LOCAL-IN-TIME CLASSICAL SOLUTIONS TO A MODEL OF
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ABSTRACT. The existence of local-in-time classical solutions to a hyperbolic
system with differential boundary conditions modelling a flow in an elastic tube
is studied. The well-known Lax transformations used for obtaining a priori es-
timates for conservation laws are difficult to apply due to the inhomogeneity
of the partial differential equations. Our method relies on the characteris-
tics, a suitable splitting of the PDE and ODE parts, appropriate modulus of
continuity estimates and a compactness argument.

1. THE MODEL

The aim of this paper is to prove the existence and uniqueness of classical solu-
tions to the following hyperbolic PDE-ODE system in [11], see also [1] and [9],

At(tv I) + u(t’ I)Aw(ta SC) + A(tﬂ x)ur(t7 1‘) =0,

sE 87T/L0 -
we(t, z) + u(t, z)u (¢, z) + m/lz(t,m) + mu(t, x) =0,
Arph((t) = — A(t,0)u(t, 0),
Arh!(t) = A(t, O)u (t 0), (1.1)

1+ pgh )))2,
A(0,2) = A%(z),  w(0,z) =u’(z),  ho(0)=hg,  he(0)=hy,

fort > 0and 0 < z < /. By classical, we mean that the solutions are at least
continuously differentiable. This system describes the flow of a fluid in an elastic
tube whose ends are attached to cylindrical tanks with horizontal cross section Ar.
The state variables A and u represent the cross-sectional area of the tube, which is
assumed to be circular, and the velocity of the fluid inside the tube, while hg and
h are the level heights of the fluid in the left and right tanks, respectively.

The constants p and pg are the density and viscosity of the fluid, s, E, 1y and Ay
are the thickness, Young’s modulus, inner rest radius and rest cross-sectional area
of the tube material, and g is the gravitational constant. The function p represents
an external pressure that is applied above the left tank. The well-posedness of (1.1)
in Sobolev spaces has been studied in [10].

Using an appropriate change of the unknown variables, (1.1) can be put into a
diagonal form. To do this, let us first note that the eigenvalues of the system (1.1)
are given by A = u — kAY* and p = u + kAY*, where k = (sE/2proy/Ag)*/>.
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With the characteristic variables w(t,z) = —u(t,z) + 4xAY4(t,x) and z(t,z) =
u(t, ) + 4k A4 (t,x), the PDEs in (1.1) can be diagonalized as
Co

wy + AMw, 2)w, = 5(2 —w)
ze + p(w, 2)z, = %O(w —2),

where ¢g = 8mpg/Ap.

The state variables can be written in terms of the characteristic variables as
uw=(z—w)/2 and A = ((w+ z)/8x)". To transform the boundary conditions in
terms of the characteristic variables (in the form of mixed boundary data), we note
that

w(t z(t 4 r 2
(BRI iy [1+ 22 oato(0) + )]
Assuming that w(t, 0) + z(t,0) remains positive for all ¢ € [0,T], for some T' > 0,
we can solve for z(¢,0) and obtain
1/2
2(1,0) = 854y [1+ T2 (pgho(t) + ps(1))| " u(t0)

We explain the reason why we solve z(¢,0) in terms of w(¢,0). As we can see
from the diagonal form of (1.1), the characteristic curves corresponding to w are
left-propagating, and hence the boundary values of w at x = 0 can be determined
from the forcing function and the initial data w® up to a certain positive time. In
this way, the values of z on the same boundary can be determined from the above
equation. A similar procedure yields the following correct form for the boundary
condition at the right tank

1/2
w(t, ) = 8kAY* 1+ %pgh(t)} — 2t 0).

The state components hg and h in terms of the characteristic variables are as follows

2BRATRY(t) = —(w(t,0) + 2(¢,0))*(2(t,0) — w(t,0))
2BRATK () = (w(t, ) + z(t,0)*(2(t, £) — w(t, L))
The system (1.1) is a special case of the abstract system (compare with [6])
wy + Mw, 2)w, = f(t,z,w,2), 0<t<T, 0<ax</{,
zt + p(w, 2)z, = g(t, z,w, 2), 0<t<T, 0<z<V¥,
z(t,0) = Go(t, ho(t), w(t,0)), 0<t<T,
w(t,€) = G(t, h(t), 2(t,0)), 0<t<T, (12)
hy(t) = Ho(w(t,0), 2(t,0)), 0<t<T,
K (t) = H(w(t, ?), z(t, 1)), 0<t<T,
w(0,z) = w'(z), 2(0,z) = 2%(x), 0<z <,
ho(0) = A, h(0) = hO.
The initial conditions in (1.1) and (1.2) are related by w® = —u® + 4x(A°)*/* and

20 =ul + 4/@(A0)1/4. We would like to point out that the methods presented here
can be extended to differential boundary conditions

hé](t) = HO(t7 hO(t)a w(tv O)a Z(tv 0))a h/(t) = H(tv h(t)’ w(tv O)a Z(ta 0))’
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where Hy, H; € C*(R%).
From this point on, we will analyze the coupled system (1.2), where T > 0 is
a generic time horizon. To guarantee the existence and uniqueness of a classical
solution of this coupled system, the following hypotheses are sufficient (compare
[2, 6]).
(H1) There exists an open set O C R? such that A,y € C1(O) and A(w, z) <
w(w, z) for all (w,z) € O.
(H2) H,Hy € CY(R?) and f,g € C1([0,T] x [0,£] x O)
(H3) There exist constants Mo > 0 and T > 0 such that Gy € C*([0,T] x [h] —
Mg,hg + MQ} X R) and G € Cl([O,T] X [hO — Mg,ho + MQ] X R)
(H4) The initial data satisfy w?, 20 € C*[0,£], (w°(z), 2°(z)) € O for all z € [0, ]
and hg, h3 > 0.
(H5) It holds that A(w®(z), 2%(z)) < 0 < p(w’(x), 2%(z)) for x = 0, L.
(H6) The initial data at the left and right endpoints satisfy the following com-
patibility conditions

2°(0) = Go(0,hg, w’(0))

wWO(f) = G(0,h°,20(0)
—u(w(0),2°(0))(=°)'(0) = VGo(0,hg,w’(0)) - (1, Ho(w(0), 2°(0)),
— Aw®(0),2°(0))(w®)'(0) + £(0,0,w°(0),2°(0)))
w’(0),2°(0))

9(0,0,
“Aw’(6),2°(0)(@®)'(6) = VG(0,h°,2°(0)) - (1, H(w’(£), 2°(0)),
— p(w’(0), 2°(0)(=°)' (¢) +g(0 4w’ (0),2°(0)))
— £(0,£,w°(0), 2°(¢)).

