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Abstract

The purpose of this work is to introduce and analyze a numerical scheme to efficiently solve
boundary value problems involving the spectral fractional Laplacian. The approach is based on
a reformulation of the problem posed on a semi-infinite cylinder in one more spatial dimension.
After a suitable truncation of this cylinder, the resulting problem is discretized with linear finite
elements in the original domain and with hp-finite elements in the extended direction. The pro-
posed approach yields a drastic reduction of the computational complexity in terms of degrees of
freedom and even has slightly improved convergence properties compared to a discretization using
linear finite elements for both the original domain and the extended direction. The performance
of the method is illustrated by numerical experiments.
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1. Introduction

In this work, we are concerned with boundary value problems involving the fractional Laplacian,
being the prototype of a nonlocal operator. To be more specific: Let @ ¢ R? for d € {1,2,3}
be a bounded, convex, polygonal or polyhedral domain. We are interested in the solution of the
boundary value problem

(—A)’u=f in €,

1.1
u=20 on 0, (1.1)

where (—A)*® denotes the spectral fractional Laplacian of order s € (0,1) defined by the eigen-
values and eigenfunctions of the standard Laplacian, precisely introduced in Section The
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main purpose of this paper is to introduce and analyze a numerical scheme to efficiently solve
problem ([L.1).

Our approach is based on the following equivalent reformulation of problem (1.1]) posed on the
semi-infinite cylinder { (z,y) € Q x (0,00) } € R¥!: Let u be the weak solution of the extended
problem

div(y'=*Vu) = 0 in Q x (0,00),
u=0 on 09 x [0, 00),
Op-2su=dsf onQx{0},

see Sectionfor more details. Then, the trace u = u(-, 0) is the solution of the fractional boundary
value problem .

In contrast to the nonlocal problem , the extended problem is localized. However, a direct
application of a finite element method to the extended problem is not feasible because of the
semi-infinite domain. As remedy, the exponential decay of u in direction y towards infinity (see
Proposition can be employed such that a truncation of the semi-infinite cylinder to € x (0,Y")
becomes reasonable. The extended problem posed on the truncated cylinder can be discretized
using finite elements. However, due to the degenerate/singular nature of the extended problem,
anisotropic meshes are favorable in order to obtain an optimally convergent numerical scheme.
Moreover, the height Y of the truncated cylinder needs to be chosen dependent on the mesh
parameter to ensure the aforementioned convergence. This approach was already pursued in [27]
using a discretization with first degree tensor product finite elements on graded meshes in the
extended direction, see also [14] [15] [26], 28] for related results. If ho denotes the mesh parameter
and Nq the number of degrees of freedom in © then the approach from [27] yields a discretization
error of order O(hgq|ln hqg|®) in the corresponding energy norm associated with while solving
problems with O(./\/'éﬂ/ d) degrees of freedom.

In this work, we introduce and analyze a discretization of the truncated problem with linear
finite elements in the original domain 2 and with hp-finite elements on a geometric mesh in the
extended direction. This drastically reduces the computational complexity to O(Nq(InNg)?)
degrees of freedom and even yields a slightly better convergence rate of order O(hg). Especially,

when N, is large, the difference between the factor (In. Ng)? and /\/'(12/ “ becomes clearly perceptible.
For instance, in our numerical experiments we could reduce the number of degrees of freedom by
a factor of about 111 to obtain an error of less than 9 - 1073 in the case s = 0.8, see Section
for more details. We also notice that our approach and results are not limited to the spectral
fractional Laplacian. They naturally extend by only minor modifications to fractional powers of
general second order elliptic operators.

Let us briefly give an overview on other numerical approaches from the literature to solve
boundary value problems involving the fractional Laplacian: Due to the spectral definition of the
operator, it seems to be natural to compute an approximating, discrete spectral decomposition of
the standard Laplacian in order to get an approximation of the solution of , see [211, [22], 31].
However, this may result in solving a large number of discrete eigenvalue problems. Another
approach to determine an approximation to the solution of problem is analyzed in [§], see
also [6], [7, 9] for related results. In that reference, (—A)~* is represented in terms of Bochner
integrals involving (I — t?A)~! for ¢t € (0,00). Subsequently, different quadrature formulas to
approximate this integral are analyzed which require multiple evaluations of (I — t?A;,)~! with
t; being a quadrature point and —A}, denoting a finite element discretization to —A. Numerical
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approaches for the integral definition of the fractional Laplacian, which is not equivalent to the
spectral definition considered in the present paper, can be found in [2, 3, 4, [, 10, 16, 18, 19, 20].

This paper is organized as follows: In Section [2] we state the definition of the fractional
Laplacian, formulate the extended problem in detail, and introduce the functional framework
needed for the subsequent error analysis. Moreover, in this section, we are concerned with
several properties of the solution of the extended problem such as a series representation and
corresponding regularity results. The discrete, extended problem posed on the truncated cylinder
is formulated at the beginning of Section [3| In the extended direction, we distinguish between
graded meshes and h-FEM, and geometric meshes and hAp-FEM, see Sections and The
error analysis is given in Section {4 Thereby, in Section we mainly recover the results of [27].
The reason for doing this is twofold. First, we are able to slightly improve the mesh grading
condition used in [27]. However, the main reason to analyze the h-FEM on graded meshes before
developing the analysis for the hp-method considered in Section is, that the techniques we use
are almost identical for both cases, but the details are simpler for h-FEM. Implementation aspects
and numerical experiments, which underline the efficiency of our approach, are presented in
Section[] In the appendix, we collect different results for special functions defined by the modified
Bessel functions of second kind. These are especially needed in Section |2 for the discussion of
the solution of the extended problem.

Finally, we notice that, in the following, ¢ denotes a generic constant which will always be
independent of the mesh parameter hg when we analyze the discretization error.

2. Continuous Problem

Let —A be the L?(Q) realization of the Laplacian with homogeneous Dirichlet boundary condi-
tions. It is well-known that —A has a compact resolvent and its eigenvalues form a non-decreasing
sequence 0 < A\; < Ap < -+ < A < -+ satisfying limg 00 Ax = 00. We denote by ¢y, the or-
thonormal L%(Q)) eigenfunctions associated with )\, fulfilling

/Vgok-Vvdx:Ak/gokvdaz Yo € HY ().
Q Q

For any s > 0, we introduce the fractional order Sobolev space
H*(Q) = { b€ LA(Q) ‘ [0[fFs(y = D Ajvi < oo with vy = / v da } :
k=1 L

Moreover, we denote by H™%(€2) the dual space of H*(£2). Then, the spectral fractional Laplacian
is defined for s € (0,1) on the space H*(Q2) as the limit

(A= Muggr € H5(Q)  with 1wy = / woy, da.
k=1 Q

Due to the Cauchy-criterion the limit exists for any u € H#*(2). Thus, problem (1.1 has to be
understood as: Given f € H*(Q2), find u € H*(Q2) such that

ZAZuknk:/fndx Yo € H*(Q2) with nk:/mpkda:. (2.1)
—1 Q Q
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Proposition 2.1. For any f € H™*(Q2), problem (1.1)) admits a unique solution u € H*(Q)
fulfilling |[ullgs @) = |Ifll-sq)- Moreover, there is the series representation

u=> wpr with w,=\f and f = / fop da.
k=1 Q

Proof. The existence of an unique solution and the equality of the norms is a consequence of the
Riesz representation theorem. The series representation of u is obtained by testing (2.1]) with
om € H*(2) and using the orthogonality of the eigenfunctions. O

Remark 2.2. Due to the definition of the fractional Laplacian and the previous result, we ob-
serve that problem is already meaningful without additionally imposing the homogeneous
Dirichlet boundary conditions since these are already included in the definition of the operator.
Moreover, we notice that the regularity of u can be described in classical fractional Sobolev spaces
as well, since

H*(Q), for0<8<%,
1
H°(Q) = § Hg(Q), fors=1,
H§(), fori<s<l.

For more details we refer to, e.g., [27].

