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Outline

1. Linear Parabolic Problems (yesterday)
» RB Approximation
» A Posteriori Error Estimation
» Sampling Procedure

2. Nonaffine and (some) Nonlinear Problems  (this lecture)
> Motivation
» Empirical Interpolation Method
» Nonaffine Problems
» Nonlinear Problems

3. Parametrized Optimal Control Problems (this lecture)
» RB Approximation
> A Posteriori Error Estimation
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Empirical Interpolation Method Motivation

Coefficient-function Approximation
Error Analysis

"Truth" Problem Statement

Given u € D C RP, evaluate
s(p) = £(u(p); p)
where u(x; p) € X satisfies
a(u(p),vsp) = f(vsp), Vo e X(Q).

Assumptions:
» linearity, coercivity, continuity;

» affine parameter dependence.
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Empirical Interpolation Method Motivation

Coefficient-function Approximation
Error Analysis

Reduced Basis Sample and Space

Parameter samples:
SN:{Nlep"'-’H'NED}a 1 < N < Nmax;,
with
S]. C ‘5’2 C ¢ C SNmax_]- C SNmax C D'

Lagrangian reduced basis spaces:
XN:Span{ u(p”) 1SnSN}7 1 < N < Nmax,
N——
“snapshots’’
with
X]_ C X2 C LI C XNmax—]. C XNmax(C X)'
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Empirical Interpolation Method Motivation

Coefficient-function Approximation
Error Analysis

Reduced Basis Method

Given u € D C RP, evaluate

sn(p) = €(un(p); 1)

where un (3 1) € Xn C X satisfies

a(un(p),vsp) = f(vip), Vo€ Xn.

Furthermore, we can bound the reduced basis error by

i) — un(w)llx = ORI g
arLB(p)

where r(v; pu) = f(vsp) — a(un(p, v; ), Yo € X, is the
residual.
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Empirical Interpolation Method Motivation

Coefficient-function Approximation
Error Analysis

Affine parameter dependence

Require also f(v;p), £(v; )
Qa
a(w,vip) = 2. Of(p) a?(w,v),
q:

where forg = 1,...,Q,
0l :D — R, p-dependent functions;
a?: X®x X® — R, p-independent forms.

This assumption is crucial for
» the offline-online decomposition, and thus for

» the computational efficiency of the reduced basis method ...

6/66



Empirical Interpolation Method Motivation

Coefficient-function Approximation
Error Analysis

Offline-Online Decomposition

N .
We expand  un(p) = > un;j(p)¢?

Jj=1
and obtain v=C,1<i<N

a(un(p),v;p) = f(v;p)

.gl un ;i (w)a(¢?, ¢ ) = (¢ 1)
i=

Y ouni(p) Y O%p) a¥(¢h,¢) = 0%k FUC)

J=1 a=1 OFFLINE: o() 971 OFFLINE: O(N)
ONLINE: ©O(QaN?2) ONLINE: O(Q4N)

ONLINE: O(N3)
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Empirical Interpolation Method Motivation

Coefficient-function Approximation
Error Analysis

Affine parameter dependence

.but

» not all problems satisfy affine-parameter dependence, so
» where and how does our approach fail in the “nonaffine” case?

» how do we deal with “nonaffine” problems?
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Empirical Interpolation Method Motivation

Coefficient-function Approximation
Error Analysis

Contaminant Transport [Gre05]

Concentration u(t; p) of pollutant in € governed by scalar
convection-diffusion equation u(xz,t =0;u) =0

Zu(t; p) + U - Vu(t; p) = & V2u(t; p) + g55 (z5 1) 9(2),
with source term modeled by
gPS(a:; lj,) = E"?O 6_50((931_5”?)2"‘(%2_‘”;)2).

