A FLUID-STRUCTURE INTERACTION MODEL WITH
INTERIOR DAMPING AND DELAY IN THE STRUCTURE

GILBERT PERALTA

ABSTRACT. A coupled system of partial differential equations modeling the
interaction of a fluid and a structure with delay in the feedback is studied.
The model describes the dynamics of an elastic body immersed in a fluid that
is contained in a vessel, whose boundary is made of a solid wall. The fluid
component is modeled by the linearized Navier-Stokes equation while the solid
component is given by the wave equation neglecting transverse elastic force.
The spectral properties and exponential or strong stability of the interaction
model under appropriate conditions on the damping factor, delay factor and
the delay parameter is established.

Consider an elastic body occupying a domain Q, C R?, where d = 2 or d = 3, and
it is immersed in a fluid that is contained in a vessel. Suppose that the boundary
Iy of the vessel is made of a solid wall. We denote by §2y C R? the region where the
fluid is occupied and I the interface between the solid and the fluid. All throughout
this paper, we assume that I's and T'; are sufficiently smooth and that Ty NT; = ().
Let u : (0,00) x 2 — R4, p: (0,00) x Qp — R and w : (0,00) x Q5 — R? represent
the velocity field of the fluid, the pressure in the fluid and the displacement of the
structure, respectively. A linear model describing the interaction of the fluid and
the structure is given by the coupled linearized Navier-Stokes-wave system

u(t, ) — Au(t,z) + Vp(t,z) =0, in (0,00) x Qy,

divu(t,z) =0, in (0,00) x Qy,

u(t,z) =0, on (0,00) x I'y,

u(t,x) = we(t, ), on (0,00) x T,

wi(t,z) — Aw(t,x) = F(t,z), in (0,00) x €., (0.1)
%(t, x) = a—:j(t,x) —p(t,z)v(x), on (0,00) x T,

(0, z) = up(x), in Qy,

w(0,2) = wo(x), we(0,2) = wi(z), in Q.

Here, F' can be viewed as a source or control on the structure. The unit vector
v is outward normal to the fluid domain €y and hence it will be inward to the
structure domain 2. In this model, the boundary of the solid is stationary and
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as mentioned in [6], this assumption is suitable under small and rapid oscillations,
that is, when the displacement of the solid is small compared to its velocity. The
boundary conditions on the interface I'y represent the continuity of the velocities
and stresses for the fluid and solid components. On the other hand, on I'; we have
the no-slip boundary condition.

In this paper, we study the system (0.1) using the velocity of the structure as
the feedback law

F(t,x) = —kow(t — 7,2) — kqwe(t, ), in (0,00) X Qq, (0.2)

where k; > 0 is the damping factor, kg > 0 is the delay factor and 7 > 0 is a
constant delay. Physically, this means that a fraction of the feedback will be felt
by the system after some time. The initial history for the velocity of the structure
is denoted by

wi(f,2) = g(0,2), in (—7,0) x Qs. (0.3)

Recent interest in fluid-structure models includes numerical and experimental
studies and lately there are works that lean towards rigorous mathematical analy-
sis. The model (0.1) is based on the the works of Avalos and Trigianni [2, 4]. Their
system is similar to the one considered earlier by Du et. al [12]. Nonlinear versions
have been also considered by Barbu et. al [6, 7] and Lasiecka and Lu [15]. Without
any external force F' and with transversal elastic force in the wave component, i.e.,
with the wave equation wy — Aw+w = 0, it was shown in [2] using semigroup meth-
ods that the solutions of (0.1) are strongly asymptotically stable. The result holds
for every initial data in the state space excluding those that lie in the kernel of the
associated generator and also under additional conditions, which is related to the
geometry of the structure. It relies on whether a certain over-determined boundary
value problem has a solution. Later, the authors studied the same model in [4]
but with internal damping in the structure. This additional dissipative mechanism
allows the energy of the solution to decay to zero exponentially.

Systems that are stable may turn into an unstable one if there is delay, see for
example the classical works of Datko et. al [9] and Datko [8]. This is because delay
induces a transport phenomena in the system that generate oscillations which may
lead into instability. Since then, several authors studied the effect of delay in various
multidimensional wave equations and as well in heat and Schrédinger equations.
In the absence of the fluid and with homogeneous Dirichlet condition on a part
of the boundary, the stability and instability properties of the wave equation with
the feedback law (0.2) was considered by Nicaise and Pignotti [18]. It is shown
in their work that if the damping factor is larger than the delay factor, then the
energy of the system decays to zero exponentially. On the other hand, if these
coeflicients are equal it was established that there is a sequence of delays that
yield solutions with constant energies. Even when the damping and delay factors
are equal, the presence of other dissipative mechanisms such as viscoelasticity can
provide asymptotic stability for the wave equation, see for example [14]. We would
like to extend the study to the fluid-structure model (0.1)—(0.3) and analyze for the
influence of the fluid on the wave equation.

Due to the absence of the displacement term, the wave equation will be formu-
lated as a first order system in terms of the velocity w; and stress Vw, in contrast to
the formulation in terms of the displacement and velocity in [2]. This formulation
requires a different state space representation of the interaction model and leads
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to a different structure on the kernel of the corresponding generator, the space of
steady states, and different analysis and tools will come in place. The construction
of the semigroup and the well-posedness for (0.1)—(0.3) will be discussed in Section
2. It will be shown in Section 3 that under the condition k1 > kg, the energy of the
solutions decay to zero exponentially using the frequency domain method. Under
the case k1 = kg, together with an additional geometric condition or except pos-
sibly for a countably infinite number of delays which is related to the spectrum of
the Dirichlet Laplacian on €2, the energy decays asymptotically to zero. This will
be done using a generalized Lax-Milgram method as in [10]. Thus, under certain
circumstances, the dissipative effect of the fluid due to diffusion is strong enough
to stabilize the coupled system even when the damping and delay factors are the
same.