Problem can equivalently be posed on a semi-infinite cylinder. In R?, this is due to
Caffarelli and Silvestre [I2]. The restriction to bounded domains 2 was considered by Stinga
and Torrea in [30], see also [I1], I3]. This kind of extension is the basis for the computational
approaches in the subsequent sections.

In order to state the extended problem, we first introduce the required notation. We denote by
C = Q x (0,00) the aforementioned semi-infinite cylinder and by dC = 9 x [0, c0) its lateral
boundary. We also need to define a truncated cylinder: for Y > 0, the truncated cylinder is given
by Cy = Q x (0,Y) with its lateral boundary 9,Cy = 99 x [0,Y]. As C and Cy are objects
in R*!, we use y to denote the extended variable, such that a vector (x,y) € R4 admits the
representation (x,y) = (21,22, ...,24,y). Similarly, the gradient in R%*! has the representation
V = (Vy4,0y) = (0p1, 009, -, 0py, Oy).

Next we introduce weighted Sobolev spaces with a weight function y® for a € (—1,1). In this
regard, let D C R% x (0,00) be an open set, such as C' or Cy. Then, we define the weighted
space L?(D,y®) as the space of all measurable functions on D with finite norm ||v|| L2(Dye) =
lyzvl| r2(p)- Similarly, the space H L(D,y®) denotes the space of all functions v € L?(D,y%)
whose weak derivatives of first order belong to L?(D,y%).

To study the extended problems, we introduce the space

H(C,y™) = {v e H'(y*,0) ’sz on 8LC}.

The space f{[l/(Cy, y®) is defined analogously, but endowed with zero Dirichlet boundary condi-
tions also on Q x {Y }:

HE(Cy,y™) = {ve H'(y*,Cy) [v=00n 0.0y U@ x {Y}) }.

For v € IEI}J(C, y®), we denote by trg v the trace of v onto Q x {0}, i.e., trov = v(-,0).
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Proposition 2.3. For a =1 — 2s, it holds
tro HE(C,y®) = H(Q)  and |trav|ms(q) < clvll i o)

Proof. See [T, Proposition 1.8] for s = § and [I3, Proposition 2.1] for s # 3. O

Now, we are able to state the extended problem: Given §f € H™*(Q), find u € }oli(C, y*) such
that

/CyaVu -Vud(z,y) = ds(f, tra v)a-s )@@ Y0 E HE(C,y™) (2.2)

with o =1 —2s and d; = 2¢ Fg(;)s). That is, the function u € Ifli(C, y®) is a weak solution of

div(y*Vu) =0 in C,
u=20 on 9;,C,
Opeu=dsf onQx{0},
where we have set Oyau(x,0) = limy_,o y“Oyu(zx,y). Note that subsequently, the parameter o will
always be equal to 1 — 2s for the considered s € (0, 1).

In the remainder of this section, we discuss several properties of the solution u to (2.2). Due
to the following proposition, it is reasonable to determine the solution u of (2.2) in order to get

the solution u of (|1.1).

Proposition 2.4. For f € H%(Q), the extended problem (2.2) admits a unique solution u €
H}(C,y®). Furthermore, u = trqu € H*(Q) solves (1.1]).

Proof. See [13, Lemma 2.1]. O
We have the following regularity result.
Proposition 2.5. Let u € lLOI}J(C, y“) be the solution of [2.2) and § € H'=5(Q). Then, it holds

HZJ%V?EUH%%C) + Ilﬁﬁyvmulliz@ < cl[fllf-s (-
Proof. [27, Theorem 2.7] yields

ly2 Azl Zoic) + 12 8y Voullfzoy = dslfllfn-(o)
with ds given above. Convexity of 2 then implies the assertion. O

For a series expansion of the solution to (2.2), we introduce the function vs: [0,00) — R given
by
2173
I'(s)’

Here, Ks(z) denotes the modified Bessel function of second kind, see, e.g., [1, Section 9.6] and
I'(s) denotes the gamma function.

Vs(z) = ¢s2°Ky(z)  with  ¢g =

(2.3)
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Proposition 2.6. For f € H™*(12), let u € H*(Q2) be the solution of (1.1) and u € I;TI%(C, y*) be
the solution of (2.2)). Then, it holds

Zuk@k s,k (Y),

where Uy, = [ upy dz and Vs, (y) = Ys(VARY).

Proof. For s # %, see [I3, Proposition 2.1]. For s = %, the result was proved with ¢1(z) = e
2

in [IT, Proposition 2.2]. However, by [I} 9.6.23] and the relation I'(3) = /7, it holds

(2)-

—z

C;Z%K;(z) =e =
2 2

1
2

Hence, 15(z) = c¢s2°K4(z) holds also in the case s = O

1
i.

We state an estimate of the derivatives of v, ;, which we will use later. The result is based on
properties of 15 which are analyzed in the appendix.

Corollary 2.7. Let r € [0,1]. There exists a constant ¢ > 0 depending only on s, such that for
any y > 0 and n € N it holds

|ynw§3~c) (y)‘ < C8nn!)\z_§y2$—r'

Proof. Simple calculations yield

5 (y) = jyiwmy) = (V) (V).

Consequently, we obtain by means of Lemma [A.3]

|yn¢sk = |(V )" ™ (V)| < e8"nl(VAy) T = 8™l 2y2s r -

Next, we state a result about the exponential decay of 1, and its derivative. It is based on
corresponding results for 15 and its derivative, proved in the appendix.

Corollary 2.8. Let y > 1, r1 > min(s, %) s and r9 > min(1 — s, ;) s. Then, there exists a
constant c1 only depending on r1, s, and A1 and a constant co only depending on r2, s, and A
such that S /i
ISRV TS IS
" s r@) < e Y and YL (y)| S ced Pem T2 Y
Proof. Let so = min(s, 3). According to [25, Theorem 5], we get for z > 0 that z%e*K,(z) is a

decreasing function. Consequently, we obtain

(m)soem&(m) < (\/X)SO@NKS(\/)\T) (2.4)

since the sequence (A;)ken is non-decreasing. Moreover, due to the definition of v, we deduce

Y s e (y I—/\ (V) s (V) -

Thus, by setting a = v/ x and z = /Ay > a in Lemma @, we obtain the validity of the
first inequality of the assertion by means of (2.4). The second inequality can be deduced in the
same manner employing Lemma (]ED O
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As already mentioned, for computational reasons, the semi-infinite cylinder C will be truncated
to Cy = Q2 x (0,Y) for some Y > 0 later on. Because of this, the behavior of Vu for y — oo will
play a role. It can be estimated as follows:

Proposition 2.9. Forfe H *(Q), letu € ﬁi(C, y®) be the solution of (2.2)). Then, there exists
a constant ¢ > 0 such that for every Y > 1, it holds

Vo

e YAy
ly2 Vullreioney) < ce” 2 7 Ifllm—s )
Proof. The result can be found in |27, Proposition 3.1]. For the sake of completeness, we state a

(slightly different) proof here. According to Proposition we obtain by using the definition of
the eigenfunctions ¢, and its orthogonality

8 Vulfaeneyy = [ v° | (Ve g) P +10,u@, )} dedy
= Soud [l B o) + el dy
k=1

e oo 1 _1
Sczuz/y {)\Z”e_‘/m’—k)\z 2e=VARY) dy,
k=1

where we employed Corollary in the last step with ry =y = § = % — s. Calculating the
integral and using that (A;)ren is a non-decreasing sequence, yields

fo%) o
ly% ValZaereyy < € D2 up{AReY ™Y 4 X eV} < eem VA S TN R = ce VMY - g
k=1 k=1

where we used Proposition in the last step. O

3. Discretization

Let Tq be a conforming and quasi-uniform triangulation of €2 which is admissible in the sense
of Ciarlet. For each 7q = { K }, let K C R? be an element that is isoparametrically equivalent
either to the unit cube or to the unit simplex in R¢. We introduce the global mesh parameter
hq with respect to the triangulation of {2 by hq = maxgec7, diam K. We always assume that
hqo < % On 7Tq, we define a finite element space V}, as

Vh:{UECO(ﬁ)‘n]KeIPl(K% K € 7Tq, 0‘89:0}.