Let us explain what these assumptions mean. The first hypothesis (H1) simply
states that the quasilinear PDEs must be strictly hyperbolic. The smoothness
requirement for the boundary data are given by (H2) and (H3), while (H4) imposes
the smoothness requirement for the initial data and a range condition. We can
view (H5) and (H6) as additional constraints on the initial data w® and 2°. These
compatibility conditions imply the continuity of the state components and their
derivatives. The assumption (H5) guarantees that the left and right boundaries are
non-characteristic.

Theorem 1.1. If the hypthoses (H1)—(H6) hold, then there exists a positive time
T € (0,T] such that the coupled system (1.2) has a unique classical solution (w, z, ho,
h) € C([0,T] x [0,£])% x C?[0,T)?.

Now we will apply the abstract result of Theorem 1.1 to obtain the local existence
and uniqueness of a classical solution to system (1.1). It suffices to verify that all
of (H1)-(H6) are satisfied. (H1) The open set can be chosen to be O = {(w, z) €
R?:w+ 2z > 0} in R2. (H2) Note that H and Hy are polynomial functions. (H3)
Let My = min(h§, h°) and so [h) — Ma, hY + Ma], [h® — My, h® + Ms] C [0 hY + hY).
The condition follows once we assume that py € C*[0,7] and ps(t) > _E 2pghd
for all t € [0,T]. For (H4), the conditions are ug, A9 € C[0,€], Ag(x) > 0 for
all z € [0,/] and hY,h® > 0. For the boundary conditions, (H5) translates into
[u®(x)| < k(A%(z))Y/* for 2 = 0,f. The condition (H6) should be translated in
terms of u° and A°.
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Corollary 1.2. Assume that h3,h" > 0 and u°, A° € C[0,] satisfy A°(x) > 0,
[u®(z)| < k(A%(x))/* for & = 0,4, and the compatibilty conditions. If the forcing
ps € CY0,T] satisfies ps(t) > —% — $pgh{ for allt > 0, then the system (1.1) has
a unique classical solution (u, A, ho,h) € C’l([O,T] x [0,4])? x C’Q[O,T]2 for some
T>0.

The method presented in this paper is a combination of the splitting method
in [6] and the classical iteration scheme [4, 5, 8]. We divide the system into two
parts, namely, the PDE part and the ODE part. This splitting method has been
also used in [3] to prove the existence and uniqueness of solutions to the coupling
of quasilinear hyperbolic and parabolic PDEs that describes the flow of a fluid
in a porous medium that is connected by a pipe. The process is to define two
mappings associated with these two problems in such a way that a fixed point
of the composition corresponds to a solution of the system, and hence continuity
properties are required with these mappings. Hence, existence and uniqueness will
be established using a fixed-point argument, specifically the contraction principle.
Similar problems have been considered in the series of papers [12, 13, 14]. The
authors analyzed multiscale blood flow models, a coupled system of ODEs and
hyperbolic PDEs, and prove the well-posedness of such systems.

Now let us set the basic notations and assumptions. For each nonnegative integer
n, positive integer m and positive T, we denote by C™(][0,T],R™) the space of
functions on [0,7] whose derivatives up to the order n are continuous and it is
equipped with the usual norm. For r > 0, denote the closed ball in C™([0,T],R™)
centered at the origin with radius r by B™™[T,r].

First, we split the coupled system into two parts, an ODE part and a PDE part.
Let M; be a positive constant which will be specified later. For fixed h) and h°,
define &, : BO4[T, M;] — C([0,T],R?) by &1 (0,00, ,0) = (ho, h) where hg and
h satisfy the ODEs

{ ho(t) = Hol(po(t), fo(t)), ho(0) = hg,
W(t) = H(p(1),0(1)), h(0) = R°.

This is the ODE part. One can easily check that &; is well-defined.
The PDE part is posed in the following way. Given Mz > My + |(hY, h%)| and
for fixed w® and 2%, define &, : BL2[T, M3] — C([0, T],R*) by

Sa(ho, h) = (w(-,0), 2(,0), w(-, £), 2(-, €))
where (w, z) is the classical solution on the rectangle [0,T] x [0, ¢] to the PDE

(1.3)

wy + Mw, 2)w, = f(t, z,w, 2)
2z + p(w, 2)z, = g(t, z,w, z)
Z(t,O) = GO(tahO(t)aw(t7O)) (14)
w(t, £) = G(t, h(t), 2(t, £))
w(0,z) = w'(z), 2(0,2) = 2%(x).
The well-definedness of &3 is not clear for the moment. Although the (local)
existence and uniqueness of a classical solution of the initial-boundary problem
(1.4) for a given (hg,h) has been already established [7], it is not obvious that

the time of existence is independent on the choice of the boundary data (hg,h).
This problem has been solved in [6] by providing a positive time of existence that
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does not depend on the particular choice of the boundary data but only on the
bounds of their derivatives. To obtain such results, the authors used the well-
known Lax transformations to obtain bounds for the derivatives of the solution
of the quasilinear system. This method works for conservation laws but not on
balance laws, which is the case in the present paper.

To obtain such desired time of existence, we shall proceed in the classical way.
First we consider a linear system of PDEs associated with the quasilinar system
(1.4) and provide estimates on the solutions of such linear systems. These estimates
together with an iteration scheme will then prove the existence and uniqueness
of continuously differentiable functions w and z satisfying (1.4) on a rectangular
domain [0,7] x [0, ] with T being independent of (hg, h), at least in BY2[T, M3].

If we can show that ran &; C dom &5, then it follows that the map & :
BY4[T, M) — C([0,T],R*), for appropriate T and M;, given by the composi-
tion & = G5 0 &1 is well-defined. Furthermore, every fixed point of & corresponds
to a solution to the coupled system (1.2). Indeed, assume that (po, 6o, p,0) is a
fixed point of &. Using (ho,h) = S1(po, 00, ¢, 0) in (1.4), gives us a classical so-
lution (w, z) of (1.4). Now (g, 6o, ¢, ) being a fixed point gives us the property
(¢0,00,9,0) = (w(+,0),2(-,0),w(-, £), z(-,£)) and plugging these in (1.3), we can see
that (w, z) is classical solution of the coupled system (1.2).

2. THE ODE PART

The aim of the present section is to prove the claim that the range of the mapping
&1 is contained in the domain of the mapping G2. In the following, M; > 0 is given.

Theorem 2.1. There exists a solution (hg,h) € C'0,T]? of (1.3) such that for
some T = T(My, M) € (0,T] we have (ho,h) € BY“2[T, Ms], where Ms de-
pends only on T, My, My, (h3,h°) and not on the particular choice of the data
(0,00, p,0) € BY4[T, M,]. In other words, ran &1 C dom &,.

Proof. The solution of (1.3) is

ho(t) = h3 + / Holpo(t),0o(t) b, h(t) = K0 + / (o (1), 6(0)) dr.