Goal: Identify source location = parameter pp = (k, x7, 3).
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Empirical Interpolation Method Motivation

Coefficient-function Approximation
Error Analysis

Contaminant Transport — Sample Solutions

Field variable: © = (0.05,2.9,0.3) (N = 3720)

t=1At t=40At

t=80At t=120At
t=160At t=200At

!

e
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Empirical Interpolation Method Motivation

Coefficient-function Approximation
Error Analysis

Contaminant Transport — Sample Solutions

Field variable: = (0.05,3.1,0.5) (N = 3720)

t=1At t=40At

t=80At t=120At

!

t=160At t=200At

I
I
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Empirical Interpolation Method Motivation

Coefficient-function Approximation
Error Analysis

Contaminant Transport — Truth Problem Statement

Given u € D C IRP, evaluate Vk € K
s(t*; ) = L(u(t’; p))

where u(t*; u) € X satisfies u(t®5pu) =0

m(U(t’“;u) —Azz(t’“‘lsu)’v;u>+

2 a(u(th; p) + u(th =15 p), vs p)

= b(v; p) § (9(t*) + g(t*1)), Vv € X,
for b(vs ) = [q g¥8 (x5 p) v with gFS nonaffine.
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Empirical Interpolation Method Motivation

Coefficient-function Approximation
Error Analysis

Nonaffine Source Term

Evaluation of RB quantities (v=2{¢i, 1 <1< Npax):

b(Cisp) = /ﬂgPS(w;u)Ci

50

™

/Q e—50((z1—p2)? +(z2—ps)?) ¢

requires even in the online stage

O(N'N) operations.

Difficulty

There is no (N -independent) affine representation of g¥S (x; ).
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Empirical Interpolation Method Motivation

Coefficient-function Approximation
Error Analysis

Empirical Interpolation Method [BMNP04, GMNP07]

Main Idea

g7 (w5 1) = ghp (w5 1) = Zl orvim (i) gm(x)
m= v~ '
EIM Collateral RB

Recall: b({ispn) = / PS(ZB H)CzN/Q (z5 1) G

M
= Z CPMm(,UJ) qu(x) Gi s

m=1
If we can calculate the @arm (1) efficiently, we can again follow an
offline-online computational procedure, but
» how do we calculate the g, () and the prrm ()7
» what is the interpolation error introduced?
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Empirical Interpolation Method Motivation

Coefficient-function Approximation
Error Analysis

Greedy Approach [MNPP07]

Empirical Interpolation: Greedy approach for constructing both
» interpolation points Thy = {zT € Q,...,2%, € Q}, and
» sample set S%, = {u € D,...,u},; € D} and associated
discrete spaces W3, = span{q1,...,qn}-
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Empirical Interpolation Method Motivation

Coefficient-function Approximation
Error Analysis

Greedy Approach [MNPP07]

Empirical Interpolation: Greedy approach for constructing both
» interpolation points Thy = {zT € Q,...,2%, € Q}, and
» sample set S%, = {u € D,...,u},; € D} and associated
discrete spaces W3, = span{q1,...,qn}-

Greedy Procedure:
We first choose p§ € D and compute
&1 = g(ms 1}).
The first interpolation point is
x1 = arg maxgzcq |€1(x)|,
and we set g1 = &1(z)/€1(x1) and BY, = 1.
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Empirical Interpolation Method Motivation

Coefficient-function Approximation
Error Analysis

Greedy Approach

We then proceed by induction to generate S%,, W3¥;, and Ts:
For 1 < M < Max, we first solve the interpolation problem

M
gu(zizp) = 3 BYlom(p) =g(@ip), 1<i<M,
i=1
where B} = g;(x;), 1 < 4,5 < M, then compute

M
am(zsp) = 3 emm(u)gm (),

m=1

and evaluate the interpolation error
em(p) = llg( 1) — QM(';H)||L°°(Q)
forall p € &Y ;..
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Empirical Interpolation Method Motivation

Coefficient-function Approximation
Error Analysis

Greedy Approach

We then determine

Mirg1 = arg max e (i)

=N .
train

and compute Epr41 = g(x; H?\/1+1)-
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Empirical Interpolation Method Motivation

Coefficient-function Approximation
Error Analysis

Greedy Approach

We then determine

”M+1 = arg max em(p)
"

traln

and compute {nr41 = g(x5 34 q)-
To generate the interpolation points we solve the linear system

Z o}t qj(w;) = Emqa(zi), 1<i<M

and we set rary1(x) = Enrya(x) — Z o; M g;(z).
=1
The next interpolation point is

Tpr41 = arg max |rar41(x)],
e

and qu41(2) = T () /rva(Zna4)-
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Empirical Interpolation Method Motivation
Coefficient-function Approximation
Error Analysis

Example/Demo

We consider the nonaffine function
10 _1(2—p)2
e
V2w
forz € Q= [0,1] and p € D = [0.4, 0.6].