1. SEMIGROUP CONSTRUCTION AND WELL-POSEDNESS

The first step in writing the system (0.1)—(0.3) into an abstract evolution equa-
tion is to eliminate the pressure term p. More precisely, we express p in terms of
u and w. Following [2], it can be shown that p satisfies an elliptic boundary value
problem. To do this, define the Dirichlet map D, : Hz(I';) — H'(Qy) and the
Neumann map Ny : H2 (') — H'(2f) as follows. Given g € H(T'y), let h = Dyg
be the weak solution of the elliptic problem

Ah:O7 in Qf,
Oh
5 :0, on Ff7

h =y, on [

Given h € H? (T'y), let g = N¢h be the weak solution of

Ag=0, in Qy,
0
%Zh, on Ff,

g=0, on [.

From the classical elliptic regularity in [16], we can see that D, € L(H"(T'), H™ 2 (Q2))

and Ny € /.’,(H’“(Ff),H’"‘*‘%(Qf)). If the pressure term p, along with v and w sat-
isfies (0.1), then taking the divergence of the first equation in (0.1) and using the
boundary conditions yield

Ap =0, in (0, 00) x Qy,
@:Auq/, on (0,00) x I'y,
v o

:%-y—(vw~y)'y, on (0,00) x I's.

In terms of the Dirichlet and Neumann maps defined above, the pressure can be
written in terms of Vw and u as

Ou
—_— l/
ov
Let v(t,z) = wy(t, x), o(t,x) = Vw(t,x) for (t,z) € (0,T) x Qs and 2(0,t,z) =
we(t+ 6, x) for (0,t,z) € (—7,0) x (0,T) x Q. The fluid-structure system will be

p=—Ds((Vw~V)-v)+Ds( )+Nf(Au-1/).
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posed in the state space

H = L*(Q)% x L*(Q)"4 x L*(—71,0; L*(Qs)?) x Hy
where Hy := {u € L*(Q)? : divu = 0in Qf, u-v = 0on I';}. The space H is
equipped with the inner product

((vl, o1, Zl,ul), (112,02, 22,U2))H

0
::/ (vl.v2+01-02)dx+ko/ / Z1'22d9€d9+/ uy - ug dz
Q. —7 J Qg Qf

with the dot representing the inner product in C¢ or C%*<.

Let L3, ()% = {0 € L*(Q,)?™4 : dive € L?(Q,)?}, where div denotes
the distributional divergence, and is endowed with the graph norm. There is a
generalized normal trace operator o — o - v which is continuous from L3, (£25)%*?

into H~2 (T's)<. Moreover, the following generalized Green’s identity

/QS diVU'de:_<J'V’u>H*%(FS)dxH%(FS)d —/QSU~Vudx

holds for all o € L3 (€2,)?*¢ and v € H'(2,)?. Recall that v is inward to I's. The
space Y (Qy) := {0 € L}(Q,)?¢ : dive = 0in Qq, 0 -v = 0 on [} is a closed
subspace of L?(£2,)%*? and there holds the Helmholtz orthogonal decomposition

LQ(QS)dXd = Y(Qs) @ G(Qs)

where G(€2,) = {0 € L?(Q,)™?% : 6 = Vp for some o € H'(,)?}.
Consider the operators Ly : L3, (Q5)7¢ — L2(Qy)? and Ly : HY(Qp) N {u €
Hyp: 94 ¢ H 2()% Au-ve H2(I)} = L2()* defined as follows

Lioc = —Dy((o-v)-v),

Oou
Lou = Dy (61/ . 1/) + Ny(Au-v).

These operators are well-defined from the elliptic regularity stated above. Define
the linear operator A: D(A) C H — H by

—k I div —koy|o—_r 0

v 0 0 0

A= 0 0 Do 0
0 -VI, 0 A -V,

with domain D(A) comprising of all elements (v,o,z,u) € H such that v €
HY(Q:)%, o € L3,(Q5) 2 € HY (—7,0; L%(Q5)%), w € HY Q)N Hy, u = v
on I'y, 2(0) = v in Q, ‘g—l“f —o-v=mvin H2(T\)% Au-v e H’%(Pf), and

Au — Vr € Hy where 7 = Lio + Lou. Here, v|o=—- is the trace operator. The
system (0.1)—(0.3) can now be recast as a first order evolution equation in H

{ X(t)=AX(t) fort>0, (1.1)

X(0) = Xo,

where Xg = (w1, Vwo, g, up).
In characterizing the kernel N(A) of A, we need the following result.
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Proposition 1.1. For every f = (f1,...,f4) € L2(Q,)? and ¢ € H~2(T,)? satis-
fying the compatibility condition

/Q fjdx+<¢7ej>H7%(Fs)d><H%(Fs)d :O, fO’r’j:l,...,d7

where e; is the canonical unit vector in R?, the boundary value problem

{divazf, mn Q,

oc-v=¢, on [

(1.2)

admits a unique solution o € L3, (Q)™NG(Qs). This solution is given by o = V)
where 1 € HY(Q)? is a solution of the Neumann problem