Since Hy, H € CY([—Mjy, M;]?), there exists a constant C' = C(M;) > 0 such that
we have |Ho(al,b')| + |H(a?,b?)| < C for every a',a? b',b? € [—~My, M;]. Thus
|Ho(po(t),00(t))| +H (p(t),0(t))] < C for every (¢o,00,p,0) € B®4T, My] and t €

[0,T]. Choose T > 0 such that TC < Ms. In this case, ||(ho, h) — (h9, hO)HC[O’T]Q <

TC < Ma. Ao, (i H)llcio a2 < [1Ho(00,00) o 21 + I (0, Ol o 2y < C- Taks

ing Mz = My + |(hY, h°)| + C shows that (hg, h) € BL2[T, M3]. O
The following theorem states the continuity of the mapping S;.

Theorem 2.2. Let (h},h') and (h%,h?) be solutions of (1.3) with respective data
vl = (p}, 08,0, 0Y) and vZ = (03,02, 0%, 0%). Then for any T € (0,T) it holds that

[(hg, hY) = (hg, )l co,r2 < LTV = v2|lcpo.m4,
where L = max (|| Hol|cr (s, 0012)s | H |03 (=21, 01012 ) -
Proof. This follows immediately from the fact that
||h(1) - h(2)||C[o,T] < ||H0||Cl([—M1,M1]2)T||(‘P(ln 9(1)) - (@(2)»98)”0[0,:@2
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and a similar estimate for [|h' — h?||cjo, 7). 0

3. THE PDE PART 1 : LINEAR SYSTEM

In this section, we prove the existence and uniqueness result for the linear system
corresponding to (1.4). More precisely, we consider the linear system with nonlinear
boundary data

wy + )‘(tv -T/)’LU;C = f(ta Jj)

2+ nlt, )z, = g(t,2)

2(t,0) = Go(t, ho(t), w(t,0)) (3.1)
’LU(t, [) = G(t7 h(t)v Z(tv E))

w(0,z) =w’(z),  2(0,2) = 2(z)

where (ho,h) is a fixed element of BY2[T, M3]. Let Qr = [0,T] x [0,€]. In this
section, we assume that

(Ll) A, My f7 g€ ct (QT)

(L2) w°, 2% € Ct 0,4

(L3) Go € C([0,T] x [h — Mo, h + M) x R) and G' € C*([0,T] x [h® — My, h°® +
MQ] X R)

(L4) A(t,z) < p(t,x) for all (t,z) € Qp

(L5) A(t,z) <0< p(t,z) for all (¢,x) € [0,T] x {0,¢}

(L6) The boundary and initial data satsify C'-compatibility conditions

2200) = Go(0,h), w’(0))
wo(f) = G(O,ho,zo(é)
—p(0,0)(z°)'(0) = VGo(0, hg, w’(0)) - (1, Ho(w’(0), 2°(0)), =A(0,0)(w")" (0)
+ £(0,0)) — ¢(0,0)
=A0,0)(w°)'(6) = VG(0,h%2°(0)) - (1, Hw’(0), 2°(0)), —u(0, £)(z°)' (¢)

+9(0,0)) = £(0,0).

Here, the functions stated in (L1)-(L3) are given. Also, (L1) and (L5) implies
that there exists a constant d > 0 such that A\(¢,2) < —d < 0 < d < p(t,x) for
every (t,z) € [0,T] x {0,¢}. Without loss of generality we may take d € (0,1).

Remark 1. In (L3) we assumed that the second argument of Gy and G lies in the
intervals centered at the initial level heights h) and h°. However, we can have
a larger radius for h) and hY. Moreover, we can have a general case where the
right hand sides of the first two equations of (3.1) include multiples of z and w,
respectively. However, for our purpose the above setting is sufficient. Because
we will utilize the linear theory to prove the local existence of solution for the
quasilinear case, it is also sufficient to prove local existence in the linear case.

3.1. Characteristic curves. For each (t,x) € Qr we have the A-characteristic
curve x) = x)(7;t,x) at (t,x), where

2\(Tit,x) = N7,z (758, 7)), zA(t;t, z) = . (3.2)

Since A € C'(Qr), it follows from the Picard-Lindeléf Theorem that such curve
exists and it is unique. Furthermore, two distinct A-characteristic curves will never
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intersect. Similarly, we have the p-characteristic curve passing through (¢, z), z, =
x,(7;t, ), where

xL(T;t,x) = u(r, (73t ), x,(tit,z) = .

T
Qf of Qf
v = wo(7)
© = a(7)
0 ¢

FIGURE 1. The regions determined by the left most and right most
characteristic curves.

Let g = 2,(7;0,0) and z; = z(7;0,¢) be the p-characteristic curve and A-
characteristic curve passing through (0,0) and (0, ¢), respectively. Furthermore,
denote

QL = {(t,x) e Qr:0<z<xo(t)},
OF = {(t,x) € Qr:ao(t) <z < z0(t)},
Q= {(t,x) € Qp :xo(t) <z < 1),

For simplicity, we denote by T the time of intersection of the characteristic curves
2o(7) and (7). If T < T we retain the value of T, while if T > T we replace T
by T.

There are two possible scenarios. The characteristic curve x) intersects the z-
axis at a unique point (0, %) and so & = x(0;¢,2). This is the case if and only if
(t,x) € QLUQS. Define a: QL UOS — [0,4] by a(t,x) = £,(0;t,x). On the other
hand, the characteristic curve x) will intersect the line x = ¢ at a unique point
(t,¢) and so ¢ = z)(f;t,x). This is true if and only if (t,x) € QF and we define
o : QF — [0,T] such that z)(o(t,z);t, ) = L.

With the same procedure as above, we notice that the curve z, either intersects
the z-axis at the unique point (0, 3(¢,z)), where 8 : Q% U QF — [0,/] is given by
B(t,x) = x,(0;t,x) or it will intersect the line z = 0 at the unique point ({(¢,z),0)
where ¢ : Q% — [0, T] satisfies z,(((¢, z); ¢, ) = 0.

Define the following sets

Or, = [0,7]x (27 UQF),
9%1)\ = {(n,t,z): (t,x) € Q¥ and o(t,x) <7 < T},
Or, = [0,T]x (QFUQf),
@2T7# = {(n,t,z): (t,x) € Q% and ((t,z) <7 <T}.

In the following, we prove some properties of the characteristic curves and estimates
of their derivatives.
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Theorem 3.1. It holds that xx € C'(©%,) and x, € C* (O} ) fori = 1,2.
Furthermore, we have

IN

M@ + A+ [[Me@n) exp(T Al @)
[zuller e ) [elle@ry + 1+ [ulle@r) exp(Tpller @qr))
fori=1,2. In particular, « € CL(QL U QL) and B € CH(QF U QE).