In case that K is a simplex then IP;(K) = P;(K), the set of polynomials on the element K of
degree at most 1. If K is a cube then Py (K) equals Q;(K), the set of polynomials on K of degree
at most 1 in each variable. The number of degrees of freedom in V}, is denoted by Ng. It holds
No = O(hg?).

Furthermore, let Zy = { I;;, } be a triangulation of the interval (0,Y") in the sense that [0,Y] =
U%zl I, with Iy, = [Ym—1,ym] and M € IN exactly specified below in the Sections and
Moreover, let hy,, = |I,,|. Next, we introduce a polynomial degree vector p = (p1,p2,...,pr) €
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INM which will assign to each element I,,, € Zy a maximal polynomial degree p,,. It will be
exactly specified in the Sections and On Zy, we define the finite element space Vjs as

Vi = { €€ C°D) | ¢l;, € Pp(Im), Im € Iy, &Y) =0},

where P, (I,,) denotes the space of polynomials up to degree p,, on I,.

Now, the triangulations 7y of the cylinder Cy are constructed as tensor product triangula-
tions by means of Tq and Zy, ie., Toy = {T} with ' = K x I, for K € Tq and I, € Zy.
By means of the previous considerations, we define the finite element space V}, ps posed on the
tensor product mesh Tq y by

Viar = Vi ® Vg = span{ v | v(z, y) = 0(z)é(y), v € Vi, £ € Var } C H(Cy.y®).

Note, that each function vj, € Vj, ps vanishes on the lateral boundary of Cy and on its top. As
a consequence, the extension by zero of vy to the semi-infinite cylinder C' belongs to IEIE(C’, y%).
Without further mention, we consider this type of extension for each v, € Vj, 3 whenever needed.

With the just introduced notation, we define approximations to the solution u of as
follows: Find w;, € Vj s satisfying

/C Y Vuy - Vo d(z,y) = ds(f, tra vn)m-s@)me©)  Yvn € Vi, (3.1)
Y
where we recall that &« = 1 — 2s and d, = 2¢ F(Fl(;)s). Note that trqup = up(-,0) will be used as
an approximation of u.

We distinguish two possible types of discretization in the artificial y direction, which will be
defined in the following two sections.

3.1. Graded meshes and h-FEM
In this section, let M € IN to be determined later. We set

1
m 23
Ym = (M) Y for m=0,1,...,M and p=(1,1,...,1) € N¥,
where p € (0, 1] represents the grading parameter in direction y. Hence, for p < 1 the triangu-
lation 7Tqy is anisotropic. Moreover, due to the choice of the polynomial degree vector p, the
discrete space Vj as consists of globally continuous and piecewise multilinear functions on Cy .

We start with a result regarding the diameter h,, of the elements I,,.

Lemma 3.1. It holds

p—1

1 2 1
hy =M iY and —My}n_“Y“M_1 < hpy < =y PYEMTY form =2,3,..., M.
[ [

Proof. The first equality is obvious due to the definition of y;. For the second, we observe that
there exists a m, € (m —1,m) such that

- ER 11 i 11 w O\ 17K
hm:ym_ym—lz(mi—(m—l)i)YM ﬁl‘:—mf YM i:((rn*)uy) yHpL
K wA\M
due to the mean value theorem. Since %m <m —1<mfor m > 2, the result follows. O

Since we consider a discretization with linear polynomials in direction y, the number of degrees
of freedom Ny in V), is proportional to M, i.e., it holds Ny = O(M).
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3.2. Geometric meshes and hp-FEM

For the second possibility of discretization presented here, the mesh in direction y is chosen as
a geometric mesh. That is, for chosen o € (0,1) and M € IN to be determined later, the nodes
Yo, Y1, ..., Ypm are given by

yo=0 and Yym = oMY for m=1,2,..., M. (3.2)

Further, we define p = (p1,p2,...,pm) € INM to be a linear degree vector with slope 8 > 0. That
is, there exists a constant ¢ > 1 such that for all m = 1,2,..., M the following relation is fulfilled:

h h

14+ 8In -2 <pp <14cBln—=. (3.3)
h1 hl

We start with collecting some basic results for the discretization considered in this subsection.

Lemma 3.2. For a geometric mesh given by (3.2)), there holds for hy, = |Ip|

M—lY

i

h1:y1:(7
Bon = (1 = 0)ym = (671 = Dyt form=23 ..., M,

B = (1 — o) ™™ hy form=23,..., M.

Proof. The first equation of the assertion is obvious due to the definition of the geometric mesh.
For m =2,3,..., M, we obtain

M=m(1 — )Y = (1 — 0)ym
hmzym—ym_lz(aMm—aMm“)Y:{U (1 =0)Y = (1~ 0a)ym,

oM=m+l (=1 )Y = (67! — 1)ym_1.
As a consequence, we get

by oM™(1 - 0)Y

= =(1—o0)ot ™™,
3 N1y ( o)o O

Lemma 3.3. For a geometric mesh given by ([3.2) and a linear degree vector p € N in the
sense of (3.3), it holds p1 = 1 and there is a constant ¢ > 1 such that
1+3(In(l—0)+(1—m)lno) <pp, <14 Be(In(l —o)+ (1 —m)lno)
forallm=2,3,..., M.
- hl _ . _ .
Proof. Since lnh—1 = 0, there obviously holds p; = 1. According to Lemma we get for
m=23...,M—1

In Fom In ((1 - a)al_m) =In(l—-0)+ (1 —m)lno,
ha

which shows the second assertion. O
Lemma 3.4. Let Ty be a geometric triangulation of (0,Y) given by (3.2)) and let p € NM be a

linear degree vector as defined in (3.3). Then, for the number of degrees of freedom Ny in Vi,
it holds

M
Ny =14 pm = O(M?).

m=1
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Proof. On each interval I,,, we locally have p,, +1 degrees of freedom. Moreover, two neighboring
intervals always share one degree of freedom. Thus, we have

M M
Ny =3 (pm+ ) = (M=1) =1+ 3 pm,
m=1 m=1
which proves the assertion having in mind Lemma [3-3] O

4. Error Estimates

We start with providing a general error estimate between the solutions u € ﬁi(C, y®) of (2.2)
and up, € Vj, pr of (3.1)) in weighted norms.

Lemma 4.1. Letu € ﬁi(C, y®) be the solution of (2.2]) and uy, € Vi, pr be the solution of (3.1).
Then, it holds

ly2V(u —up)| 20y < Uhgl‘i/}fllMHy?V(U —vn)llzzcyy + 192 Vullr2ovey -

Proof. Testing (2.2) with v, € Vj, as and then subtracting (3.1)) from this equation yields
/ y*V(u —up) - Vop d(z,y) = 0. (4.1)
Cy
Based on this, we deduce for all vy, € Vj, s

g8V (=) ey = [ 9"V w) V) day) + [ V=) Vud,y)
Cy C\CY

< ly2 V(u—up)ll 2y {1y2 V(u — va)ll 2(cy) + 192 Vull2oroy) }-
Dividing by [|y2 V(u — up) | z2(cy ends the proof. O

Whereas the last term in the estimate of Lemma[4.T]can be treated by means of Proposition [2.9]
we have to estimate the first term. To this end, we introduce the following approximation
operators separately for the x and y variables:

By 7,: L*(Q) — Vj, we denote the L? projection with respect to the x variable on Q. For the
interpolation with respect to the y direction, we consider each interval I, separately. For fixed
me {1,2,...,M}, let ¢ € N and yy—1 = 2o, 21,...,24 = Ym be the Gauss-Lobatto points in
I, and let [; ; denote the corresponding Lagrange polynomials of order ¢q. Then, we define the
Gauss-Lobatto interpolant i,: C°(I;,) — Py(ILn) by

q
(1) (y) = Y &(xi)liq(y)-
i=0

Further, we define an interpolant i, which admits (7,¢)(ym) = 0 given by

q—1

(1g€) () = D &(xi)lig(y)-

=0

10
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Based on this, we define the interpolation CY((0,Y]) — Vi for a linear degree vector p =
(pl)p27 CIEER apM) € ]NM by

g(yl) on Ila
@O, = ipnély, onlm m=23,... . M—1, (4.2)

ing‘IM on IM.

