Based on the derivations in [49, p. 146], we

can show that e is twice continuously differentiable. The function J : Y × U → R+,
J(y, u) = (1/2)‖y − yd‖2X + (α/2)‖u1‖2L2(I) + (α/2)‖u2‖2L2(I) is convex and infinitely
times continuously differentiable. Hence, Assumption 3.2 holds. The state equation

4Here, W (I;L2(D), H1(D)) = { v ∈ L2(I, H1(D)) : vt ∈ L2(I, H1(D)∗) } [24, pp. 39–40].
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e(y, u, ξ) = 0 has a unique solution S(u, ξ) [51, Thm. 2.3] and ey(S(u, ξ), u, ξ) ∈
L (Y, Z) is bijective [51, Prop. 2.5]. The bounded mapping theorem implies that
ey(S(u, ξ), u, ξ) is boundedly invertible. Continuity of S(u, ·) follows from the implicit
function theorem. Hence, Assumption 3.12.2 holds. The proof of [51, Thm. 2.4]
implies that { (y, u) ∈ Y × U : e(y, u, ξ) = 0 } is weakly closed. From [51, Thm. 2.3]
and its proof, we deduce that there exists C(ξ) > 0 such that

‖S(u, ξ)‖Y ≤ C(ξ)(1 + ‖u1‖L2(I) + ‖u2‖L2(I)), for all u = (u1, u2) ∈ U.
Hence, Lemma B.1 implies that S(·, ξ) is weakly-weakly continuous. Since ξ ∈ Rp is
arbitrary, Assumption 3.1 holds.

We show that Assumption 3.3 is fulfilled. Let (u, ξ) ∈ U × Rp be arbitrary. It
suffices to prove that ‖S(u, ·)‖2V is uniformly integrable as ‖S(u, ξ)‖2X ≤ ‖S(u, ξ)‖2V .
The proof of [49, Thm. 4.2] and [51, Prop. A.6] imply that

‖S(u, ξ)‖2V ≤
3|ξ4|
ν(ξ)2

+
‖φ(·, ξ)‖2L2(D)

ν(ξ)
+ 6‖u1‖2L2(I) + 6‖u2‖2L2(I) +

c1c2(ξ)2

ν(ξ)4
+ 2c2(ξ),

(7.8)

where c1 > 0 and c2 : Rp → R+ is defined by c2(ξ) = 4(1 + ‖φ(·, ξ)‖2L2(D))
2. We

have ‖φ(·, ξ)‖L2(D) = 630−1(1 − 10ξ2)2(600ξ2
3 + 45ξ3 + 1). Using Young’s inequality,

and Lemmas 3.4, A.1, and A.3, we can show that each addend in (7.8) is uniformly
integrable and, hence, ‖S(u, ·)‖2V is uniformly integrable. From Example 3.5, we
deduce that Assumption 3.3 holds.

Discretization and Numerical Results. We discretized the unsteady Burgers’
equation (7.7) in time, using the implicit Euler scheme on a uniform mesh of I with
100 time steps as in [49, sect. 5.6.1]. For the spatial discretization, we used piecewise
linear finite elements on a uniform mesh of D with 100 elements. We used Uad = U ,
approximated the DROP (7.6) by the DROP (1.5) and applied Algorithm 2.1 to (1.5).
We chose u0 = u∗N , the stationary control of (2.2), and the same initial smoothing
parameters and update rule as in section 7.1. In Algorithm 2.1, we used scipy with
LBFGS with termination tolerance < 10−2 for each inner iteration, and terminated
Algorithm 2.1 when ηk < 10−4.

Figure 2 depicts the stationary controls u∗N of the nominal problem (2.2), and
the distributionally robust controls u∗DR of the approximated DROP of the unsteady
Burgers’ equation (7.7) for three ambiguity sets. Whereas the nominal control has
a symmetric pattern, the robust controls are asymmetric, as a result of the non-
symmetry of the parameterized initial condition φ (see (7.7)). The robust controls
differ significantly from the nominal one. The statistics (see (7.5)) reported in Table 4
verify empirically that the distributionally robust control is more robust than the
nominal one. We obtained similar numerical values for different choices of the data
defining the ambiguity set. Table 3 provides an iteration history of Algorithm 2.1
applied to the approximated DROP of the unsteady Burgers’ equation (7.7). The
difference of successive iterates of the homotopy method converge to zero. The number
of objective and gradient evaluations is quite low, and Algorithm 2.1 required only
53 solutions of the unsteady Burgers’ equation (7.7) in total. Our numerical results
indicate that the objective function Ψ (see (1.6)) may be nonsmooth at u∗DR(∆) for
multiple values of ∆.

8. Conclusions. We developed a sampling-free approximation scheme for dis-
tributionally robust PDE-constrained optimization problems. Our approach incorpo-
rates second-order information from the reduced parameterized objective function (see

https://tinyurl.com/wao2yy8
https://tinyurl.com/wao2yy8
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Fig. 2. Stationary control (u∗1,N , u
∗
2,N ) of (2.2) and (u∗1,DR(∆), u∗2,DR(∆)) of (1.5) for ∆ =

0.05 = 10σ1, ∆ = 0.1 = 10σ1, and ∆ = 0.5 = 10σ1, associated to the approximated DROP of the
unsteady Burgers’ equation (7.7). The remaining data that defines the ambiguity set P (see (1.2))
is σ0 = 0, µ̄ = 0, Σ̄ = I.