[z HCl(eiTy)\)

IA

Proof. Suppose that (7;¢,x) € @"T’A. Let
(1) = h Y ea(T;t, 2 + h) — 2x (T3 t, 2)]
for sufficiently small A such that (t,z + h) € Q& U QS. Taking the derivative
0, (1) = h YN, A (st 2 + h)) — M1, za (T3 8, 2))].
Since A € C1(Q27), the mean value theorem implies the existence of a number & (1)
between x(7;t,2) and zx(7;t,2 + h) such that
(1) = B A (7,6(7)) [ (T3, 2 + ) — (73t 2)].
Therefore we have the ODE
M(m) = Ae(m&n(T))n(r),  0<T7 <A,
{ n(t) = h7laa(tt,x+h) —a] = ).
The solution of this ODE is given by

1n(T) = nj exp (/; Ae (9, €1 () dz9> .

As h — 0 we have, using z)(¢;t,2) = z, that ) — 1 and &,(9) — xA(9;t, ).
Hence, taking the limit A — 0 we get

(x2)z(T3t,2) = exp (/tT Az (B, 2 (58, 2)) dﬁ) . (3.3)

From the definition of the characteristic curve, we have

I)\(T;t+h,z)zx+/ A0, zA (95t + h,x)) d9.
t+h

Using the Lipschitz property of x) and A, for every € > 0, it follows that

¢
% / AW, zA (058, x)) — AP, zx (9t + h, ) dﬂ’ <e (3.4)
t+h

for sufficiently small values of h. Furthermore, we have
xa(t;t+ h,x) —x
h

1t

— A, zx (%5 t,x)) — A9, 22 (95t + h, x)) dﬁ’.
h Jign

t

+ A(t,x)

t+h

+

From the continuity of A and x,, the first term of the right hand side of the above
inequality can be made arbitrarily small as long as |h| is also small. Combining this
with (3.4), we have (zx):(t;t,2) = —A(t, ). A similar procedure as above proves

(z2)e(T3t,2) = —A(t, z) exp ([ /\z(ﬁ,xk(ﬂ;t,x))dﬂ> .
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Hence 25 € C'(O% ). Similarly, z, € C*(0%,). The estimates for the derivative
follows immediately. O

In the above proof, one can see that the A-characteristic curves satisfy
(x2)e(T3t,2) + At z)(22) (758, 2) = 0. (3.5)
An analogous identity holds for the p-characteristic curves.
Theorem 3.2. It holds that o € C*(QF) and ¢ € C*(QL) and
||U:r:||c(sz¥) < (1/d)exp(T[[Allcr (or))
1Clle@ey < (/d)exp(Tpllcr@r))-

Proof. The regularity of o and ( follows from the implicit function theorem. Dif-
ferentiating x,,(¢(¢,);t,«) = 0 with respect to x gives us

(@) (C(t, )5t @) + 23, (C(t, 2); ¢, @) G (2, ) = 0.
Since x,(¢(t, 7); t, ) = pu(((t, x),0), we have
__
n(¢(t,x),0)

and the first estimate follows from (3.3). The other one can be shown similarly. O

Cw(t,.’t) = - (Z'H)I(C(t,l');t,l') (36)

Our method is to divide (3.1) into four problems, namely, the decoupled initial-
value problems

wi + Aw, = f, w(0,z) = w’(x), on QL UOT, (3.7
Zt 4+ g = ¢, 2(0,2) = 2%(z), on QF UQE,
and the boundary-value problems

2+ Pze = g, 2(t,0) = Go(t, ho(t), w(t,0)), on QL (3.9)
wy + g = f,  w(t,l) = G(t,h(t),2(t,£)),  on QF (3.10)

The existence of w on the region Q& U QF will then be used to solve (3.9), while
the data for z on the region Qf U Q% will be used to prove the existence of w on
OF.

We will deal with constants that depend on some functions, and so we shall make
the following notations. For every positive R > 0, let

Qo[R] = [0,T] x [hg — M2, hg + Ma] x [~R, R]
Q[R] = [0,T] x [h° — My, h° + M>] x [-R, R,

which are the sets to which Gy and G are to be restricted. Suppose for the
moment that the solution of (3.1) satisfies the bounds |[[w(-,0)|cpo,r) < M1 and
[2(-,0)|lcpo,r) < Mi. Let Ay denote the set of C*'-norms of w” and 2° on [0, 4], Gy
on Qo[Mi], G on Q[M;], the supremum norms of f, g, A and p on Qr, and the con-
stants My and Mj. Let Ay be the set of the supremum norms of the derivatives of
of f,g, A and pon Q7. Set A = A; UAs. In the following, C; will denote constants,
which may have a different value at different instances, that depends on a subset
of A1, and analogously for Cy with As.
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3.2. Existence of Solutions for the IVPs (3.7) and (3.8). First, let us consider

the IVP (3.7). If w is a C'-solution of (3.7) and (¢,z) € Q% UQF then integrating
the first equation in (3.1) along the A-characteristic at (¢, x), we have

w(t,z) = w’(at, x)) —l—/o f(ra\(r;t,x)) dr. (3.11)

We show that (3.11) is indeed the C'-solution of (3.7). Differentiating (3.11)
with respect to x and ¢ gives us, using the Leibniz rule,

wi(t,z) = (W) (alt, ) (t, ) + f(t,x)
+/ fe(myax(m;t,2))(x))e (138, ) dT, (3.12)
0
we(t,x) = (wo)’(a(t,x))am(t,x)—}—/ofz(T,xA(T;t,w))(mA)z(T;t,x))dT. (3.13)

Since a € CHQEUOST), f € CL(Qr) and z) € 01(6;7/\) it follows from (3.12) and
(3.13) that w € CH(QL U Q). Furthermore, these equations together with (3.5)
imply that w satisfies (3.7). Its uniqueness can be shown in a standard manner.

Theorem 3.3. The initial-value problem (3.7) has a unique solution in C1(Q% U
0%). Moreover, ||w — w0||C(Q%UQg) < C(MN)T and

sl cqagung) + lellciagong) < (€3 o+ TOMNETW,

Proof. From the definition of «, we have |a(t,z) — z| = |2(0;t,2) — 2 (t; 1, 2)| <
[Mle@q)t and so [w®(a(t,z)) — w(z)| < ||w®|crpo.glAllc@q)ts and the estimate
||w — w0||C(Q%UQ$) < C(A)T follows from this inequality and (3.11).

The estimate for the derivative with respect to z follows from (3.13). Indeed,
using the said equation and Theorem 3.1 we have

lwa (t, )] < [w’]lcrpo,glIMlc@n + (1 + INMle@rn) exp(T A er o))
+ (Ifller@m IMle@r) + A+ [Mlc@e)) exp(TlA o1 )] T

whenever (¢,z) € QL U QZ. Tt can be easily seen that the above estimate is of the
form given in the theorem. We can also use (3.12) to prove the estimate for the
derivative with respect to t. Alternatively, we can use the PDE and then apply the
bound for the derivative with respect to x. O

In an analogous manner, we have the following result for the IVP (3.8).