N
©
o

gz p) =

—un=04
—u=0.6
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Empirical Interpolation Method Motivation

Coefficient-function Approximation
Error Analysis

Properties

If Mynax is smaller than the dimension of span MY, where
M9 = {g(-; ) |pp € D}, for any M < Mpax we have

> the space Wy is of dimension M and coincides with
span{&1,...,&nm}

» the matrix BM lower triangular with unity diagonal (and
hence invertible)

» the interpolation is well-defined
It follows that for any g(z; u) € W3, we have
gm (5 p) = g(x5 1)

i.e., the interpolation is exact for all g(x; n) € W3,
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Empirical Interpolation Method Motivation

Coefficient-function Approximation
Error Analysis

A Priori Stability: Lebesgue constant

We define a Lebesgue constant

Anm = supyeq 2%21 |V'r£7,\/[(w)|
where the VM (z) € W}, is the associated Lagrange basis,
Vﬂlfl(mn) =0mn, 1 <m,n< M.
We can prove

Proposition
The Lebesgue constant Ay satisfies Ay < 2M — 1.

and

The interpolation error eps (1) satisfies
em(p) < (1+An) inf lg(s pu) — 2| Lo (@)
zeWy,
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Empirical Interpolation Method Motivation

Coefficient-function Approximation
Error Analysis

A Posteriori Error Estimation

We have two options:

» Method 1: “Next Point" Estimator [BMNP04, GMNPOQ7]
» Very inexpensive to evaluate
= one additional evaluation of g(x; p) at a single point in Q.

» In general not a rigorous upper bound for the error
=> requires the saturation hypothesis.

» Method 2: Rigorous Estimator [EGP10]

» Higher offline cost, since we require
=> analytical upper bounds for parametric derivatives
= EIM approximation error at finite set of points in D.

» Provides rigorous upper bound for the error
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Empirical Interpolation Method Motivation

Coefficient-function Approximation
Error Analysis

A Posteriori Error Estimation

Given an approximation gps(x; p) for M < Mpmax — 1, we define
Em(p) = lg(zm+1; 1) — gm(znr+1; )|

and obtain

Proposition

Ifg(-;p) € W]“\’/H_l, then

lg(-50) — gm (-5 1)o@y = Em ().

Note

> in general g( - ;) & Wls\?/1+1v and hence our estimator
Enr(p) is indeed a lower bound; however,

» if epr(pe) — O very fast, we expect (and check) that the
effectivity, nar () = ém(p) /em(p) = 1.
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Empirical Interpolation Method Motivation

Coefficient-function Approximation
Error Analysis

Numerical Example

We consider the nonaffine function

G(z;p) = ;
(33, ,U) V(@i—pa)) 2+ (z2—p(z))?

forx € Q=]0,1[2 and p € D = [-1,—0.01]2.

M s}k\d,max P Apg Ny KM

8 8.30E-02 | 0.68 | 1.76 | 0.17 | 3.65
16 || 4.22E-03 | 0.67 | 2.63 | 0.10 | 6.08
24 || 2.68E-04 | 0.49 | 4.42 | 0.28 | 9.19
32 || 5.64E-05 | 0.48 | 5.15 | 0.20 | 12.86
40 || 3.66E-06 | 0.54 | 4.98 | 0.60 | 18.37
48 || 6.08E-07 | 0.37 | 7.43 | 0.29 | 20.41

Table: NE 1: €} max is the best fit error, p,, is the averaged ratio

Wm, T is the average effectivity, and sas is the condition number

of BM,
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Numerical

Empirical Interpolation Method

Example

Motivation
Coefficient-function Approximation
Error Analysis
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Parameter sample set S9,, Mmax = 51, and interpolation points
Ly 1 S m S Mmax-
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Problem Statement

Nonaffine Problems Reduced Basis Approximation
A Posteriori Error Estimation
Numerical Results

Nonaffine "Truth" Problem Statement

Given u € D C RP, evaluate )=V
s(p) = L(u(p); )

where u(x; p) € X satisfies
a(u(p),vsp) = f(vig(z; p)), Vv e X.