Ay =f, in Q,
0 1.3
—w =¢, on Ts. (1.3)
v
Moreover, o satisfies the estimate
oz, @ )axe < CUIfllL2@n + 191l -3 1 ya)- (1.4)

Proof. The problem (1.3) admits a solution v € H*(Qs)¢ unique up to an additive
constant vector and it satisfies the stability estimate

1] 1 (@.)are < CUf 20,2 + ||¢\|H7%(Fs)d)- (1.5)

Clearly, 0 = V4 lies in L3, (£2,)7¢ N G(£2,) and it satisfies (1.2). The estimate
(1.4) follows from (1.5) and the fact that dive = f. If ¢ € L3, ()74 N G(Qy) is
also a solution of (1.2) then o — 6 € G(25) N Y (Q,) = {0} and hence the solution
is unique in L3, (2,)4 N G(Qs). O
Theorem 1.2. Assume that k1 > 0 and kg > 0. Let I; be the d x d identity matriz
and (I5) = {clg: c € C}. Then N(A) = {0} x ({I4) ® Y (925)) x {0} x {0} and in
particular

N(A)T = L2(92,)? x (G(2)/(Ia)) x L*(—7,0; L*(2)7) x H (1.6)
where

G,/ (L) = {o € G() : /Q Tr(o) dz = 0}

and Tr denotes the trace of a matrix.

Proof. Suppose that (v,0,2,u) € N(A). From the definition of A we immediately
see that z(0) = v for every 6 € (—7,0), v is constant, o satisfies the boundary value
problem

dive = (ko + kl)’l), in Qs,
Su (1.7)

= — — TV, on [,
ov
and u satisfies the Stokes equation
Au—Vr =0, in Qy,
divu =0, in Qy,

g-v

u =0, on Iy,
U=, on I.
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Taking the inner product of the differential equation in (1.7) with v, applying
the divergence theorem and using the boundary condition u = v on I'y yield

(ko +k1)/ lv]?de = — <8Z — U

VL »
Qs 9 H™2(D,)dxHZ (T,)?
Recall that v is inward to €. Multiplying the Stokes equation by u, integrating

over Q2 and then using Green’s identity one can see that (1.9) becomes
(k0+k1)/ |U|2d$+/ |VU|2d{E:0
Q Q

Since kg + k1 is nonnegative, it follows that u is constant, and according to the
boundary condition on I'y in (1.8), this constant must be zero. As a consequence,
the boundary condition on I'y of the same system implies that v must be also zero,
and so is z. Moreover, the first equation in (1.8) and the compatibility condition for
(1.7) show that 7 is a constant satisfying 7 st vids=0for j=1,...,d. According
to the divergence theorem the second factor vanishes and therefore 7 is arbitrary.

Replacing o by —o /7 in (1.7), we can see that o satisfies the problem (1.2) with
f =0and ¢ = v. According to Proposition 1.1, all solutions to this problem lies
in (I4) @Y (Qs). Therefore the kernel of A is given as stated, and since Iy € G(2s)
we have a direct sum in the second component of N(A).

Identifying the orthogonal complement of (I;) in G(€) to the factor space
G(Q5)/(I4), one can easily see that

(<Id> D YY<QS))l = G(Qs)/<ld>

where the left hand side is taken with respect to L?(£,)?*<. This proves (1.6). The
characterization of G(Q)/(I4) is a direct consequence of the fact that o - Iy is the
trace of o. O

Now we prove the invariance of N(A)* under A. This space will be the state
space for our stability problem.

Theorem 1.3. The space N(A)* is invariant under A, i.e. A(D(A)NN(A)*Y) C
N(A)*L.

Proof. Let (v,0,z,u) € D(A) N N(A)L. In order for A(v,0,z,u) € N(A)*, the
component v must satisfy

/ divode = / Tr(Vv)dz =0,
Qs Qs

or equivalently, by the divergence theorem

/ v-vds=0. (1.10)
Ts

Since u is divergence free in €0y and it vanishes on I'y we have

/u~uds:/ divudr =0
I, Qy

and hence (1.10) holds because v = v on I';. O

Define A to be the part of A in N(A)™*, ie. the operator A: D(A) N N(A)*+ —
N(A)*t given by AX = AX for X € N(A)L. This operator is well-defined according
to Theorem 1.3.
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Theorem 1.4. Suppose that k1 > kg > 0. The linear operator A is dissipative and
generates a strongly continuous semigroup of contractions on N(A)J-.

In order to prove the theorem, we need to solve certain Stokes equations. For
this, we recall the following classical result whose proof can be found in [21].

Proposition 1.5. Let m > —1 be an integer and Q C R be a bounded C"-domain,
where d = 2,3 and r = max(2, m+2). For every f € H™(Q)% and ¢ € H™2(0Q)%
such that faﬂ ¢-vds =0, where v is the unit normal outward to ), the system
Au—Vp=f, inQ,
div u =0, in Q, (1.11)
U= ¢, on 09,
has a unique solution (u,p) € H™T2(Q)? x (H™1(Q)/R) satisfying the estimate
[ull mt2(9)e + Pl erm1@)/m < CULFm (@) + 16l st 50)4)
for some C > 0 independent of u, p, f and ¢.

Proof of Theorem 1.4. A standard procedure provides the estimate
Re(AX, X)y < —/ IVl de — (k1 — ko)/ o2 de (1.12)
Qf QS

for every X = (v,0,z,u) € D(A). This means that A and A are dissipative when-
ever k1 > ky.