Theorem 3.4. The initial-value problem (3.8) has a unique solution in C*(Q$ U
QF). Moreover, ||z — zo||C(Q¥UQ¥) < C(A)T and

Iz le@guan + lztle@goa) < (€1 +TOMA)E M.

3.3. Existence of Solutions for the BVPs (3.9) and (3.10). Integrating along
the p-characteristic, we obtain the integral equation
t

z(t, ) =Go(C(taw),ho(C(tmﬂ)),w(C(tw),O))+/<(t )g(Tv%(T;t,w))dT,

where w at z = 0 is from Theorem 3.3.
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Using the same procedure as before, we can show that this is the unique solution
of the BVP (3.9) whose derivatives are given by

Zt(tax) = P(t7x)<—t(t’x)+g(tax) 79(((15#6),0)@@,1’)
+/ 9z Ty, (T3t @) () (T3 ¢, ) dT (3.14)
¢(t,@)
zp(t,x) = Pt x)C(t ) —g(C(t 2),0)G(t 2)
(T2, (138, 7)) () (T3 8, ) dT 3.15
+/C(m)g( (rit,2)) (@) (731, 2)) (3.15)
where
P(tvx) = VGO(é(tax); hO(C(tvx))aw(C(tax)70)) : (1,h6(((t,m)),wt(((t,x),())) .

(3.16)
Theorem 3.5. Let My > 0 be such that |[w(-,0)|cor) < My. Then (3.9) has a
unique solution z € C1(QL) such that ||z — zO(O)HC(Q%) < CA)T and
||Zx||c(sz§) + ||ZtHc(Q;) < (1/d)(Cr+ (T+T2)C(A))€TC(A)-
Proof. The compatibilty conditions in (L6) and the fact that ((¢,z) € [0,T] imply
|Z(t,$) - ZO(O)| < |G0(((t,x),hO(C(t,x)),w(C(t,x),O)) *GO(Ovh(O)va(O)”
+ Tlglle@r)
IVGollc(@oan)) (1 + Ms + [[we(-, 0)l o j0.77)T + Tllgllcor)

IA

for all (t,z) € QL. Using the estimate for w; in Theorem 3.3 in the above inequality,
we obtain the desired bound. From the equation (3.15) and Theorem 3.2,
1
lzallo@yy = ZIIVGollo@onny( + Ms + [lwe(, 0)licpo,ry) exp(Tllullcr @r))
+ (lgller@nmllielle@s) + T+ lkllewsr)) exp(T pller@qm))T
1
+ S exp(Tluller@n)llgliewr)

which has the form given by the theorem. Again, the bound for the time derivative
of z can be obtained from the PDE. This completes the proof of the theorem. [

Similar to the previous theorem, we have the following.

Theorem 3.6. Let My > 0 be such that ||z(-,£)|co,r) < Mi. Then (3.10) has a
unique solution w € C*(QE) satisfying ||w — w0(€)||c(9¥) < C(MN)T and

lwelloar) + lwllo@ry < (1/d)(Cr + (T + T%)C(A))e" M.

It can be easily verified using the compatibility conditions in (L.6) that the func-
tions z and w are continuously differentiable on the whole rectangle Q7. Combining
Theorem 3.3 through Theorem 3.6, we obtain the following.

Theorem 3.7. Assume that (L1)~(L6) hold. Then for each (ho,h) € BY2[T, Ms]
the system (3.1) has a unique solution (w, z) € C1([0,T] x [0,€])%. Furthermore,

1w, 2o we, 20l agys < (L/A)(C(A1) + (T + THC(A))eT O, (3.17)
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4. MobpuULUS OF CONTINUITY ESTIMATES

Because the space where we will look to find a local solution is not a closed
subset of C'(Q7)?, the Banach Fixed Point Theorem cannot be applied. However,
we can still find a continuously differentiable solution with the help of the notion of
equicontinuity. One way to define equicontinuity is through modulus of continuity.
For completeness, we include the definitions.

Let f : Q@ € R — R. We define the modulus of continuity of f to be the
extended-real valued function w(f,-) : [0,00) — [0,00] by w(f,d) = sup{|f(z) —
f@):xa €Q, |z—2| <6} ¥ F = (fi)ics, where I is some nonempty index
set, is a family of functions f; : Q; = R we define w(F,d) = sup;e;w(fi,0). A
family F of functions defined on the same set is called equicontinuous if for every
€ > 0 there exists ¢ > 0 such that w(F,J) < e.

Let QCR2, a:Q =R, b:Q =R and f: {(1,t,2) : (t,z) € Q, a(t,z) <7 <
b(t,x)} = R. If F: Q — R is defined by

b(t,z)
F(t,x) = / f(r,t,z)dr
a(t,z)

and f is bounded, then
[F(t,z) = F(t',a')] < |Ifllo(la(t,z) —a(t',2")] + [b(t, x) — b(t', 2")])
b(t,z)
[ 1) fo )
a(t’,x’)

In the sequel, we shall use this inequality frequently.
Let Fi be the set which consists of (w°)’, (2°)', hf, ', VG and VG, and F; be
the set containing the functions A, p., f» and g,.

Theorem 4.1. Let M > 0 and (w,z) be the solution of the system (3.1) and
suppose that ||w||c1 () < M and ||z]|c1qpy) < M. Then

W(wa, 0) + w(2s,6) < (1/d*)C(A) (8 + w(F1,0) + Tw(Fz,d)).

Proof. The proof is established in several steps.
Step 1. If (1,t,2), (7,t',2") € OF y, i = 1,2, satisfy |(t,x) — (t',2")| < & then

|(z\)z(T5t,2) — (2)) (75, 2")| < C(A) (6 + Tw(Nsg, 5)) .
An analogous statement involving x,, is also true. From Theorem 3.1 we have
lza(Tst,z) —aa(m;t,2")] < (1+ ||)\”CI(QT))eTH/\HCl(QT)(5 < C(A)d. (4.1)
Let M’ = max (|| A c1 (o) |1l c1(ry)- From the formula (3.3) of (), we obtain
(@2)a(73t,2) = (@) (3, 2))] < €™ [N ap)d
+ eTM’/ (0, 22 (9 1, 2)) — Ao(0,20(0: 8, 2'))| A9, (4.2)
t/
However, from (4.1) we have
e (9,22 (931, 7)) — Aa(W, 2A (058, 27))| < w(Aa, C(A)) < C(A)w(As,0).