We consider the particular form

a('w,'u;u) = aO(w?v) —I—al(w,v;g(m;u)), ‘v’w,v € X.
where g(z; p) € L°°() is nonaffine.
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Problem Statement

Nonaffine Problems Reduced Basis Approximation
A Posteriori Error Estimation
Numerical Results

Hypotheses

We assume

» ag : X X X — IR is bilinear and parameter independent
ao(w,v) = [ Vw Vv, Yw,v € X
Q

» a3 : X X X X L*°(2) — IR is trilinear

ai(w,v,2z) = [wvz, Yw,v € X, z € L™®(NQ)
Q

» and f(v;g(z; pn)) = [vg(w;p) is a linear form.
Q
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Problem Statement

Nonaffine Problems Reduced Basis Approximation
A Posteriori Error Estimation
Numerical Results

Coercivity & Continuity

We also assume thata : X X X XD = R is

> coercive
. . a(w,w;p)
0<) = inf ——————~;
» and continuous
a(w,v; p)
~v(p) = sup sup — " (< oc0),

wex vex |lwlx|lv]lx
and that aq satisfies
a1(w,v,2) < Yo, [lwllx [[v|lx 12|z ()
Yw,v € X, z € L*(Q).
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Problem Statement

Nonaffine Problems Reduced Basis Approximation
A Posteriori Error Estimation
Numerical Results

Reduced Basis Sample and Space

Parameter samples:
SN:{Nlep"'-’H'NED}a 1 < N < Nmax;,
with
S]. C ‘5’2 C ¢ C SNmax_]- C SNmax C D'

Lagrangian reduced basis spaces:
XN:Span{ u(p”) 1SnSN}7 1 < N < Nmax,
N——
“snapshots’’
with
X]_ C X2 C LI C XNmax—]. C XNmax(C X)'
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Problem Statement

Nonaffine Problems Reduced Basis Approximation
A Posteriori Error Estimation
Numerical Results

Reduced Basis Approximation

Given i € D C RP, evaluate
snM(p) = L(un,pm(p); 1)

where un pr (25 ) € Xn C X satisfies
ao(un,m(p),v) + a1(un,m(p), v; g (z; 1)) =

f(vsgm(zs ), Vove Xn.
where

M
gnm (x5 p) = Z=1 oM m (1) qm (),

M
and Y BMomi(p) =g(zi;p), 1<i< M.
i=1

Admits offline-online treatment: online cost O(M?2 + M N2 + N3)
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Problem Statement

Nonaffine Problems Reduced Basis Approximation
A Posteriori Error Estimation
Numerical Results

Error Residual Equation

The error, e(p) = u(p) — un(p) € X, satisfies

ao(e(p),v) + ai(e(p), v;g(x; p)) =
r(vsp) + f(vsg(z;s p) — gm(z; p))
—ai(un,m(p), v; g(zs p) — gm(x; 1)),
Vv e X,

where the residual is defined as
r(vsp) = f(vsgm(z; p))

— ao(un(p),v) — a1(un(p), v; g (x; 1)),
Vv e X.
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Problem Statement

Nonaffine Problems Reduced Basis Approximation
A Posteriori Error Estimation
Numerical Results

Energy Norm & Output Bound

Energy norm bound [Ngu07]

1 .
Atoar () = o (sl + (PR ).
ars(p) :
affine nonaffine
contribution to error bound
where arp(p) ... Lower bound of coercivity constant,
l|l7(s 0)||x» ... dual norm of residual,
Enr(p) ... interpolation induced error.
and

M —ail\u v,
13 (1) = sup f(vsanr+1) 1(unN, M,V M +1)
vEX |v]| x
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Problem Statement

Nonaffine Problems Reduced Basis Approximation
A Posteriori Error Estimation
Numerical Results

Energy Error Bound

Proposition (Energy Error Bound)

IF g(w; ) € Wiy, the error, e(p) = u(p) — un,ar(h),
satisfies

le(w)llx < A% (1), Vi€ D,
and forany N = 1,..., Nmax and any M = 1,..., M ax.