In particular, it holds that ¢ is constant on /; and (i9¢)(Y") = 0. For any function v € If.fi(C, y%),
we set

(ﬂ-l‘v)("y) = ﬂ-a?v('vy) for a.a. y e (05 OO)
Moreover, for the solution u of (2.2), the application of ¥ is defined as

(iu)(z,-) = Z wppk(z)is k(-) for aa. z €€, (4.3)
k=1

which is well-defined because 95} € CY(R, ). Thus, by construction, we have Tpihu € Vi ur-
For the first term on the right-hand side of the estimate in Lemma we have the following
result.

Lemma 4.2. Let u € ]?[i(C’, y®) be the solution of (2.2). Then, it holds

min [[y2V(u— )l r2(cy) < 192V — mu)ll 2oy + clly® Viu — Bu)| 2 (oy)-
v €Vh M

Proof. First, we set v, = mzifu € Vj, ps. Then, by introducing 7,u as an intermediate function,
we deduce

min %V (u—ov)llr2(cy) < Y2 Vu = meu)ll2ioy) + ly? Vra(u = #u)ll 2oy

v €V, M

According to the definition of m;, we have 9ym,(u — iJu) = 7,0y (u — ihu) almost everywhere in

Cy. As a consequence, we deduce by well known stability estimates for the L? projection m,
o . Y N2 e
ly2 Ve (u —idu)|l 2oy ) = /0 y© /Q{|Vm7rm(u — ibu)|* 4 [0y (v — ibu)|*} da dy
Y . 2 . 2
= /0 y® /Q{|Vxﬂ'x(u — dpu)|* + [m 0y (u — fu)| }da dy
Y
Sc/ yo‘/{\Vw(u—igu)|2+|8y(u—i§u)]2}dxdy,
0 Q

which shows the assertion. O]

Lemma 4.3. For f € H'=%(Q), let u € H}(C,y*) be the solution of [2.2). Then, it holds

ly2 V(u — 7o) | L2 (cy) < challfllm-s)-

11
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Proof. Analogously to the foregoing proof, by classical estimates for the L? projection m,, we
obtain

Y
18 Vi — 7o) 22 :/O yo‘/g{|vx(u—ﬂxu)|2—l—|8y(u—7rxu)|2}dxdy
Y
:/ yo‘/Q{|Vm(u—7Tzu)|2—|—|8yu—7r$(8yu)|2}da:dy
0

Y
< ch%/ Y / {IV2ul? + | V.0 ul*} dz dy
0 Q
= chd{|ly2 ViullZa (o) + 1920y Vaul 2oy -
Then, Proposition 2.5 yields the assertion. O

Next, we are concerned with estimates for the second term in Lemma [£.2] To this end, we
consider the interpolation error on each subinterval I,,, € Zy. Employing the decomposition from
Proposition [2.6] and the definition of the eigenfunctions ¢y, we obtain

39— i) Faity = [ 9" [ (IFalu = Gl + 10 (u = ifu) 2} ddy

— /I 5 S D (Wek — P ) + (o — B1par))?} dy
m k=1

= > i {Melly? (s — s )Tt + ly® (s, — i) T2t }-
k=1

(4.4)
By using this identity in the following two subsections, we will estimate the terms

ly>V (u—ibu)l72ixr,y =125, M

for the two types of triangulations Zy and polynomial spaces Vs introduced in the Section [3.1
and

Thereby, in Section we will mainly recover the results of [27]. The reason for doing this is
twofold. First, we are able to slightly improve the grading condition from p < %3 (in our notation)
of [27, Section 5.2] to u < s. However, the main reason to analyze the h-FEM on graded meshes
before developing the analysis for the considered hp-method is, that the techniques we use are
almost identical for both cases, but the details are simpler for h-FEM, of course.

Later, in Section [4.2] we will analyze the hp-method introduced in Section which yields
a slightly improved rate of convergence (hq vs. hq|lnhg|®) compared to h-FEM but a drastic

reduction of the computational complexity in terms of degrees of freedom from O(./\/éﬂ/ d) to
O(Na(In Ng)?).

Note that in the following estimates, we will track the dependence on Y explicitly since as a
last step Y will be chosen h-dependent.

4.1. Graded meshes and h-FEM

As announced, we are concerned with estimates for (4.4]) for the discretization defined in Sec-
tion For simplicity, in this subsection, we will write iyu for iju, since we have p = (1,1,...,1)
here.

12
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Lemma 4.4 (Estimate on I1). For f € L?(Q), let u € foli(C, y®) be the solution of (2.2)) and let
M > hg'. Then, it holds

2s
I8V — iyu)Baanry) < chds Y2120

Proof. First, we observe that the interpolant iy, is constant on I;. By its definition (4.2, it
holds (iyws,k){h = 95 1(y1). Integration by parts and noting that ya“(q/)s’k — ¢s’k(y1))2‘gl =0
yields

Iy (Vs — ¢s,k(y1))”%2(h) ~/; Y (Vs — Ysi(1))? dy

2

I /11 Y (s — Yk (1)) x dy

(Vs — Vs (W)l z2(n) ’|y%+1¢;,k

< rﬂ"y% L2(1h):
Then, dividing by ||y> (¢sx — iys k)| L2(r,) implies
1y (s s — Vs k(Y1) L2(ry) < CH?J%—H@ZJ;,kHL?(h)

with ¢ = ﬁ By means of Corollary with n =1 and r = 1, we obtain

o o -1 _1
192 (Vs — Vs W)l z2) < cllyz ™ 0wl r2n) < Ay 2y 221,

Hence, we get by Lemma [3.1] together with the assumption on M that

2s
Melly® sk = Vs () Ta(y < AR < ARG Y

In a similar fashion, we obtain by Corollary 2.7 with n = 1 and r = 0 the relation

a a _1 2s
1= (e = ok W) 721y = 12 Vi llT2ry < ARNYTT2 7o) < XERE < ARG Y2,

where we again used Lemma [3.1] in the last step.
The previous estimates together with (4.4)) and Proposition yield

2s o0 2s [e ]
a . 2 w2 2s. 2 W2 2
ly2V(u— Zyu)HLQ(QXIl) <chy Y™ Z Au = chy Y2 Z &
k=1 k=1
which implies the assertion. O

Lemma 4.5 (Estimates on I,,, for 2 < m < M —1). For §f € L*(Q), let u € H}(C,y®) be the
solution of (2.2)). Moreover, let M > h;zl and pu # s. Then, it holds

Iy (1 — iy ) 321,y < hBY 2 {207 — g2 [5132 0y

13
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1
Proof. For m > 2, we have that y,,—1 < ypm < 2kyp—1. It holds iyt = 119k such that we
conclude with standard estimates for the linear Lagrange interpolant 71, Lemma [3.1) and the
assumption on M that

Iy s = 195 ) 1721,y < cUmlls e = irs il T2z, < cUmhimllVs il 2,
< ey Y2”H¢;,k”%2(lm) < ch?)YmHy%H_#T/);,k"%2(1m)'

By using Corollary with n =1 and r = 1, this implies
o . -1 — 2
Melly® (Vo — intbs )1 F2(r,0y S ARRRY 2 ly* 72130y, = AR RGY 2 {yptsH) — M),

Similarly, using Corollary [2.7] with n = 1 and r = 0, we obtain for the term involving the
derivative

a1 -1
192 Wk — i10s2) 22z, < BRY Py E 000 20 ) < XPRRY 2y 13 |2,
= AFRRY L ).