Using this in (4.2) and noting that |7 — /| < T we obtain the required estimate.
Step 2. We have

w(wzloruag,0) +w(wilazuag,d) < C(A)(6 +w(F1,0) + Tw(F2,0)).
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Also, w(zzloguar, 0) +w(zilacuar, 8) has an upper bound of the same form. Define
F:QkU Qg — R by

t
F(t.a) = [ fu(ran(ritea)@ai(rsta) .
0
This is the integral given in (3.12). Then
[F(t,z) = F(t',2)] < [fller@nllzalerer, )

+ /Ot [fo(m,@x(T5t, 2))(@n)a (T3, 2) = fol(r ax (Tt &) (@r)e (r5 ', 27)] dT
< C(A) (6 + Tw(fe,6) + Tw(Ae,6))
whenever |(¢,z) — (t',2')] < §. Furthermore,
w (@) 0a)az,d) < [lwllerfo.qwlas,d) +w((w’) oa,d)lesllcweuag)
< C(A) (6 +w((w?),8) + Tw(Ag,0)) .

Adding these estimates and using (3.13) proves the first half. The second half
follows from the PDE and the first half since

w(wiloruag:0) < [IMle@mnw(waloruag, 0) +wX, 6)|wellc@r) +w(f,d)
< [Me@wrw(wslozuag, 6) + (Aot @ lwellc@r) + 1 fller@qr))d.

Step 3. We have w(((y,04),6) < (1/d*)C(A) (6 + Tw((tzy As),6)). Similar ar-
guments as in the proof of Step 1 give us

() (C(t )it 2) — (20)2(C(H,2); ', 2")] < C(A) (6 + Tw(pz, ) -
This inequality together with (3.6) implies

leallc ez
SO (€, 0),6) + C(A) (5+ Tz, )

C(A) (6 + Tw(pe, 9)) -

w (¢, 0)
1
a2
The second inequality is similar.

Step 4. It holds that w(P,3) < (1/d?)C(A)(6 + w(Fi,d) + Tw(Fz,d)), where P
is given by (3.16). If |(¢t,z) — (¢/,2")| < 0 then
|h0(<(t,l‘)) - hO(g(tlwxl))'
|w(<(t7 .’L‘), O) - w(C(ta (E)7 O)'

These properties imply that
w(Gor(C, ho ¢ w((,0)),6) < w(Gor, (14 Ms + M)w((,6)) < C(A)w(Gor, 0).

A similar procedure for the other terms appearing in (3.16) shows that

IN

M3W(<7 5)

<
< Mw(C,9).

1
w(P7 5) < EO(A) [W(GOtv 5) + M3w(G0h075) + ”GOho HC(QO[M])w(h’(/)’ 6)

+ Mw(Gow: 0) + |Gowll (o (wilazruag , 6)]
and upon using the result of Step 2, we obtain the desired estimate.
Step 5. It holds that w(zz|qr,0) < (1/d*)C(A) (S + w(F1,0) + Tw(Fs,0)) and
w(wm|Q¥, 0) has also the same type of bound. Utilize Step 3, Step 4 and a similar

argument as in proving Step 2.
The proof of the Theorem now follows from Step 2 and Step 5. (]
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5. THE PDE PART 2: QUASILINEAR SYSTEM

If S C R? and € > 0, we let S, = {(z,y) : dist((x,y),S) < €}. Consider the
curve ¥ := {(w%(z),2°%(x)) : z € [0,£]} in O. Define § : [0,4] — R by é(z) =
dist((w°(z), 2°(x)),00). If the boundary of O is empty, then we can replace O
by an open set with a nonempty boundary that contains 3 and is contained in O.
Then § is continuous and has a positive minimum. Let e; = § minge(g4 6(x) > 0.
By construction, 3., is compactly contained in O. Furthermore, the continuity of
A and p implies the existence of eo > 0 and a positive constant d > 0 such that
for (w,z) € R?, if dist((w, 2), (w°(0),2°(0))) < €2 then A(w,2) < —d <0 < d <
p(w, 2), and if dist((w, 2), (w°(£), 2°(¢))) < €3 then AN(w, 2) < —d < 0 < d < p(w, 2).

Let € = min(ey, €2) > 0 and let Ry denote the set of all functions (v,y) € C(Qr)?
such that

(1) ran (v,y) C X

(2) dist((v(t, @), y(t, 2)), ((x), °(2)) < € for (t,2) € [0,T] x {0, ¢}

(3) (v(0,2),y(0,2)) = (w°(z),2°(x)) for z € [0, 4].
In the iteration scheme it is important that the resulting linear system must be
strictly hyperbolic and that the boundaries are non-characteristic. The first and
second criteria in Ry preserve these properties, respectively.

Let N > 0 be sufficiently large, which will be made precise later, and

Dr = {(0,9) € CH ) 09l < N 105l ye < VY-
Notice that if v(¢,2) = w°(z) and y(t,z) = 20(z) for all (t,z) € Qr then (v,y) €
R N Dr, that is, Ry N Dr is nonempty.

In this section we prove the well-posedness of the system
wy + Mw, 2)w, = f(t, z,w, z)
zt + w(w, 2)ze = g(t, z,w, 2)
2(t,0) = Go(t, ho(t), w(t,0)) (5.1)
w(t, ) = G(t, h(t), 2(t,£))
w(0,7) = w'(x), 2(0,2) = 2%(x)
where (hg, h) is a fixed element of BY2[T, M3].

Theorem 5.1. There exists a time T* > 0 such that xo(7) # x4(7) for 0 <7 < T*,
for all (v,y) € Ry», where

1’6 (7_) - IU’(U(Ta Zo (T))a y(Ta Zo (T)))7 Zo (0) = Oa
zy(1) = AT ze(r)),y(r,2e(7))),  @(0) =L

Proof. Suppose in contrary that there exists a sequence (1), of positive num-
bers converging to 0 and a sequence (vp,yn)n € R satisfying zo(Tn; vn,yn) =
2¢(Ty;Vn,Yn), and denote this common value by x,, for all n € N. Since (),
is a bounded sequence, there is convergent subsequence, which we still denote by
(zn)n. Then there are two possible cases, either x,, > ¢ > 0 for all positive integers
n (this is the case where x,, does not converge to 0) or for each € > 0 there exists
a positive integer n such that z,, < ¢ (this is the case where the limit is 0).

First let us consider the former case. Since x¢(0) = 0 and xo(7,) = z,, by the
mean-value theorem, there exists 7, € (0,T),,) such that z((r,) = z,/T,. Hence,
it follows that we have p(v,(7n,&n), Yn(Tn,&n)) > ¢/T,, for all n, where we put
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&n = xo(m,). For each S > 0, there exists R = R(S) such that u(gr,yr) > S and
(Un,TN) € X, a contradiction to the fact that p is bounded on X..

For the latter case, without loss of generality, we may take that e < £/2. Be-
cause 2¢(0) = ¢ and x¢(T,) = x,, there exists (1,,&,) € Qr such that z(7,) =
AV (Tny €n)s Un (Tns &n)) = (xn — 0)/T < (e — £)/T,, < —£/(2T},). For each m < 0
there exists a positive integer n’ = n/(m) such that the inequality A(0p/, §n) < m
holds for some (0, Jn/) € X, which contradicts the boundedness of A on .. O

Now, we are ready to state and prove the local existence and uniqueness of
solutions to the quasilinear system (1.4) whose life span is independent on the
particular data (hg,h) in BL2[T, M3]. As mentioned in the earlier sections, this
would imply that the mapping &5 is well-defined. Before we state the result, we
note the following elementary estimate.