It is clear that A is injective. Let us show that A is surjective, first for suffi-
ciently large k1. Given (1, k,(, ) € H, the equation A(v,0, z,u) = (1, &, (, ) with
unknown (v, 0, z,u) € D(A) is equivalent to the system where v satisfies

Vv =k, in Q, (1.13)
u is the solution of the Stokes equation
Au—Vr =, in Q,

divu =0, in Qy, (1.14)
u =0, on I'y, '

U=, on [.
and o € G(Q,)/(14) satisfies the boundary value problem
dive = koz(—7) + kiv+1, in Qs,
Ou (1.15)

0V =_— —TV, in Iy,
where the delay variable z is given by
2(0) = v — /0 C(¥)dY, in L*(Q,)% (1.16)
Recall that 7 is the solution of the leiptic problem
Am =0, in Qy,
T=—- -v—(o-v)-v, on I (1.17)

on Ff.
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From (1.16) it is clear that z € H(—7,0; L?(£25)%). On the other hand, since
k€ G(Qs)/(1a) C G(8s), it follows that (k, p)r2(q,y¢ = 0 for every divergence-free
vector field p € C§°(Q,)¢. By a classical result, there exists o € H!(£,)?, which

is unique up to an additive constant vector, that satisfies (1.13), see [20, Lemma
2.2.2] for example. Applying the divergence theorem we obtain

/f)-Vds:—/ divﬂdm:—/ Tr(x)dx = 0. (1.18)
T, Q, Q

s s s

As been said, v = ¥ + v*, where v* is a constant vector, also satisfies (1.13). The
vector v* will be chosen so that the data in (1.15) are compatible.

Taking m = —1 in Proposition 1.5, the Stokes equation (1.14) admits a solution
pair (u,7) € (H*(Q)?N Hy) x L?(Qy). The function 7 is harmonic since

A7 = div(e — Au) = A(divu) = 0.

r, € H 3(I,)? and 2% |p, € H3(I'y) while
u satisfies %h"s € H 2(I',)? and Au - v in H*%(Ff), refer to [3, Lemma 3.1].
For every constant 7*, (u, ) with 7 = 7 + 7* is also a solution pair for (1.14). The
constant 7 will be determined below by imposing the condition o € G(£;)/ (1)
where o solves (1.15).

Therefore, 7 has the following traces 7

. . . d 4 - d .
Consider the decomposition v = u + ijl viwj and = T + ijl v} 0j, where

v* = (vf,...,v5) € C? and the pairs (@, 7o), (wj, 0;) € (HY Q)N Hy) x L*(Qy)
satisfy the following Stokes equations

AU — Vg =, in Q,
diva = 0, in Qy, (1.19)
u =0, on Iy,
U =7, on [.
and
Aw; —Vp; =0, in Qy,
divw; =0, in Qp, (1.20)
wj =0, on Iy,
wj = ej, on I,

respectively. The boundary data in (1.19) and (1.20) are admissible according to
(1.18) and fr v-ejds = fF v;ds = 0, respectively. The compatibility condition
for (1.15) is given by, for i =1,...,d

O:(k0+k1)/ﬂ (f)ﬂrvl*)d:z:kO/OT/QSQ(ﬂ)dﬂJr/Q s

s s

(& )
+ - T TV, € )
v Hod (D )ax b (T,

where we used 7* fF v-eds = 0. Using the above decomposition and Green’s
identity, the last term in the above equation can be written as

d
/ (ZU;‘ij-le—l—Vﬂ-le—i—cp-wl)dx:<au—7~w761
Qs ov

j=1 >H%(I‘S)d><H%(FS)d



FLUID-STRUCTURE INTERACTION WITH INTERIOR DAMPING AND DELAY 9

The last two equations provide us a d X d system of equations Mv* = F for
some vector F' = F(n, k,(,¢) independent of v* and the matrix M has the entries
ij = (]CO + k1)|QS| + ||ij|‘%2(gf)d><d7 and Mjl = (vwl,ij)Lz(Qf)dxd fOI‘ ] 7& l
Here, || denotes the Lebesgue measure of Q. For sufficiently large k1, the matrix
M is strictly diagonally dominant, and hence invertible according to the well-known
Levy-Desplanques Theorem, see [13] for instance. Thus we can solve for v* in the
linear system.
Let f* € L?(Q,)? denote the right hand side of (1.15), i.e

0
f* = (ko Jrkl)’Uf ]{30/ C(ﬁ)d’l?ﬁLT]

From Proposition 1.1, the function o = Vi — 71y € L3, (Q5)7% N G(£y), where
1 satisfies the Neumann problem (1.3) with f = f* and ¢ = g—y — 7tv, is a solution
of (1.15). In order for o to be an element of G(€2;)/(Il4) we must have

/ Te(Vep) da — dir* [ = 0.

Choosing 7* = —(d|Q]) ™" [, % - vds yields 0 € G()/(1a).

It remains to show that 7 satisfies (1.17). We already know that 7 is harmonic.
The second line in (1.17) holds in H~2(£2,) by taking the inner product, in the
sense of traces, of the second line in (1.15) with v. Also, ¢ € Hy and the first
equation of (1.17) imply that 4 = Vr-v = Au-vin H‘ﬁ(I‘f)

The operator A is therefore bljectlve and by the closed graph theorem, 0 lies
in the resolvent set of A. By the Lumer—PhllhpS Theorem, A generates a strongly
continuous semigroup of contractions on N(A)+. This completes the proof of the
theorem in the case where k; is sufficiently large. However, by the bounded pertur-
bation theorem for semigroups, this imply that the conclusion of the theorem also
holds for every ki > kqg. O

Corollary 1.6. Suppose that ki > kg > 0. The operator A generates a strongly
continuous semigroup of contractions on H. In particular, the Cauchy problem (1.1)
admits a unique weak solution X € C([0,00); H) for every initial data X € H.