Note:
> In general g(x; u) € Wy 4, thus

le)llx £ Ak ar(m), Vi € D.

» Admits offline-online treatment: online cost O(M?2N?).
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Problem Statement

Nonaffine Problems Reduced Basis Approximation
A Posteriori Error Estimation
Numerical Results

Output Error Bound

We define
» the output error bound:
AN v (p) = 1605wl xr A, (1)
AN (p)
s(p) — sn(p)l

» and the output effectivity: 7R (p) = |
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Problem Statement

Nonaffine Problems Reduced Basis Approximation
A Posteriori Error Estimation
Numerical Results

Output Error Bound

We define
» the output error bound:
AN v (p) = 1605wl xr A, (1)
AN (p)
s(p) — sn(p)l

» and the output effectivity: 7R (p) = |

Proposition (Output Error Bound)

Forany N = 1,..., Nmax and any M = 1,..., M,ax, the
error, |s(n) — sn(p)|, satisfies

|s(p) —sn(n)| < Axm(p), Ve eD.
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Problem Statement

Nonaffine Problems Reduced Basis Approximation
A Posteriori Error Estimation
Numerical Results

Error Bounds — Remarks

Remarks:

» The a posteriori error bounds are

» rigorous only for g(x; pu) € Wf/H_l, but
» are very cheap to evaluate — one additional evaluation of
g(x; p) at one point in €2.

» We can replace the “next point” estimator with the rigorous a
posteriori error estimator, but they require more extensive
offline computations [KGV12].

» The dual formulation can be extended to the nonaffine
case [KGV12]
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Problem Statement

Reduced Basis Approximation
A Posteriori Error Estimation
Numerical Results

Nonaffine Problems

Model Problem

We consider the model problem with

1
1)) 2+ (z2—p(2))?

g(z;p) = Vs
forx € Q=]0,1[2 and p € D = [-1,—0.01]2.

Maximum relative error and bounds in field variable and output [N]

N M 6xax,rel A;ax,rel F'u Egnax,rel gnax,rel ﬁs

4 | 15| 1.20E-02 | 1.35E-02 | 1.16 || 5.96E-03 | 1.43E-02 | 11.32
8 |20 | 1.14E-03 | 1.23E-03 | 1.01 || 2.42E-04 | 1.30E-03 | 13.41
12 | 25 || 2.54E-04 | 2.77TE-04 | 1.08 || 1.7T6E-04 | 2.92E-04 | 17.28
16 | 30 || 3.82E-05 | 3.93E-05 | 1.00 || 7.92E-06 | 4.15E-05 | 20.40
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Problem Statement

Nonaffine Problems Reduced Basis Approximation
A Posteriori Error Estimation
Numerical Results

Model Problem

Maximum relative error in the field variable

1o T T T T T T T T T ]
107%L E
g
:
S 107t 1
3
w
1074 —=— m=8 4
—— M=14
—v— M =20
—— M =26 x
10_5 —— M =32
2 4 6 8 10 12 14 16 18

20
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Problem Stthment

Nonaffine Problems Reduced B Approximation
A Posteriori Error Estimation
Numerical Results

Contaminant Transport

Ll &\\\‘ —
NS
o

Concentration u(t; p) of pollutant in € governed by scalar
convection-diffusion equation u(xz,t =0;u) =0
sru(ts ) + U - Vu(t; p) = & V2u(t; p) + g7 (@3 1) g(1),

with source term modeled by
gPS(a:; y,) = E"?O 6_50((931_5”?)2"‘(%2_‘“;)2).

Goal: Identify source location = parameter pp = (k, x7, 3).
40 /66



Problem Statement

Nonaffine Problems Reduced Basis Approximation
A Posteriori Error Estimation
Numerical Results

Energy Norm & Output Bound

Energy norm bound [Gre05]

k k
AL (1) = { 2A1 (Zn W%+, )Z‘I’R?(t’“';u)z)},
k'=1

aLB

-~

affine nonaffine
contribution to error bound

where arp(p) ... lower bound of coercivity constant,
||r1’“\,’M(-; w)||x ... dual norm of residual,
Enr(p) ... interpolation induced error.