The previous estimates in combination with (4.4]) yield
e NP 2y 2uf, 2 2 2
%V (0 = i)l 30,y < Y {un ) —un™3"} ZA “uf.
Finally, applying Proposition we get

1y V (u — iy |22,y < cRBY 2 {y2EH) — 2 1) Z 72,

which states the assertion. O]

Lemma 4.6 (Estimate on Iys). For § € L*(), let u € ﬁi(C’, y®) be the solution of (12.2)).
Moreover, let 2h§1 >M > hél, s, and

1
Y > max<3’ nhQ|,1>.
VA

Then, it holds
% 9 (s = i) agaeryy) < ehiy (Y207 =)+ 1) 7200

Proof. We recall that Y = yys and iyt)s = %ups,k on Ips. We introduce the Lagrange interpola-
tion 7; on Ij; as an intermediate function such that
Hy%(¢s,k - gllbs,k:)”LZ(IM) < ||y%(ws,k - ilws,k)HLQ(lM) + Hy%(ilws,k - ;1¢37k)HL2(IM)
= ly% (ar — 1)l r2(ryy) + Vs (Y) )
e . atl
<|ly2 (Wsk — i1¥s ) l2(ryy) + Y 2 Ysi(Y),

14
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where we used that ||l1,1]pe(r,,) = HMHLOOUM = 1 in the last step. As in the proof of
Lemma we deduce

Nelly % (Vs — i1sn)[2ar,,) < CABRRY 2 {y2omm) 2ty

Since Y > 1 by assumption, we obtain using Corollary . Wlth ry = O“H =1 — s together with
the monotonicity of e VY

a1 SRS 1 VA
YR P (V) <on e T <onp e T,

where we notice that (A\;)rew is a non-decreasing sequence. Combining the previous results yields

Melly® (o — 1) 321,y < eXE (RRY2{Y20) 200y 4 oVAY) - (45)
Similarly, we deduce

Y2 (Vs — i1%se) | 2(ray < 02 Wse — i1%s) Il z2(ran) + 192 (1% — 11%s1) | 2(10p)
= 1y (Ws s — i10s k) I r2(1g) + Yk VN2 U 22100

1

< Nly2 (s — i1¥sk) l r2(rar) + haf Y 2 k(Y),

where we used that |17 ;|| zec(r,,) = ||h]T41||Loo(IM) = h}/} in the last step. The first term can again
be estimated as in the proof Lemma [£.5] such that

1y (e — i) 221, < APRRY 2 {Y2emm) 27y,

Employing Corollary with rp = § = % — s together with the monotonicity of eV Ay yields
forY >1

1l . f
hafY 24 1 (Y) < chy, 2/\2 Tem 2 Y < chy) >\ Y,
where we used once again that the sequence (A;)ren is non-decreasing. Due to the previous
results, we arrive at
o ~ — 2(s— -1 —
1% W = 10 k) 3210y < AF (BRY LY — 200} 4 hpfeY2Y) 0 (46)

By combining (4.4)), (4.5) and (4.6]), we obtain

1Y%V (w = i) 320,y < € (BEYZH{Y2OT =il 4+ (14 By Je VY ) SO0

= ¢ (R {y 2= — 3T 4 {14 YY) il g,

where we used Y72, AZui = 3°7° | §2 (see Proposition and the definition of HfH%Q(Q)' Ac-
cording to Lemma there holds h]T/[l < cYHLYy—rM = cY ' M. Since

3[In hg|

Y >
T VA

and M < 2h§1

by assumption, we obtain
{14 h3} e VMY < B + chdInhg| ™" < chd,
which ends the proof. O

15
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Corollary 4.7. Forfec L*(Q), let u € ﬁI}J(C, y®) be the solution of ([2.2). Moreover, let 2hg" >

M > hﬁl, w<s, and
2max<3|lnhﬂ‘ , 1) >Y > max(gunhm,l).
ox VA

Then, it holds
ly3 V(= iyu)ll2(cy) < challnhol* [l 2.

Proof. By the Lemmas [4.4] and we obtain

M
Hy5V(U — iy“)”%,?(cy) = Z H?ﬁv(u - iyu)‘|%2(QxI7H)

m=1

2 M
< <chg; Y2 ch Y2 S fy2lemm g2y Ch?z) 11720

m=2

< ehy (V2 = Y2y 1 1) [ ) < ehdlinhal® [ (0),
where we have used p < s and the upper bound on Y. O

Now, we are able to state the main result for this subsection analyzing the h-FEM on graded
meshes.

Theorem 4.8. For § € H!=5(Q), let u € H*(Q) and u € ];oli(C', y*) be the solutions of (L.1))
and (2.2), respectively, and let uy, € Vi, pr be the solution of (3.1)). Moreover, let 2h§1 >M > hg,

w<s, and
2max(3|lnh9‘ , 1) >Y > max(gunhm,l).
VA VA

Then, it holds
Il = tr unllrs() < clly® V(u—un)lr2c) < challnhol*|[fll-s@)-
Proof. The first inequality of the assertion is due to Propositions and Using the Lem-
mas [£.1] and [£.2] we get
ly2 Y (u— up) |20y < |y V (u— o) || 2oy ) + Y2V (u— iyu)llr2(cy) + H?J%VUHLQ(C\CY)-

The three terms on the right-hand side are estimated in Lemma Corollary [4.7 and Proposi-
tion [2.9] Hence, we get

a s _VMy
ly3 V(= un)llz2c) < challfllin (o) + challn hal*lIFl 2y + ce= =Y Ifll-+(o)-
Y 3
Then, the lower bound on Y yields efgy < ch§ < chgq, which implies the assertion. O

Theorem 4.9. The total number degrees of freedom Nqy in Vi ar to achieve the order of con-
vergence given in Theorem [{.8 behaves like

Noy = OWN5 ),

where d denotes the dimension of §2.

Proof. For the number of degrees of freedom N y of the discretization considered in this section,
it holds Ny = NoNy = NgM. Then, the assertion follows from M = O(hg') = O(/\/é/d), m

16
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4.2. Geometric meshes and hp-FEM

In this section, we derive discretization error estimates for the hp-method described in Section [3.2
which results in a slightly improved rate of convergence of h, compared to the previous subsection.
However, we will have a drastically reduced computational complexity in terms of the number of
degrees of freedom. To this end, we do neither fix the number of elements M in direction y nor
the slope § of the linear degree vector p yet. These will be set below. As before, we start with
estimates for ||y2 V(u — z'gu)H%Q(QX[m) based on ([4.4).

Lemma 4.10 (Estimate on I1). For f € L?(Q), let u € ]—OIE(C’, y®) be the solution of (2.2) and

let
(1+¢)|lnhg|

sllno|

M >

for some € > 0. Then, it holds
ly? V (u = u) | Fa0nry < Y (117 2q)-

Proof. Notice that 15 ) = s 1 (y1) on the first interval I as in the previous section. Thus, as
in the proof of Lemma [£.4] but using

14¢
hi = oMy < chy® Y

from Lemma [3.2] and the assumption on M, we get
Mlly® o = Yoz < NPT < ARGV,
1% sk = Vo)) T2y < XA < XFRGY2
Hence, we obtain
I3V gy < VS N

k=1
As in the proof of Lemma [£.4] this yields the assertion. O

In order to derive estimates on I, for 2 < m < M — 1, we recall the following result which is
a direct consequence of [24, Lemma 3.2.6].

Proposition 4.11. Let w be analytic on I= (0,1) and satisfy for some ¢, 0 > 0 the estimate
Hw(”)HLOO(f) < cwd"n! Vn e N.