Proof. Tt is enough to prove the range conditions R(I—A) = H = R(I— A*). Given
Y € H, write Y = Y] + Y5 where Y7 € N(A)* and Y5 € N(A). From Theorem 1.4,
it follows that there exists X; € D(A) such that (I — A)X; =Y;. If X = X + Y3
then

I-AX=I-A)X,+Y, =Y.

Therefore I — A is surjective. The case of A* is analogous. O
To close this section, we determine the adjoint of the closed operator A.

Theorem 1.7. The adjoint A* : D(A*) — X of A is given by

—k‘ll —div ko’}/|9:0 0
. | -v o 0 0
A = 0 0 _d, 0 . (1.21)

0 VL, 0 A -V,
The domain D(A*) of A* is the set of all elements in X such that
(1,5,C. ) € HMQ) 5 L3, ()™ x H (—r,0: L2(,)%) x (H ()" 1 Hy)
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with the properties p =1 on Ty, {(—7) = —n in Qq, g—f + k- v=pvin H2(T,),
Ap-v € H_%(Fs) and Ap — Vp € Hy where p = —L1k + Law. Moreover, the
kernels of A and A* coincide.

Proof. Define the operator B : D(B) — H by the right hand side of (1.21) where
the domain D(B) is the set in the description of D(A*). With the isometric iso-
morphism J : H — H defined by
J(v,0,2(0),u) = (—v,0,2(—0 — 7), —u),
which satisfies J~! = .J, the operators A and B are similar, that is, JAJ = B
and D(JAJ) = D(B). This implies that B is m-dissipative and N(A) = N(B).
We show that A* is an extension of B and since A* is the adjoint of a generator
of a strongly continuous semigroup of contractions, A* does not contain a strict
m-dissipative operator and so we must have A* = B.
We show that

(AX,Y)y = (X,BY) g (1.22)
holds whenever X = (v,0,z,u) € D(A) and Y = (n,k,(,p) € D(B), so that
Y € D(A*) and consequently A* is an extension of B. By definition, we have

(AX,Y)y = _/

(klv—diva+koz(—r))~ndx+/ Vv - kdx (1.23)
Qs Qs

—|—k0/0 /95892(9)((9)dwd0+/ﬂ (Au — V) - pda.

-7

Integrating by parts, using Green’s identities and {(—7) = —n we obtain

/Qs divo-nde=—(o-», n>H*%(Fs)dxH%(Fs)d B /Q 7 Vnd

Q. Vo rde = —(x- V’U>H*%(Fs)dxH%(Fs)d _/Q v divrde

[ Dy2(6) - C(6) dz B :/Q (- C(0) + 2(—7) - ) dw

Q
0
—/ / z(0) - 0p¢(0) dz Ao
—71 JQ
/ (Au—Vr) - pdr = <8u - 7ru,<p>
Qy v H™3(P.)ixHZ (T,)

0
_<‘p—pu,u> ) ) +/ u- (Ap — Vp)dz.
ov H™3(D,)dxHZ (T,)? Qg

Using these equations in (1.23) together with the boundary conditions u = v, ¢ = 7
on I'y and g—f +KR-v=py, % —o-v=mvin H 2(T)% it can be seen that (1.22)
is satisfied. 0

2. SPECTRAL PROPERTIES AND STABILITY

In the absence of delay, it was shown in [2] the partial compactness of the resol-
vents of the operator A. More precisely, the projection of a resolvent onto the state
space corresponding to the velocity fields for the fluid and structure components
is compact. Here, we will show that even though the operator A does not have
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compact resolvents, the spectrum comprises of only eigenvalues except possibly on
the negative real axis. This will be established in a more straightforward manner
through a variational method, deviating from the methods provided in [2]. To this
end, we introduce the following Hilbert spaces

Hy = L*(Q)* x Hy,
Hy = {(v,u) € H'(Q)% x (H ()" N Hf) : v =u on Ty},
equipped with the inner products

(v, ), (w, %)), = /

U-’LUd:B—I—/ u - de
Q. Qy

((v,w), (W, ) m, ::/ (v-w+ Vv Vw)dz + Vu -V dz,
Q, Qr
respectively. The embedding H; C Hj is continuous, dense and compact.
For each nonzero complex number A, define the sesquilinear form ay : Hy X H; —
C by

ax((v,0), (w0, %)) = q(A) /

v-wdx—}—l/ Vv -Vwdx
Q. A Ja,

—1—)\/ u-Ydr + Vu-Vydz
Qg Qy

where g(\) = A\+ki+koe 7. For agiven Y = (1, k,(, ) € H define the anti-linear
form Fy ) : Hy x H; — C by

1 0
Fy x(w,¢) = / (77 W= ke Vw) dz — ko/ / e M0 ¢(6) - wda do
s -7 JQy

Q

+ / p-YPde.
Qf

In the sequel, p(A), 0(A) and o,(A) denote the resolvent set, spectrum and point
spectrum of a closed operator A, respectively.