Output bound

sk — £(v) uk
AR () = (sup (A2 ) ARS ).
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Problem Statement
Nonaffine Problems Reduced Basis Approximation
A Posteriori Error Estimation
Numerical Results

Contaminant Dispersion — Convergence: Energy Norm

10 ‘ ‘ ‘ ‘ 10" ‘ ‘ : :
10° 10°F N\ !
\
10’1 B 10—17 N )
5 2
E 10 E10°F 4
z z M = 10
»Z —M=10 N 2 —M=
10°%---M =20 ha 10°%---M= ]
- - M=30 ---M=30
4[| ——M = 40 -4[| ——M =40 J
0 e M=50 10 e m=50
- M = 60 & M = 60
10 : : : : 10 : : : :
0 50 100 150 200 250 0 50 100 150 200 250
N N

Results for random sample Etest € D of size 2000.
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Problem Statement

Nonaffine Problems Reduced Basis Approximation
A Posteriori Error Estimation
Numerical Results

Contaminant Dispersion — Convergence: Energy Norm

N M 6:}’I\I,M,max,rel A:;/\T,M,max,rel nN,M
40 | 20 7.79e-02 2.13e-01 3.62
80 | 30 9.25E-03 3.80E-02 3.20
120 | 40 1.49E-03 3.05E-03 2.29
160 | 50 4.52E-04 7.43E-04 2.09
200 | 60 1.41E-04 2.32E-04 2.00

Results for random sample Erest € D of size 2000.
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Problem Statement

Nonaffine Problems Reduced Basis Approximation
A Posteriori Error Estimation
Numerical Results

Contaminant Dispersion — Convergence: Output

N M e?\I,M,max,rel A?\T,M,max,rel /F’.ZgV,M
40 | 20 3.82E-02 1.86E+00 61.2
80 | 30 7.25E-03 3.32E-01 64.0
120 | 40 6.71E-04 2.65E-02 66.9
160 | 50 1.13E-04 6.47E-03 78.4
200 | 60 4.42€e-05 2.02e-03 74.1

Results for random sample Erest € D of size 2000.
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Contaminant Dispersion — Online Computational Times

Nonaffine Problems

Problem Statement

Reduced Basis Approximation
A Posteriori Error Estimation

Numerical Results

N | M || snm(tFsp) | Ajar (55 0) | s(tF; 1)
40 |20 || 4.368-03 | 8.85E-03 1
80 |30 || 1.09-02 | 1.24E-02 1
120 | 40 || 2.07E-02 | 1.73E-02 1
160 | 50 || 3.39e-02 | 2.36E-02 1
200 | 60 | 5.11E-02 | 3.16E-02 1

Output & Bound VEk € IK
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Problem Statement

Reduced Basis Approximation
Nonlinear Problems A Posteriori Error Estimation

Numerical Results

Truth Problem Statement

Given p € D, evaluate Vk € K
s*(p) = £(u*(p))
where u¥(pn) € X, 1 < k < K, satisfies ul(p) =0

a; m(uF(p) — ubF = (), v) + a(uk(p), v; p)
+ [ g™ (u¥ () o5 1) v = b(v)u(t*), Vo € X.

Assumptions:
- g™ : R x Q X D — R continuous;
= g™ (urs @5 p) < g™ (uz; 3 ), Yur < ug;
-Vu € R, ug™(u;z;pu) >0, forany x € Q, p € D.
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Problem Statement

Reduced Basis Approximation
Nonlinear Problems A Posteriori Error Estimation

Numerical Results

Standard RB Approach

Sample Computation:
We expand upn (t*; 1) = Z;\le un;(tF; 1) ¢,
and obtain (v="_Ci, 4,5 EN)

/QQ(UN(tk;H)§$5N)Ci:
N
/g D un (5 m) Gims | G
o \;o

= N -dependent online cost.
Note:

» Standard RB-Galerkin recipe suffices for (at most) quadratic
nonlinearities: O (IN*) online cost ([VPP03, VP05, NVP05]. .. )
» Higher order or nonpolynomial nonlinearities = EIM.
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Problem Statement

Reduced Basis Approximation
Nonlinear Problems A Posteriori Error Estimation

Numerical Results

Empirical Interpolation Method

Interpolation Points and Spaces:

T8, = {=zT€Q,...,2%, € Q} and

W3, = span{{ny,, 1 <m < M}

= span{qi,...,qmu}, 1< M < Mpax,
&m are chosen by POD;-Greedy,, procedure.
Approximation : for given 'wk(u) ey
M
Lwk
g™ (wh(p)s @5 p) = gn” (z3p) = Zlcpﬁ/[m(u) gm (),

m=
where

M
Zl am (L) ok (1) = g™ (w(@, t*; p); 2T p), 1 <n < M.
m:

Note: %, (1) = @nm (tF; 1), function of (discrete) time t*.
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Sampling Procedure

POD;-Greedy,, Algorithm for EIM [Grel2a]

Set u* = g, Wy = {0}, S§ ={0}, M =0

while M < Myax
b e (p*) = g™ (uF (p*); @5 p*) — nlu (x;p%), 1<k<K
89, = 89, . U u*;
Wiy = Wi, + PODL2 o) ({ef; prm (#*), 1 < k < K}, 1);
M=M+1;

Calculate xps, qnr;

K
p=arg max 3,0, ey (n);

Strain

end
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Galerkin Projection

Given p € D, evaluate Vk € K
s, (1) = €(ufy pr (1))
where u?\,’M(u) € WL, 1 <k < K, satisfies u?\,M(u) =0
Arm(u (1) — uRa (), v) + a(u (), vs 1)
+/a9 i uNM(a:;u) v =b(v) u(t®), Vve W
Computational Procedure:

» Admits an offline-online treatment
» Online costt is O(MN? 4+ N3) and thus independent of N

T Cost per Newton iteration per timestep.
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Energy Norm & Output Bound

Energy norm bound [Grel2a]

9At k LA 3
Auk — 19‘1 N 2)
v (1) {aLB (1) <k,§:15 ‘|‘ kgl em () } )

-~

linear nonlinear
contribution to error bound

where  arp(p) ... Lower bound of “a"-coercivity constant,
5’1“\,,M(;L) ... dual norm of residual,
éX (n) ... interpolation induced error.

Output bound
Ay g (53 1) = <sup “>> TS

vEY ||'U||L2(Q)
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Bound Theorem

Proposition
If g(ufy pr(); 25 ) € Wiy 4, 1 <k < K, then
u* (1) — wRo pr (W] < ARFpr(n), Vu €D, 1<k < K.

and
|s¥(1) = sRar(W)] < AR (1), Y €D, 1 <k < K.
forall1 < N < Npax, 1 < M < Mpax.
Note
> In general g(u?\,’M(u);m;u) ¢ W]%/I+1’ thus
u® (1) — uRe e ()] & AR (1)

» Admits offline-online treatment:online cost O(K (N + M)?).
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Model Problem

Given u = (u1, p2) € D = [0.01,10]?, evaluate  © =]0, 1[?

(1) = Jo uin (1)
where uf, (1) € Y, 1 < k < K, satisfies u®(p) =0

ﬁm(u’fv,M(N) uN M(ﬂ)a v) + a(uN m(p),v)
+fn gnl(uk(“’);m;u)v - b(v) Sln(27rtk)7 Vv ey,
_ L et2 v (1) _ q
with g™ (u®(p); s ) = p1 —————
K2
Truth Approximation
» Space: Y C Y°® = HJ () with dimension A/ = 2601;
» Time: I = (0,2], At = 0.01, and thus K = 200.
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Sample Results

Truth solution y(t*; u) at time t* = 25At and
p = (0.01,0.01) p = (10,10)

Solution for u = (0.01,0.01), =25 At Solution for = (10,10), t= 25 A t

15 R 15
1 TS 1

SRS
RS

S
i
G

b(v) = 100 [, v sin(27x,) cos(2mwxy)
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Convergence: Energy Norm