Then, there are constants ¢,b > 0 depending only on § such that the Gauss-Lobatto interpolant

iqw of degree ¢ € IN on I satisfies

= gl ey + 110 = i) ] gy < cre™.
Lemma 4.12 (Estimates on I, for 2 < m < M — 1). For f € L*(2), let u € ﬁIi(C’, y®) be the
solution of ([2.2). Moreover, let p € NM be a linear degree vector as in (3.3) with some 3 > 0

and let
(1+¢)|ln hg|

~ min(s, 8b)|Ino|
for some € > 0, where b > 0 is a constant depending on o only. Then, it holds

ly? V (u = )| Z20nr,y < cht Y (117 20)-

17
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Proof. For m > 2 it holds ym—1 < Ym < 0 'ym_1. By transforming to the reference element
I =(0,1), we obtain for (V1 k)|, =ip,,Ysk|, that
o , a1 A
1Y% (Vs — ipmsii) |21y < Y21 ha sk — ip,ths, kllz2iy < cyl_ 1hmH"¢s k= Upm Vs, ll oo )

By means of Corollary 2.7, applied with » = 1, and Lemma [3.2] we have

10 iy = B ooy < Ny 2R G2 E "8 ) < X 22 (8(0 " — 1)),

m—1

Moreover, due to well known series representations of K from [I 9.6.2 and 9.6.10], we directly
conclude that 1, is analytic on I. Hence, Proposition implies with 6 = 8(c~! — 1) that

A~ S— —
||1/Jsk: me¢sk||[,oo )S >\ Qy?rf 116 bm,

Then, we get by Lemma

-

1 1

a , 1 B 1
1y (Vs — i i) | L2(1) < Y 1R, 2P < chy X e,

Analogously, we obtain

a . «@ _1 ~ A ~
||yi(¢8,k - zpwﬂb&k),HLQ(Im) < ¢y 1hm? H(%,k - meqvbS,k)/HL?(f)

a 1 SN
< eyl ihan? WD~ D) ey
By means of Corollary with 7 = 0 and Lemma we have
15 ooty = Bl ) < eXERymai'8"nl < Xy 1 (8(0 ™ — 1))"n.
Consequently, Proposition yields with § = 8(¢~! — 1) that
H(ﬁ&k - %me;S,k)/”Loo(f) < C)\zy%f_le—bpm'
This implies
a . ! 3"'% _% s _—bp sps —bp
12 (Vs = GppmVsik) | L2(10) < CYp1hm® Aje™ P < eAfhy, e Pm.
Collecting the previous results yields
)‘kHy%(d’s,k - ipmws,k)‘|%2(lm) + ”y%(ws,k - ipmws,k)/HQL?(m) < C)‘%Sh%fei%pm-

Relation (3.3)) implies

—2bpm 268by —28b
e~ 2Pm < chiPPh, 2P0,

Thus, we deduce

Melly2 sk — i s i) 321 + 192 Wk — i s) 32,y < AFRETAI R, (4.7)

Let us now distinguish two cases:

18
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e s < Bb: Since hy,, > hi, we then obtain
Nelly® (ke = i sl Za(r,) + 195 (Vs = ipsn) 2z, < AT ™0™ = efene

14e
As before, the relation M > % together with Lemma implies h1 < chg® Y.
Hence, we get

)\kH?J%(@Z’&k - ipm¢s,k)‘|%2(1m) + ||Z/%(1/}s,k: - ipm7/’s7k),||%2(1m) = C)‘Zsh?;rzsy%-
e s > Bb: With h,,, <Y, we get from (4.7 that
a . a . — 25b
MelY® (Voo = ipn o i) 12,y + 152 sk = i s ) 1721,y < XY DRI,
Similarl bef . (14¢€)|In hg| . . .
arly as before, the relation M > “Bblno] together with Lemma implies h; <
14e¢
chQBb Y. Thus, we get
MellyZ (W = Vs i) 21,y + 197 P = i s.) 7207,y < ARGV,

The previous results in combination with (4.4)) imply

o0

2 D12 24262 2s, 2
ly2V(u = ibu)[f2xr,,) < chg Y™ > AR
k=1
Finally, applying Proposition [2.1] yields the assertion. O

Lemma 4.13 (Estimate on Iy;). For f € L2(Q), let u € H}(C,y®) be the solution of ([2.2).
Moreover, let p € NM be a linear degree vector as in (3.3)) with some > 0 and let

(1 + ¢)|ln hg| M (1 +¢)|In hg| wnd Y > maX(Q\lnhQ 7 1)
min(s, 8b)|In o] min(s, £b)|ln o] VA1

for some € > 0, where b > 0 is a constant depending on o only. Then, it holds

Iy Y (u — igu)”QLQ(QXIM) < c(hEY s + h?z)”f”%%ﬂ)'

Proof. We proceed as in the proof of Lemma and recall that Y = yy; = o 'yy—1 and
hayr = (1 —0)Y = (07! — 1)yp—1. Moreover, according to [17], the Lagrange basis functions ;
of order ¢ € IN on Ij; have the property

Hli,qHL"o(IM) S 1 fOI"i :0,1,...,q. (48)

As a consequence, we obtain by means of an inverse inequality (see, e.g., [24, Lemma 3.2.2])

10 gl Lo (1) < chif @ ligllpoc (1) < €@®Y (4.9)

Noting that Z'Z%bs,k = %qu/)s,k on Iy, we introduce the Gauss-Lobatto interpolant iy, on Iy
as an intermediate function such that

Hyi(w&k - szwS,k)HLQ(IM) < Hyf(ws,k - iPszS,k)HLQ(IM) + Hyf(iprSJf - gIJMwS,k)HLZ(IM)
= Hyé(w&k - iprS,k)HLQ(IM) + @/}s,k(y)HyilpMy.DMHLQ(IM)
a . atl
<y 2 (Vs ke — iy s )2y +Y 2 Ysp(Y),
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where we used (4.8) in the last step. As in the proof of Lemma we deduce for M >

(14¢€)|In hg|
min(s,ﬁb)ux? o] that

Melly (s b = ipags,) T2y < APRG Y.

Since Y > 1 by assumption, we obtain using Corollary with 1 = O“T‘H =1 — s together with
the monotonicity of e~ VAkY

atl s=1 Vg _1 N
Y 2 (YY) <ch? e 2 YSC)\Z 27z Y

where we notice that (A;)ren is a non-decreasing sequence. Combining the previous results yields
Melly® (o = ipas Ys) 1121,y < NF° (RGZYV 2 4 VA, (4.10)
Similarly, we deduce by means of (4.9))

”y%(w&k - gJDM¢SJ€),HL?(IM) < Hy%(¢s,k - Z.PM@[}S,k),HLQ(IM) + ||y%(iPM¢S,k - ;prS,k)/HLQ(IM)
= Hyj(d}&k - ipnwa,k)/||L2(IA4) + wS,k(Y)||y§l;)1\4,pM ||L2(IM)
a . _ atl
<NY2 (W — ipay i) 22010y + ALY 2V 2 Thpg (V).

Using M > %, the first term can again be estimated as in the proof Lemma |4.12| such
that ’

1Y% (o = dpn o) 721,y < ARRGTHY.

Employing Corollary with r = O‘T‘H + 1 = 2 — s together with the monotonicity of e~ VAry
yields for Y > 1

at+l =2 VA
Y 2 +11,Z)57k(Y) <c\? e 2 v <chje 2 Y,

where we used once again that the sequence (A;)rew is non-decreasing. Due to the previous
results, we arrive at

1% (o = ipar ) IF2ryy) < AR (RGTY™ 4+ phy Y eV, (4.11)
By combining (4.4]), (4.10) and (4.11]), we obtain as in the proof of Lemma

[o¢]
ly% V(=) Fan ) < € (BEZY2 4+ {1+ ph Y e VM) S0k
k=1

= ¢ (WY 4 (LY e [

According to Lemma there holds pys < eM. Since

2|In hg| 2|In hg)|
Y > d M<
= /N = Tnin(s, Bb)|In 0|

by assumption, we obtain
{1+ ph, Y e VMY < B2 + chi M |Inhq|~* < ch,

which ends the proof. O
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Corollary 4.14. Forf € L?(), letu € ]—QIE(C', y®) be the solution of (2.2). Moreover, letp € NM
be a linear degree vector as in (3.3)) with some > 0 and let

(1 + &)|In hg| > M > (1 + ¢)|ln hg| and 2max<2“nhg|’1> Sy > maX(Qthg‘ 7 1)
min(s, 5[ o] min(s, 5[ o] Vh n

for some ¢ > 0, where b > 0 is a constant depending on o only. Then, it holds

ly% V (u = i) 120y ) < challfll 2 (@)
Proof. By the Lemmas [4.10] [4.12] and [4.13], we obtain

M
2 (= uliaey) = 2 2V = fu)liaxr,) < (™Y M + 1) il )

m=1

< c(hg* I ha 1+ h8) [fl72) < chdlflZz @),

where we have used the upper bounds on M and Y and the boundedness of h|ln hq|?**! for
e > 0. O

Now, we are able to state the main result for this subsection analyzing the hp-FEM on geometric
meshes.