Theorem 2.1. The spectrum of A in C\ (—o0,0] consists of only eigenvalues, that
is, 0(A) N (C\ (—00,0]) = 0,(A). The same property holds for A*.

The proof of this theorem is based on the following result whose proof can be
found in [10, Theorem 3] or [19, Lemma 2.1].

Lemma 2.2 (Lax-Milgram-Fredholm). Let Hy and Hqy be Hilbert spaces such that
the embedding Hy C Hy is compact and dense. Suppose that ay : Hy x Hy — C and
as : Hy x Hy — C are two bounded sesquilinear forms such that ay is Hy-coercive
and F: Hi — C is a continuous conjugate linear form. The variational equation

al(u,v)+a2(u,v)=F(v), VUEHl,
has either a unique solution w € Hy for all F € Hj or has a nontrivial solution for
F=0.

Proof of Theorem 2.1. The fact that A and A* are generators of strongly continuous
semigroups of contractions implies that {A € C : Re A > 0} lies in their respective
resolvent sets. Let A £ 0 with Re A < 0. The equation

(>‘I - A)(v,a,z,u) = (777”3690) (21)
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—-
wn

for (v,0,2z,u) € D(A) and Y := (n,k,(,p) € H
differential equations

equivalent to the system of

A+ kv —dive + koz(—7) = n, (2.2)
Ao — Vv = &, (2.3)

Az(0) — 0p2(0) = ((0), (2.4)
Au—Au+Vr = o, (2.5)

and supplied with the boundary conditions listed in the definition of D(A). Ap-

plying the variation of parameters formula to (2.4) yields the following equation in
L2<Qs)d

2(0) = Mo + /0 A=) dy, 0 e (—7,0). (2.6)
0

Let w € HY(Q,)?. Multiplying (2.2) by w, integrating over Q, applying the
divergence theorem, and then rearranging the terms give us

q()\)/Q v - wdx—i—/ o-Vwdx + (o - Vw>H*%(FS)d><H%(FS)d

:/ n- wdx—ko/ / AT () - wdx db. (2.7)
Qg —T

Taking the inner product of (2.3) with Vw yields

/\/ U-dexf/ Vv~dez:/ k- Vwdz. (2.8)
Q Qs Qg

s

Suppose that ¢ € H'(Q;)¢ N Hy. Taking the inner product of (2.5) with ¢ and
using the divergence theorem we have

A u-Ydr + Vu-Vidr — <au—ﬂ'y,w> :/ - de.(2.9)

2 2 v m-hwoixuiegs Joy
If » = w on I'y, then dividing (2.8) by —A and then adding the result to (2.7) and
(2.9), it can be seen that the boundary terms cancels, which leads to the variational
equation

ax((v,), (w,9)) = Fya(w, 9), (2.10)
where ay and Fy,\ are the forms stated preceding the theorem. We have shown
that if (2.1) holds then (2.10) is satisfied for every (w, ) € Hj.

Let us verify the other direction. Assume that there exists (u,v) € H;y such that
(2.10) is true for all (w, 1)) € Hy. Taking w = 0 and v € Hg(Q)%N Hy leads to the
equation (2.9) without the duality pairing. This implies that u € Hy satisfies (2.5)
for some 7 € L?(2f)?. For every constant *, the pair (u, ) where 7 = 7 +7* also
satisfies (2.5). As in the proof of Theorem 1. 4 @ — v e H 2(T,)

Define z € H*(—7,0; L?(Q25)9) by (2.6) and & E L2(9,)%*4 by

o=—(k+ Vo).

3
By construction ¢ and z satisfies (2.3) and (2.4), respectively. Setting ¥ = 0 and
w € HY(Q) in (2.10) and rearranging the terms

/QS o-Vwdr = /Q (n— (A + k1)v — koz(—7)) - wdz.

s



FLUID-STRUCTURE INTERACTION WITH INTERIOR DAMPING AND DELAY 13

This implies that (2.2) is satisfied in H~(Q,)%, and a posteriori in L?(Q,)? since
the right hand side lies in L?(€2,)?. As a result o € L%, (Q5)9*?. Now we choose
the constant 7* according to

. 1 <8u _ >
T ==\ =7 —TV—0-V,V
IT,| \ Ov H™3(T)dxHE (,)d

and from this choice we have
1o}
<“—m—a-u,y> = 0. (2.11)
ov (0, )axHE ()

Given ¢ € H%(Fs)d, let p=¢— v € H%(I‘S)d where ¢ is the average of ¢ - v

on Iy, ie.
o= [ owvd
= — -vds.
ITs| Jr,

By construction, it holds that fr ~p-vds = 0. We know from trace theory that there

exists w € H'(Q,)? such that w = ¢ on I';. On the other hand, from Proposition
1.5, the Stokes equation

—AY+Vo=0, in Qf,

divy = 0, in Qp,
1/):0, on Ff,
=, on T'.

admits a solution (1, 0) € (H*(Q)*NHf)x L?(Q). Choosing the pair (w, ) € H;
in (2.10) and then using Green’s identitiy and the divergence theorem, we have

5 )
— =TV =0V, =0.
v (0, )ax 3 (1)

From (2.11) and the equation ¢ = ¢ + ¢v, we can see that this equality is also
true if we replace the function ¢ by ¢. Since ¢ € H? (I'y)? is arbitrary, we obtain
% —rmv—o-v=0in H_%(Fs)d. Combining the above observations shows that
(v,0,z,u) € D(A) and (2.1) holds.