Table 3
Iteration history of Algorithm 2.1 applied to the approximated DROP of the unsteady Burgers’

equation (7.7), with for ∆ = 0.1, σ0 = 0, σ1 = 0.01, Σ̄ = I and tk = (τk, νk, ηk).

k Ψ̃(uk; tk) ‖∇uΨ̃(uk; tk)‖U #iter
‖uk−uk−1‖U
1+‖uk−1‖U

#Ψ̃(uk; tk) #∇uΨ̃(uk; tk)

1 9.71222e-03 7.95245e-04 22 2.71162e-03 26 26
2 8.30158e-03 7.45890e-03 16 3.05599e-04 20 20
3 8.17309e-03 3.15171e-03 3 3.16757e-05 7 7

(1.3)) about the nominal parameter into the problem formulation (1.5), and only re-
quires one solution of the state equation per evaluation of the surrogate cost function.
We discussed why several other existing approaches for moment-based DROPs cannot
be applied to the PDE-constrained DROPs studied here. We provided conditions for
the PDE solution and cost function that ensure the existence of optimal solutions for
the DROP (1.1), and the approximated and smoothed DROPs. To prove existence of
worst-case distributions, we relied on the concept of uniform integrability. We applied
our scheme to two nonlinear, nonconvex PDE-constrained problems and verified the
assumptions required by our theory: the optimal control of a parameterized steady
and unsteady Burgers’ equations. The optimal control of the unsteady Burgers’ equa-
tion is an important application in the field of PDE-constrained optimization since it
allows the modeling of convection-diffusion phenomena [49, p. 69].

Future work includes the analysis of local convergence properties of the homotopy
method, which may be built on the arguments used in [35], and the application of our
scheme to further control problems with a larger number of parameters.

Appendix A. Bounds on Moments of Sub-Gaussian Random Vectors.
We prove upper bounds on the strong moments of sub-Gaussian random vectors.

Lemma A.1. For all P ∈ P (see (1.2)) and each γ ≥ 2, we have EP [ξ] ∈ Rp, and

EP [‖ξ − EP [ξ]‖γ2 ] ≤ 2(γ/e)γ/2(I • σ1Σ̄)γ/2,(A.1)

EP [‖ξ‖γ2 ] ≤ 2γ(γ/e)γ/2(I • σ1Σ̄)γ/2 + 2γ−1(‖Σ̄1/2‖2∆ + ‖µ̄‖2)γ .(A.2)

We apply Lemma A.2 to prove Lemma A.1.
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Table 4
Statistics (see (7.5)) for nominal control u∗N and distributionally robust control u∗DR(∆), as-

sociated to the unsteady Burgers’ equation (7.7), with ∆ = 0.1, σ0 = 0, σ1 = 0.01, µ̄ = 0, and
Σ̄ = I.
u Em(u) u1SDm(u) SDm(u) u2SDm(u) Qm

.50(u) Qm
.80(u) Qm

.95(u)
u∗N 7.06471e-03 6.08569e-02 1.25907e-02 1.17093e-02 2.70676e-03 9.09762e-03 3.38810e-02
u∗DR 6.56620e-03 5.78466e-02 1.14197e-02 1.06290e-02 3.05037e-03 8.45055e-03 3.06941e-02

Lemma A.2. If ξ : Ω→ Rp is a random vector with distribution P ∈M such that

EP[ξ] ∈ Rp, and lnEP[exp(dT (ξ − EP[ξ]))] ≤ (1/2)dTΣd, for all d ∈ Rp,(A.3)

where Σ ∈ Sp++. Then, for all γ ≥ 2,

EP[‖Σ−1/2(ξ − EP[ξ])‖γ2 ] ≤ 2(γ/e)γ/2pγ/2,

EP[‖ξ − EP[ξ]‖γ2 ] ≤ 2(γ/e)γ/2(I • σ1Σ̄)γ/2.
(A.4)

Proof. Fix γ ≥ 2, and define W, Z : Ω→ Rp by W(ω) = ξ(ω)−EP[ξ] and Z(ω) =
Σ−1/2W(ω), respectively. We have EP[W] = EP[Z] = 0. Minkowski’s inequality yields

EP[‖Z‖γ2 ] ≤
( p∑
i=1

(EP [|Zi|γ ])
2/γ
)γ/2

, EP[‖W‖γ2 ] ≤
( p∑
i=1

(EP [|Wi|γ ])
2/γ
)γ/2

.(A.5)

Using (A.3), we obtain lnEP[exp(dTZ)] ≤ (1/2)dT d for all d ∈ Rp. Hence, W and Z
are sub-Gaussian [10, Def. 7.1.1 (p. 185)]. For i = 1, . . . , p, we obtain from [10, Lem.
7.1.4 (p. 187) and Lem. 1.1.4 (p. 7)] that

EP [|Zi|γ ] ≤ 2(γ/e)γ/2, and EP [|Wi|γ ] ≤ 2(γ/e)γ/2(σ1Σ̄)
γ/2
ii .