Theorem 4.15. For f € H'"5(Q), let u € H5(Q) and u € H}(C,y®) be the solutions of (T.1)
and (2.2), respectively, and let u, € Vi ar be the solution of (3.1). Moreover, let p € INM be q
linear degree vector as in (3.3|) with some B > 0 and let

(1 + &)|ln hg| > M > (1 + &)|ln hq| and 2max<2“nhﬂ|,l> Sy > maX(Qthg‘ 7 1)
min(s, 45)Ino] min(s, 45) Ino] on h

for some € > 0, where b > 0 is a constant depending on o only. Then, it holds

lu = tro wnllms ) < clly? V(w—up)ll 20y < challflle-s -
Proof. The first inequality of the assertion is due to Propositions [2.3|and Using Lemmas [4.1
and [£.2] we get
ly2 V(u—un)ll2c) < ly2V(u — 1wl 2oy + 1y2 V(u—idyu) 2oy + 192 VUl 2 eney -

The three terms on the right-hand side are estimated in Lemma Corollary and Propo-
sition [2.9] Hence, we get

A

a Y™
ly$ ¥ (w — un) 12y < challfllen—o) + challfl 2@ + e [l

VAL
Then, the lower bound on Y yields e Y < chq, which implies the assertion. O

Theorem 4.16. The total number degrees of freedom Nqy in Vi to achieve the order of
convergence given in Theorem [{.15] behaves like

/\/’va = O(NQ(IHNQ)2).

Proof. As a direct consequence of Lemma [3.4] we obtain that the number of degrees of freedom
Ny of the discretization considered in this section fulfills Ny = NoNy = O(NqM?). Then,
the assertion follows from M = O(|ln hg|) = O(In Ny). O
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5. Numerical Experiments

5.1. Implementation

For the discretization with respect to y in h-FEM and hp-FEM, we use hierarchical Lobatto
polynomials (see, e.g., [29]) as local shape functions on I = (0,1) which then are transformed
onto each interval I,,,. Without the weight, i.e., for s = %, this would result in a very sparse
structure of the local stiffness matrix, since those shape functions are orthogonal. For s # % the
latter does not hold; nevertheless the global matrix is of course still sparse.

Let n; for ¢ = 1,2,...,Ng be the ansatz functions for the discretization of Q and 7; for
j =1,2,..., Ny ansatz functions for the discretization of (0,Y). On the cylinder Cy we then
use ansatz functions of the form ¢; ;(z,y) = n;(z)7j(y) with i =1,2,... ,Ngand j =1,..., Ny.

Due to this special structure, the system matrix S € RNe.yxNay for solving can be
expressed by means of the Kronecker product as

S — pmass ® Astiff+ Bstiff ® Amass

Here, A € RNo*Ne denotes matrices arising from discretization of 2 and B € RM MY denotes
matrices arising from discretization of (0,Y") given as

?l:;ass = / Uz(x)nk(l") d.ﬁU, Af]?ﬁ:/ V"?z(x)vnk(x) dl’, Zak: 1a2a"-7Nﬂv
Q Q

Y . Y
B}?assz/o y7i(y)n(y) dy, B??lﬁ:/o v (y)7i (y) dy, Jl=1,2,...,Ny.

We observe that one can assemble the matrices A and B completely independent from each other.
This is advantageous since the weight y® only affects the B matrices, while the A matrices are
standard FEM matrices, which can be computed by any FEM software.

Using the special structure of S, one can implement a memory efficient solvers for the algebraic
systems without ever fully assembling S. This will be the topic of a forthcoming paper.

5.2. Numerical Results

We take the following configuration from [27, Section 6.1]. For 2 = (0,1)? C R? the eigenfunc-
tions of the Dirichlet-Laplacian are known to be ¢y, () = sin(knz1) sin(lrzs) with corresponding
eigenvalues A\, = m2(k? + (?) for k,l = 1,2,.... For the right-hand side f(z) = AMapri(r) =
(272)% sin(m1) sin(7z2), the solution u of and u of are then given by

21737‘.5
I'(s)

For the discretization by means of h-FEM (cf. the Section and , we choose the param-
eters

u(z) = sin(mx1) sin(rxz) and wu(z,y) = sin(mzy) sin(rae)y* Ko (V2my).

_ 3‘1nhg‘
=0.8s, M=/[h5'], and Y:max( ,1),
2 [ Q —| \/§7r

whereas for the discretization by means of hp-FEM (cf. the Section and , we choose the
following parameters:

1.75]1
B=07, o=0125, M= {75|nh9|] ,

1
and Y:max<3|nh9| 1>.
s|lno]

Vor
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Figure 1: |jy2 V(u — up) | r2(cy for s = 0.2 (left) and s = 0.8 (right) over hq.

The orders of convergence stated by the Theorems[4.8/and [£.15]in terms of hq are confirmed by the
results of the numerical computations given in Figure[l| Note, that the error ||y V (u—u)]| £2(C)
is evaluated by means of the identity

I8V (= ) [Faiey = da [ (Ftrou— 1 trpun) do.

which holds due to the Galerkin orthogonality .

In Figure [2, we depict the errors for both types of discretizations over the total numbers of
degrees of freedom N y. Thereby, the slower growth of Ny for the hp-discretization given by
Theorem in comparison to Theorem clearly leads to a drastic reduction of the number
of degrees of freedom compared to h-FEM on a graded mesh. For instance the number of
degrees of freedom to achieve an error of less than 9 - 1073 in the case s = 0.8 reduces from
Nay = 1072692225 for h-FEM to Ny = 9661477 for hp-FEM, which is a factor of about 111.

A. Estimates for s and its derivatives

We begin with a representation of the derivatives of the expression z°K;(z), where K, are the
modified Bessel functions of second kind. It which will be used in the sequel to derive estimates
for the derivatives of 1.

Lemma A.1. The derivatives of 2°Ks(z) of order n € Ny can be calculated as

n

(ZSKS(z))(n) = Z a?nzs_mKs—(n—m)(z)7 (Al)

m=0

23



Meidner, Pfefferer, Schiirholz, Vexler: hp-Finite Elements for Fractional Diffusion
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Figure 2: ||y2 V(u — up) | z2(cy for s = 0.2 (left) and s = 0.8 (right) over the total number of
degrees of freedom Ny .

where the coefficients a, are given by

al = (—1)", (A.2)
n ntm 1 n! n

ar = (—1)"* o (o — 3] for1<m< {gJ, (A.3)

a;, =0 for {gJ <m<n. (A.4)

Proof. We prove this assertion by induction. To this end, we first collect some basic results for
the modified Bessel function of second kind. In [I, 9.6.28], we find for all v € R

Ld vk (2) = =K, 1 (2).

zdz

As a consequence, there holds
(2K, (2)) = —2"K,_1(z). (A.5)

Using the latter result, we get the following formula for m, [ € INy:

(Zs—m s—l(z))/ — (zl—mzs—le_l(Z))/
= MK 1 (2) + (- m) 2T K (2)

= =2 K _1)(2) + (= m)2" " K (2).
By means of this, we obtain for m,n € Ny with m < n by settingl =n—m >0
(7™ s,(n,m)(z))’ = 2K _(ny1-m)(2) + (n — 2m)257m*1Ks,(n,m) (2). (A.6)

These elementary results build the basis for the induction: The hypothesis (A.1]) clearly holds
for n = 0.
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Assuming that (A.1)) holds for some n € Ny, we deduce

n

(z°Ks(2) "D = 37 ap, (= " Ky (2))-

m=0

Employing (A.6|), we continue with

(ZSKS(2)>(n+1) = Z a%(_'zSimstUHlfm)('z) +(n— 2m)287M71K87(n7m)(2>)

m=0
n
= 3 a2 Ko (2)
m=0
n+1
=3 Al (n = 2(m = 1)K (2)
m=1

m=1
It remains to show that
aftt = —ap, a™ = —a" +a" (n—2(m—1))for 1 <m<n, aZﬂ = —na,,.