Lemma 5.2. Let a > 0, b > 0 and (sp)n>0 be a sequence of nonnegative real
numbers such that s, < a+bs,_1 for allm > 1. Then s, < azz;é b’“+b"s(], n>1.

Theorem 5.3. Let (hg,h) € BY2[T, M3] and assume that (H1)—(H6) holds. Then
there exists a time T = T(My, M3) € (0,T] independent of (ho,h) such that the
quasilinear system (5.1) has a unique solution (w, z) in C*(Q4)?. Moreover we have
(w(t,z),2(t,z)) € B¢ for every (t,x) € Uz and it holds that ||(wz, z2)l|o(@r)2 < N
and ||(wt’2t)HC(QT)2 < N.

Proof. We divide the proof into several steps.

Step 1. Definition of the iteration map. Let (v,y) € Ry« N Dy« be given and
consider the linear system

wy + At 2)we = f(t,2),

2 + (t, @)z = g(t, @),

Z(t,O) = Go(t,ho(t),’UJ(t,O)), (52)
w(t, ) = G(t, h(t), 2(t,0)),

w(0,z) = w'(x), 2(0,2) = 2°(x),

where 5‘(1"’ .13) = )‘(’U(tv l‘), y(t7 Z‘)), /l(t7 l‘) = /’[’(U(ta Jf), y(t7 .1‘)), f(tv l‘) = f(ta €Ly U(t, J?),
y(t,z)), g(t,z) = g(t,z,v(t,x),y(t,x)). One can easily see that the above system
satisfies (L1)-(L6). Therefore, by Theorem 3.7, there exists a unique solution
(w,z) € CY(Qr~)? of (5.2). This defines a mapping § : Ry« N Dpx — CH(Qp+)?
given by F(v,y) = (w, 2).

Step 2. Invariance property. We will show that there exists T > 0 such that
F(R.ND;) C R.ND, forall 7 € (0,T]. The functions A, ik, f, g and their derivatives
with respect to 2 have uniform bounds independent of (v,y) € Ry~ N Dr«. More
precisely, we have the estimates

Ifllcry < Ifllc@rxs.) M@ < IMeE.,
I fellc@r) < (L+2N)[IVElc@rxso; [Aellc@pey < 2NV e,

and similar estimates for i and g. Let Ay be the set A; in the statement of
Theorem 3.7 where the constants || f|lc(ap. ), 19lc@r)s Ml c@peys and [l o)
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are replaced by the constants | f|lcrxs.), l9llc@rxs): [Ales,), and [lplcs.),
respectively. Now we take N > éC(Al).

Using this observation in Theorems 3.3 to 3.6, we can see that there exists 1) €
(0, T*] such that we have |lw — wo||C(Q%UQ%) <e€/2, ||z — z°||C(Q£UQg) <e€/2, ||z —
22(0)llcary < €/2 and [w—w"(€)|| car) < €/2 for all 7 € (0, TM]. These estimates
prove that ran(w, z) € X, and the last two also prove that |(w(t,z),z(t,z)) —
(w°(x), 2°(x))| < e for (t,x) € [0,TM] x {0, £}. The last criterion in Ry~ is obvious.
From the choice of N and the estimate (3.17) in Theorem 3.7, we can deduce that
there exists T? € (0,7*] such that (w,z) € D, for all 7 € (0,7®]. Taking
TG = min(TW, T?) shows that (w,2) € R, N D, and so R, N D, is invariant
under § for all 7 € (0,7®)].

Step 3. Contraction property. Let (v, y1), (va,y2) € Rype N Dpey and F(vi,y:) =
(w;, z;) for i = 1,2. Define w = w; — wg and Z = 21 — 2z2. It follows that

Wy + A(Ula yl)ch = f(t7x,'U1,y1) - f(ta x,U27y2) + (A(Ula yl) - )\(U27y2))w2l‘

2 + (v, y1)2ze = g(t, ,01,91) — g(t, 2,02, 92) + ((vi, y1) — p(va, y2)) 220

Z(t, 0) = G() (t, h()(t)7 w1 (t7 0)) - G(](t, h() (t), w2 (t, 0))

w(t, 0) = G(t, ho(t),w1(t,£)) — G(t, ho(t), wa(t, £))

w(0,2) =0, 2(0,z) = 0.

From Theorem 3.3 we have

[@lle@zuag) < T(|fller@rxs.) + NlIMere )0, 11) = (2,92)llc@y)e-

for each T € (0, T®)]. Here, the regions are determined by A(vi,y1) and p(vy, y1).
Similarly, we have the estimate

IZlle@guan) < T(lgller@rxs.) + Nluller@o)ll(vn,y1) = (v2, 92)lle@q)2
from Theorem 3.4. A procedure similar to the proofs of Theorems 3.5 and 3.7 gives
[@llc@n +IZlle@s) < CTI(vi91) = (v2,92) o2

where C' is a positive constant independent of (v1,y1) and (ve,y2). Combining
these, one can see that [|(1, ?)[c(a,)2 < CT)|(v1,y1) — (v2,92)llc(0;)2 for some
positive constant C' independent of (v1,y1) and (ve,y2). Hence, § is a contraction
provided that CT < 1.

Step 4. Iteration scheme and compactness argument. One can easily see that
Rj N Dj is not closed. However, if we have a sequence ((vpn,¥n))n in Ry N Dy
where (vg,yo) is fixed and we have recursively (vn,¥yn) = §(Vn—1,Yn—1) for all
n € N, that is,

Unt + A(Unflv ynfl)vna: = f(t> T, Un—1, ynfl)

Ynt + M('Unflv ynfl)ynz - g(ta Ty Un—1, ynfl)

Yn(t,0) = Go(t, ho(t),vn(t,0)), (5.3)

vn(t, €) = G(t, h(t), yn(t,0)),

v, (0,7) = w(z), yn(0,2) = 2%(2),
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then according to the contractive property of §, the sequence ((vy, Yn))n is a Cauchy
sequence in C(€7)?, and hence converges to some element in C(Q4)?, say (w, 2).
From the definition of R4 N Dy, the sequence (Ung,Ynz)n is equibounded with
respect to the C-norm, indeed, ||(vna, Ynz)llc(,)z < N for all n.