Combined with (A.5), we deduce (A.4).

Proof of Lemma A.1. Fix P ∈ P. The definition of P (see (1.2)) implies that
‖Σ̄−1/2(EP [ξ]− µ̄)‖2 ≤ ∆. We have EP [ξ] ∈ Rp because

‖EP [ξ]‖2 ≤ ‖Σ̄−1/2‖2‖Σ̄−1/2(EP [ξ]− µ̄)‖2 + ‖µ̄‖2 ≤ ‖Σ̄−1/2‖2∆ + ‖µ̄‖2 <∞.(A.6)

Now, the estimate (A.1) follows from Lemma A.2 (see (A.4)).
Next, we establish (A.2). The monotonicity and convexity of R+ 3 z 7→ zγ yield

‖ξ‖γ2 ≤ (‖ξ − EP [ξ]‖2 + ‖EP [ξ]‖2)γ ≤ 2γ−1(‖ξ − EP [ξ]‖γ2 + ‖EP [ξ]‖γ2)(A.7)

for every ξ ∈ Rp. Now, (A.1), (A.6) and (A.7) yield (A.2).

The next lemma is used to verify Assumption 3.3 in section 7.

Lemma A.3. Define a : Rp → R by a(ξ) =
∑p
i=1 αiξ

ri
i , and b : Rp → R by

b(ξ) = exp (
∑p
i=1 βiξi), where αi, βi ∈ R and ri ≥ 1 are fixed. Then, |a|r, |b|s and

|atbs|r are uniformly integrable for all r, t > 0 and s ∈ R.

Proof. Fix ξ ∈ Rp, r, t > 0, and s ∈ R. We define r̄ = max{1, r} ≥ 1. The
function R+ 3 z 7→ zr̄ is convex and, hence, Jensen’s and Young’s inequality yield

|a(ξ)|r(2r̄/r) = |a(ξ)|2r̄ ≤ p2r̄−1

p∑
i=1

|αi|2r̄|ξi|2r̄ri ≤ p2r̄−1

p∑
i=1

|αi|2r̄‖ξ‖2r̄ri2 ,

|a(ξ)tb(ξ)s|2r̄ ≤ |a(ξ)|2tr̄|b(ξ)|2sr̄ ≤ (1/2)|a(ξ)|4tr̄ + (1/2)|b(ξ)|4sr̄.
(A.8)
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Now, Lemmas 3.4 and A.1, and (A.8) imply the uniform integrability of |a(·)|r for all
r > 0. We have |b(ξ)|2s = exp (

∑p
i=1 2sαiξi). The proof of Lemma 3.10 shows that

|b(·)|s is uniformly integrable for all s ∈ R. The first two assertions, Lemma 3.4 and
(A.8) imply uniform integrability of |a(·)tb(·)s|r for each r, t > 0 and s ∈ R.

Appendix B. Weak-Weak Continuity of Solution Operators. We provide
conditions implying weak-weak continuity of the solution operator of a PDE.

Lemma B.1. Let Y , U and Z be Banach spaces, Y be reflexive, and Uad ⊂ U .
For each u ∈ Uad, let S(u) ∈ Y be the unique solution to: Find y ∈ Y : e(y, u) = 0,
where S : Uad → Y and e : Y × U → Z. Suppose that ρ : R → R is monotonically
increasing with ‖S(u)‖Y ≤ ρ(‖u‖U ) for all u ∈ Uad, and that X = { (y, u) ∈ Y ×Uad :
e(y, u) = 0 } is weakly sequentially closed. Then, S is weakly-weakly continuous.

We apply Lemma B.2, which is essentially known, to prove Lemma B.1.

Lemma B.2. Let X be a Banach space, x ∈ X, and (xk) ⊂ X. If every subse-
quence of (xk) has a subsequence that converges weakly to x, then xk ⇀ x as k →∞.

Proof. Fix f ∈ X∗. By assumption, every subsequence of (〈f, xk〉X∗,X) ⊂ R has
a subsequence that converges to 〈f, x〉X∗,X ∈ R. Hence 〈f, xk〉X∗,X → 〈f, x〉X∗,X .

Proof of Lemma B.1. Fix u ∈ Uad and (uk) ⊂ Uad with uk ⇀ u as k → ∞.
The boundedness of (uk) implies that of (S(uk)). Let (S(uk))K be any subsequence
of (S(uk)). By boundedness and reflexivity, there exist y ∈ Y and a subsequence
(S(uk))K′ of (S(uk))K such that S(uk) ⇀ y as K ′ 3 k → ∞. Since (S(uk), uk) ⊂ X
and X is weakly sequentially closed, we get (y, u) ∈ X and, hence, y = S(u). Thus,
every subsequence of (S(uk)) has a further subsequence converging to S(u) weakly.
Lemma B.2 yields S(uk) ⇀ S(u) as k →∞.
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