Decompose ay into ay = a} +a3 where the sesquilinear forms a} : H; x H; — C
and ai : Hy x Hy — C are defined by

1
ar ((v,u), (w,)) = /Q v~wdx+X/Q Vv Vwdz + . Vu -V dz,
s s f

a3 ((v,u), (w, 1)) = (q(/\)—l)/g v-wdr + A u - dr.

Qs

Notice that the form ai is bounded. On the other hand, for every nonzero element
of (v,u) in H; there holds

Jad (v, u), (v, )] _ ‘H (1 _ 1)/ lvldx‘
Q

(v, w)l%, A (v, u)[I%,

Thus, a} is Hy-coercive if inf.>q |1+ (% —1)e| > 0 holds. This inequality is satisfied
provided that Im A # 0. From the compactness of the embedding H; C Hy, it
follows from Lemma 2.2 that A # 0 with Re A < 0 is either in the resolvent set or
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an eigenvalue of A. Combined with the earlier remark that the right-half part of
the complex plane lies in p(A), this is equivalent to what the theorem stated.

For the operator A*, notice that it is almost the same with A except for a change
of signs on its definition as well as on its domain. These differences of signs will
not affect the applicability of the analysis presented above. O

We would like to note that the method and results presented in the previous
theorem can be adapted to the fluid-structure system presented in [2, 4].

The spectrum of the generator A on the imaginary axis and the stability of
the corresponding semigroup is connected to the solvability of the over-determined
boundary value problem on the structure domain

—AQD = ue, in Qsa

¢ =0, on L, (2.12)
0
a—f = kv, on Iy,

where 1 € o(—=Ap), k € R and —Ap : H3(Q)? N HY(Qs)? — L?(Q)? is the
Dirichlet Laplacian. The spectrum of —Ap consists of only a countable number
of positive eigenvalues, and we let o(—Ap) = {un}22,. If £ = 0 then the unique
continuation condition for elliptic operators in [22, Corollary 15.2.2] implies that
@ = 0. We consider the following hypothesis.

(H) The over-determined problem (2.12) has the trivial solution ¢ = 0 and
hence k = 0.

The condition (H) depends on the geometry of the structure domain and it
has been studied in [4] under certain domains. In fact they considered the over-
determined problem where the Neumann boundary condition appears only on a
subset of the boundary. Condition (H) is satisfied for partially flat domains, how-
ever, this is not the case for spherical domains.

Theorem 2.3. Let 7 > 0 be fized.
(1) If k1 > ko then A and A* have no purely imaginary eigenvalues, that is,

o(A) NiR = o(A*) N iR = {0}. (2.13)

(2) Suppose that ki = ko. If condition (H) holds then (2.13) is satisfied.

(3) Assume that k1 = ko and (2.12) has nontrivial solutions ¢y, j=1,...,J
where possibly J = co. Let M be the set of all m € N such that p, =
:—;(211 +1)2 for some nonnegative integer n. Then

o(A)NiR = o(A") NiR = {Li/ T }mem- (2.14)
Eigenfunctions of A corresponding to ti\/liy, for m € M are

©n j

;=1
X?nj = (il Mm) v@nj j = 1, ceey J. (215)
’ eiiemwn‘
0
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Similarly, eigenfunctions of A* associated with +i\/ty, for m € M are

_<pnj
» -1
xz = | EWVEDT Ve | g (2.16)
: T Vi,
0

Proof. Let us determine the nonzero purely imaginary eigenvalues, if there are any.
Take X = (v,0,z,u) € D(A) with AX = irX where r # 0 is a real number. Then
(AX, X)g = ir| X||% and from (1.11) we have
/ |Vul?dz + (k1 — k:o)/ lv]*dz < —Re(AX, X))y = 0.
Q Q.

It follows that u is constant and from the boundary condition on I'y this constant
must be zero. If k1 > k¢ then the latter inequality implies that v is zero. Conse-
quently, o = (ir)"*Vv = 0 and 2(6) = 0 for every 6 € (—7,0). This proves the first
part.

The equation AX = irX is equivalent the system (2.2)—(2.5) with A = ir together
with the boundary conditions stated in the domain of A, which is in turn equivalent
to the variational equality (2.10), where the right hand side is equal to zero. Using
these, it is not hard to see that ¢ = —7- satisfies the over-determined problem

—Ap = —ir(ir + k1 + koe " 7)p, in Q,

Y = O, n Fsa (217)
g—f =TV, in [.

Suppose that ky = kg. Let A = —ir(ir + k1 + koe 7). If A ¢ o(—Ap) then the
first two equations in (2.17) can be written as (Al — Ap)y = 0 and hence ¢ = 0.
Therfore v =0, 0 = 0 and z = 0 and we established the second part.

Finally, suppose that ky = kg and A = u,, for some integer m. For this to
hold then necessarily we must have cosr7 = —1 and r? = p,,. These imply that
r7 = (2n 4+ 1)7 and hence ’;—;(271 +1)?2 € o(=Ap). This proves (2.14) in the
case of A. The representation of the eigenfunctions in (2.15) can be obtained from
(2.2)—(2.5). According to the isomorphism .J given in the proof of Theorem 1.7, the
eigenvectors for A* are given by (2.16). Indeed, we have

A Xy, = AT Xy = JAX = J(Fi/1im Xm j) = Tiv/um X, -
This proves the last part of the theorem. (I
From the previous theorem and the classical result of Arendt-Batty [1] and
Lyubich-Phong [17] we have the following strong stability result.