If M = max(||(w, 2°)||cpo,g2 + N +¢€, My) then |[vn]|c1opm) < M and [|[yn|lcr (o)
< M for all n. Hence, we take this value of M in the statement of Theorem
4.1. Let Ay be the set of supremum norms of f,g, A, and 1, A=A URAy, Fp =
{Vf, Vg,V Vu} and .7:"27,, be the set consisting of the derivatives with respect to

x of the functions )\(’Un, yn), ,u(vn, yn)v f(7 5 Un, yn); and g('v 5 Un, yn)~
With these in hand, Theorem 4.1 gives us the inequality

W(Un; 6) + W(Yne, ) < C(A) (8 + w(F1, ) + Tw(Fan-1,0))
One can check that w(fz (-, Unsyn),0) < C(A)(W(Vf,0) + w(Ung; 0) + W(Yna, ).

Using similar estimates for the other elements of F3 ,,, we obtain that
w(Fan, 8) < C(A)(w(F2,0) + w(vng, 8) + w(Ynas 9)).
Consequently,
(U, 6) + @ (Yna, ) < C(A) (S +w(F1 U F2,6) 4+ Tw((vn1)a, 8) + Two((yu-1)z: 9)).
Choose T such that C'(A)T < 1. With this choice it follows from Lemma 5.2 that

C(A .
W(Vng, 6) + W(Yna, 0) < 1—C(’(/2\)T[6 + w(F1L U F2,0) + w(vig, ) + w(yiz, 0)]-
and hence (Vng, Ynz)n 1S equicontinuous.
It follows from the Arzela-Ascoli Theorem that there exists a convergent subse-
quence ((Vn/)as (Yn')z)ns Of (Vnzy Ynz)n. Let us denote the limit of this subsequence
by (W, Z) € C(Q4)?. From the integral representation

wn/(I,t) = Wy (O,t) + /Om(wn’)r(t7§) d€

and from the uniform convergence we obtain, by passing through the limit, that
wy, =W € C(Q4). Similarly, z, = Z € C(Q24).

From the PDE and the equiboundedness of the derivatives of v, and ¥, with
respect to x, it can be shown that the subsequence ((vn)t, (Yn/)t)n Of (VUnt, Ynt)n 18
equicontinuous and so it has a convergent subsequence ((vn~)t, (Yn')t))n~, Whose
limit is (v¢, y¢). Replacing n by n” in (5.3) and letting n” — oo proves existence.

Recall that by construction (v, (t,x), yn(t,x)) = (w(t, ), 2(t,x)) as n — oo and
(vn(t, ), yn(t, z)) € B¢ for all n. Since X, is closed, it follows that (w(t, x), z(t, x)) €
Ee. Also, notice that ||((vn”)a, (Yn~)2)) ez < N and [[((var)e, (Yn)e))llcozz <
N for all n”’, and from these the C%-estimates for the derivatives of (w, z) follows
immediately by taking the limit n” — oco. Uniqueness can be shown in a standard
way. (Il

Theorem 5.4. Let (w1,21) and (wa,22) be solutions of the quasilinear system
(5.1) corresponding to the boundary data (hoi,h1) and (hog,he) in BY2[T, Mj),
respectively. Then there exists a constant C independent of (ho1,h1) and (hoa, ha)
such that if T € (O,T] then for x = 0,¢ we have

(w1 (-, @), 21(-, ) — (wa (-, @), 22(-, 2))llcjo,rp2 < Cll(hor, ha) — (hoz, ha)llcpo,r2-
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Proof. Let W = wy —wa, Z = 21 — 22, M = AMwy, 21) and g1 = p(wy, 21). Then
W and Z satisfies the following system
Wi+ MW, = f(t,z,wy,21) — f(t, 2, w3, 22) — (Mwi, 21) — A(wa, 22))wa,
Zi+mZy = g(t,x,wi, 21) — g(t, 2, w2, 20) — (w(wi, 21) — p(ws, 22)) 224
Z(t,0) = Go(t, ho1(t), w1(t,0)) — Go(t, hoa(t), wa(t, 0))
Wt £) = G(t,ha(t), 21(t, 0)) — G(t, ha(t), 22(t, £))
wW(0,z) =0, Z(0,z) = 0.
For each t € [0,T], define

ZL(t) = sup{|Z(t,z)| : x € [0, z0(¢)]},
Zo(t) = sup{|Z(t,z)| : z € [xo(t), ze(t)]},
W(t) = sup{|W(t,z) :x e 0,z(t)}.

Let Z(t) = max(ZL(t), Zc(t)). Using the fact that p, ), f, g are Lipschitz continu-
ous, |wa,| < N and |2z2,| < N we obtain that for (t,7) € QLU QF,

W) < C [ W ()] + 12672, (1)
Thus,
W) <cC /0 t W(r) + Z(7) dr.
If (t,z) € QF then using the fact that Zo(7) < Z(7) we have
Za(t) < C/Ot W(r) + Z(7) dr.

Now, the p;-characteristic at (¢, z) intersects the left boundary at exactly one point
with time coordinate ((t,z). Then it follows that for (¢,z) € Qk

C(tx) .
Z(t,2)) < Clhor — hesllego +C / Wir) + Z(r)dr
0

t
+C » )|W(T7xM1(T))|+|Z(T7x#1(7))|d7'

Hence,

Z1(t) < Cllhor — haallcpor + C /0 Wir) + 2(r) d.
and it follows that, by taking the maximum,

Z(t) < Cllhor — hoalleor) + c/ot W(r)+ Z(r) dr.
Adding our results gives us

t
W(t) + 2(t) < Cllhor — hoallepory + C / W(r) + 2(r) dr
0

and using Gronwall’s inequality we get W (¢)+Z(t) < CeCT||hoy —hoz2llcjo,7)- Upon
taking the supremum we have (W, Z)| cruag) < Ce“T||ho1 — hozllcp, 7, and if
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we take £ = 0 we obtain a part of the desired result. The other half can be also
established in a similar manner. [l

We also note that ran (w, z) C X, implies that ||(w, 2)||c(,)2 < [[(wo, 20) [l clo,¢2+
€. From this remark, we now choose M; = |[|(wo, z0)|c[0,¢> + €. Now we can prove
the main result of this paper.

Proof of Theorem 1.1. The map & : BY4[T,M,] — B®*[T, M,] is well-defined
from the previous section and Theorem 5.3. It remains to show that & is con-
tractive. For this purpose, let v; = (¢o;, 00i, i, 0:) € BOA[TN,Ml] for : = 1,2. Then
Theorem 2.2 and Theorem 5.4 imply that

16(v1) = &(va)llcpo.ip < ClS1(v1) = S1(V2)ll o2 < CLT Vi = Vall o i

and so & : BY4[T, M) — BY4[T, M,] is a contraction where 0 < 7' < min(7, a5)-
Therefore we obtain a classical solution (w, z, ho, h) € C1(]0,T] x [0, £])% x C*[0, T]2.
Moreoever, from (H2) it follows that (ho,h) € C2[0,7]2. The uniqueness can be
shown using similar arguments as those in Theorem 5.4. (|
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