The first and third equation are obvious due to (A.2)) and (A.4). Thus, we only elaborate on the
second. We distinguish three cases for 1 < m < n:

om > ["T'HJ + 2: Again due to (A.4), we have a), = a]},_; = 0, since m,m —1 > [§].
Hence, it holds
—a 4+ a_(n—2(m—1))=0=a%"

o m = ["THJ + 1: Here, it holds m
case that n is even, we deduce m =

and we already know that al' = 0. Moreover, in

> 5]
5 +1and

n—2(m—1):n—2<g+1—1):0.

If n is odd, we obtain a’,_; = 0 since m — 1 = ”7“ > |%]. As a consequence, we get

—a 4+ a”_(n—2(m—1))=0=a%"

em < "THJ Here, we again distinguish between n even and n odd. In the first case, we
have |24+ ] = [%]. Hence, it holds m — 1,m < | %] and by means of (A.3)), we get

" " ntma1 1 n!
—ay, + (n—=2(m—1))ag,_; = (=1) 9 mi(n — 2m)!
1 n!
(=2 = ) ) e G T i — a(m = 1))
= (—1)”+1+mi (n+1)! =a™t,

2m ml(n 41— 2m)! m
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In case that n is odd, we have that |21 | = |2] + 1. Thus, for m < |%] — 1, we can
reuse the calculations from before. If m = |2 ] = 2 we have a?, = 0 such that
—ap, + (n—2(m —D)ap, = ap, = (-1)""2
2% ("7)!
( 1)n+1+"—+1 1 (TL+ 1)' _ an—l—l.
25 () "
This ends the proof. ]

We next analyze 15 defined in (2.3 and its derivatives with respect to its boundedness prop-
erties.

Lemma A.2. For z > 0, it holds
0 < ¥s(z) < s(0) = 1.

Proof. Since zYK,(z) > 0 for all z > 0 and v > —1, see, e.g., [I, 9.6.1], and due to (A.F)), the
function 1) is positive and monotone decreasing such that ¥(z) < ¢5(0) for all z > 0.

In [I, 9.6.9] one can find for v > 0 the following behavior of the modified Bessel function of
the second kind for z — O:

I'(v) _
K,(z) 51—y v
As a consequence, we obtain by (2.3))
lii% Ys(z) = ;gr(l] cs2°Ks(z) =1, (A7)
which yields together with the foregoing observations the assertion. O

Lemma A.3. Let r € [0,1]. There exists a constant ¢ > 0 depending only on s, such that for
any z > 0 and n € IN it holds
12 (2)] < 8™l 22T,

Proof. In order to deduce the bounds for the derivatives of 15, we continue with collecting some
auxiliary results. As before in the proof of Lemma we have that z"2” K, (z) is positive for
all z > 0 and v > —1. Let ¥y = min(v, 3). From [25, Theorem 5], we obtain for z > 0 that
2Ye* K, (z) is a decreasing function for all ¥ > 0. To employ this, we consider the product

K (2) = 2V T e 2P K (2).
and note that

arg max 2" = v 4 r — 1y and (2"t 0e %) <0 for z>v+7r— 1.

z>0

Hence, z"*"K,(z) admits its maximum in the interval [0, + r — 1p]. Due to Lemma we
consequently get by ([2.3)

(v+r— 1/0)’"17[)”(0) _ (V—l—T‘—I/())T. (A8)

'
V+TK — i <
z v(2) CV@Z’V(Z) > Cy Cu
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Next, we are concerned with the bounds for the derivatives of 1s. Employing Lemma [AT] and
the relation K, (z) = K_,(z) for v € R, see [1, 9.6.6], we obtain by (2.3)

5] 5]
|22 (2)] = 2N a2 T K ey (2)] €Y cslam 12T K o (2))
m=0

m=0

where the coefficients are given by Lemma A.l[ Let v(m,n) = n — m — s. We observe that
v(m,n) > 0 since m < [5|. Consequently, (A.§) yields

5
|Zn—23+r¢gn)(z)| < Z Cs |a7;’n|(1/(m, n) +r— VO(mv n))r

m=0 V(mvn)

with vg(m, n) = min(v(m,n), %) Since n — m > 1, it holds
(v(m,n)+r—vy(m,n)) <(n—m+r) <n—m+1. (A.9)

Further, using
r'i+1)
(+3e
from [23], estimate (8)], which holds for all I € INg and 0 < p < 1, we get by choosing | = n—m—1
and p=1-—s

L(l+p) <

2vT 1 1 2" (n —
Cu(mn) 25T'(s) 45T(s) 45T(s) (n —m — 14 152)* (A.10)
) .
<—F —2""M"n—m-D'=c2""(n—m—1)!
S ST syl mmo =T n—m—1)
with a constant ¢ depending only on s. Using (A.9)) and (A.10]), we get
15
|22 M () < e Y2 (n—m + Dlal]. (A.11)
m=0
Estimating each summand separately, yields by means of Lemma [A]]
2 — 4+ 1)l | = 27— ) e
el 2m ml(n — 2m)!
— |
= 272" (m + 1) (n—m+ 1)
— 1
= 2"72M (1 4 1)n! (n m )
m-+1
< 4"n!.
For the last step, notice that
— 1
272 (m 4 1) <1 and (n mt ) < 2™
m—+1
Finally, (A.11)) and (A.12)) yield the assertion since |5 | +1 < 2" O]
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Finally, we state a result about the exponential decay of s and its derivative.
Lemma A.4. The following assertions hold:

(a) Let sy = min(s, %) Moreover, let z > a > 0 and r > sog — s. Then there exists a constant c
only depending on r and s such that

|27 s(2)] < e 7 - coa®e Ky(a).

(b) Let sfy = min(1—s,3). Moreover, let z > a >0 and r > sy —s. Then there exists a constant
c only depending on v and s such that

|27 (2)] < ce” 3 - ea e K1 y(a).

Proof. We start as in the proof of Lemma According to [25, Theorem 5], we get for z > 0
that 2%0e*K,(z) is a decreasing function. Consequently, having in mind the definition of 5 and
that 2" K, (z) > 0 for all z > 0 and v > —1, see the proof of Lemma we obtain

’Zr¢s(z)| —_ Zr-‘rs—soe—z X CSZSOCZKS(Z) < zr—l—s—soe—z X CsasoeaKS(a)‘

This is already the desired result for r = sy — s noticing that e”2 < 1 = ¢ for z > 0. For
r > sg — S, we observe that

SN

— - — —_z _z —
Z'r—l—s soezzzr—l-s 00" 3¢ 2 < ce ,

where we used that

r+s—s
max(zr—i-s—soe—%) = (2<T +s— 30)) ’ =c.
2>0 e

Combining the previous results yields the first inequality of the assertion. Next, we deduce by
means of the definition of 15 and (A.5))

C _ _ C _
7827"+2s 101_32’1 SK1—5(2> — 7SZT+23 11/}1_5(2)
Cl—s Cl—s

2p(z) =

such that the second inequality of the assertion follows from the first one noting that r+2s—1 >

sy —s+2s—1=min(l —s,3) — (1 — s) by the assumption on r. O
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