Theorem 2.4 (Asymptotic Stability). Suppose that ki = ko > 0 and 7 > 0. The
semugroup generated by A is strongly stable, that is, etAXo —0in H ast — oo for
every Xo € N(A)L, if one of the following properties is satisfied.

(1) The condition (H) holds.

(2) It holds that T # %(Qn + 1) for every integer n > 0 and p € o(—Ap).

Moreover, if IT is the projection of H onto N(A) then et Xy — IIXo in H as
t — oo for every Xg € H.
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This means that even though (H) is not satisfied, the system is still stable except
for a countable number of delays.

If k1 > ko then we expect to have exponential stability. This is the content of
the following theorem whose proof is based on the frequency domain method.

Theorem 2.5 (Exponential Stability). If k1 > ko then the semigroup generated
by A is uniformly exponentially stable, that is, there are constants M > 1 and
a > 0 such that ||t Xo|lg < Me=| Xo||z for every Xo € N(A)* and t > 0. In
particular, for eacht > 0 and Xo € H we have |e!A Xo — I Xo||lg < Me™*| Xo| -

Proof. Assume on the contrary that the semigroup generated by A is not expo-
nentially stable. According to the Gearhart-Priiss Theorem, see [11, Theorem
V.1.11], we have sup{||(A\ — 1[1)_1||£(H) : ReA > 0} = co. By the Banach-
Steinhaus Theorem and the uniform boundedness of the resolvents on compact
sets, there exists a sequence of complex numbers (A, ), with Re A,, > 0 such that

[An| — 0o and a sequence of unit vectors X, := (Un, 0p, 2n, un) € D(A) such that
A — A) Xy llg — 0. Let Yy, := (M, £ns Cny on) = (A — A)X,,. The latter equa-
tion is equivalent to the system (2.2)—(2.5) with (v, o, z,u) and (n, &, (, ¢) replaced
by (vvu On, Zn, un) and (nvu Kns Cns @n)a respectively.
From the dissipativity of the operator A we have
Re(Yy, X,) = Re(A, — (AXp, X0)1r)
> Re\, +/ |V, |? dz + (kg — ko)/ |vp|? de.
Qf s
Since Re A, > 0 and k; > kg we have Re \,, — 0,
v, — 0 strongly in L?(Qy)?, (2.18)
u, — 0 strongly in H'(Q;)%, (2.19)

where the second limit is due to the Poincaré inequality. Consequently, [Im A,| —
oo. The delay variable z,, satisfies the estimate

/_O/Q 2 () dwdd < O (/_O/Q GO zag+ [ mia) 220

for some constant C; > 0. Using (2.18) and the fact that ¢,, — 0in L?(—7,0; L?(Q2,)%)
we obtain

2, — 0 strongly in L?(—7,0; L*(Q4)%). (2.21)
Taking the inner product in H both sides of ¥;, = (A, — A)X,, with X,, yields the

following set of equations

/ nn~vndx:(>\n+k1)/ |vn|2dx+/ oy - Vo, dz (2.22)
Qs

s s s

+on v, vn>H’%(FS)d><H%(FS)d + ko /Qs 2n(=7) - vp da

/ Ky » Opda = )\n/ |0n|2 do — / Vo, - o, dx (2.23)
Qs Qs Qg
0 0
/ / Cu(0) - 2, (0) dx df = An/ / |2, (0)|% da df (2.24)
Qs Qs

-7 -7
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0
—/ / 2n0(0) - 2,(0) dz b
—7 J Qg
/ cpn~undx:)\n/ |y, | dx—i—/ |V, |? dz (2.25)
Qy Qg Qg

<(“)un >
— ( —— — TV, Un .
ov H™3(D)dx H3 (I,)

Since X, is bounded and Y,, — 0 in H, each of these terms tend to 0 as n — oo.
Dividing (2.25) by Im A,, taking the imaginary part and applying (2.19) yield

1 Ouy,
Im <u — TV, un> — 0. (2.26)
Im )\, v H™3(T.)dx H3 ()4

Similarly, if we divide (2.24) by Im A, take the imaginary part and use (2.21) then
we obtain

0
Iml)\n /_ /Q Im(zn0(0) - 2n(0)) dzdf — 0. (2.27)

On the other hand, if we take the real part of (2.24) we get

0
Re)\n/ / |zn(9)\2dxd0 - 1/ (|Un\2 - |zn(—7)|2) dz — 0
—7 JQy 2 Qs

and by applying (2.18) and (2.21) we have
Zn(—=7) = 0 strongly in L?(Q,)<. (2.28)

Now, if we take the sum of (2.23)-(2.25), subtract the result from (2.22) and use
the equations v, = u, on 'y and o, - v = %Ly" — v in H™3 (I's)? then we have

An <1—2/ |vn|2dm> —kl/ |vn\2dx—2/ Re(Voy, - 0,,) dz
Qg Qs Q

s

0
—ko/ zn(—T)-vndx—/ / zno(0) - 2n,(0) dxd@—i—/ |V, |? dz
Q -7 Ja, Q

s

Oup,
—2<u—7rn1/,un> — 0.
v H™3(D,)4xH3 (I,)¢

Dividing by Im \,,, taking the imaginary part and using (2.18), (2.26)—(2.28) give
us ||Un||2L2(Q ya = 3, which is a contradiction to (2.18). Therefore the semigroup

generated by A must be exponentially stable. This completes the proof of the
theorem. O
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