10 w’
10° 10° 1.
o \ \‘
107\ e N
N 0 T T et s it s e e
2 L 2
T10°F N s 10 N
8 3 \ €107 S -
iy . , : £10 BNl G R S e T e
= VRTINS I 2Z  a[—M=20 o e |
- S ol |
© 0 m=20 [N 10 Jl---m=40 e,
109~ - M=40 10l - - m=70 B S
Moo ——M=100
10°}-e-M =80 107/~ - M =130
. M = 100 . M = 160 ‘
10

0 5 10 15 20 25 30 35 40 45 50 55 0 5 10 15 20 25 30 35 40 45 50 55
N N

Results for sample Etest € D of size 225.

> “Plateau” in curves for M fixed.
» “Knees’ reflect balanced contribution of both error terms.

» Sharp bounds require conservative choice of M.
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Nonlinear Problems

Convergence: Energy Norm

N | M 6:}l\f,M,max,rel A:}J\T,M,max,rel ’F’?\J,M
1 |40 3.83E-01 1.15e+00 2.44
5 |60 1.32E-02 4.59E-02 2.43
10 | 80 9.90E-04 3.41E-03 2.10
20 | 100 9.40E-05 4.16 E-04 2.77
30 | 120 1.30E-05 7.34E-05 2.48
40 | 140 3.36E-06 8.75E-06 1.64

Results for sample E¢est € D of size 225.

» Choose IN vs. M such that
error(EIM) < error(RB)

to obtain sharp bounds.
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Nonlinear Problems

Convergence: Output

N M ESN,M,max,rel A?\J',M,max,rel ﬁ]SV,M
1 |40 9.99e-01 249401 14.1
5 |60 5.35E-03 1.00E+00 130
10 | 80 2.57E-04 7.42E-02 146
20 | 100 1.43E-05 9.06-03 436
30 | 120 5.34E-06 1.60E-03 307
40 | 140 2.85E-06 1.90E-04 205

Results for sample E¢est € D of size 225.

» Accuracy of output bound < 1% for (IN, M) = (20, 100).
» Use adjoint techniques for faster convergence.
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Online Computational Times

N | M || snm(p, tk) A?V,M(Hatk) S(Hatk)
1 |40 5.42E-05 9.29e-05 1
5 |60 9.67E-05 8.58E-05 1
10 | 80 1.19e-04 9.37E-05 1
20 | 100 1.71E-04 1.05e-04 1
30 | 120 2.42E-04 1.18E-04 1
40 | 140 || 3.15E-04 1.35e-04 1

Average CPU times for sample Etest € D of size 225.

» Computational savings ©(103) for AN Mmaxrel < 1%.
» But offline stage much more expensive than for linear case.
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Problem Statement [Grel2b]

Reaction-diffusion equation

Ay (x, t; p)
o = VOWy (@ t; ) +£(y(@, t p)s 1)
Specific Example: self-ignition of coal stockpile
T (z,t) _ 2 2 —v/(T(x,t)+1)
5t = V*T(z,t) + BP° (c(z,t) +1)e ,
Pe@t) = LeV2ec(x,t) — B2 (c(x, 1) + 1) e/ T@HID,
where k
~ : Arrhenius number, - -
3 : Prater temperature, )
Le : Lewis number, 52 ()
® : Thiele modulus. , >
0 0.2 0.5 x

59 /66



Model Problem
Numerical Results
Nonlinear Reaction Diffusion Problems

Problem Statement

We consider
> 3 = 4.287,
» Le = 0.233,

» ®2 = 70000 fixed, and
> pu=~ € [12,12.6];
=> exhibits very rich dynamic behavior for this parameter range.
Truth Approximation:
» FE in space with N/ = 800,
» FD in time with At = 0.001, K = 6000.
Note

» Nonlinearity not monotonic: a posterior error bounds not valid.
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Temperature and Concentration for p = 12.0

as a function of time as a phase plane plot
Output, u =12 Phase Plot: = 12
4 s, (wD): Temperature 08
350 ___ s,(t): Concentration 0.7t
3l
25 8
E 2 g
3 8
1.5 3

3 25 3 35 4
time t Temperature
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Sample Results

Outputs as a function of time for
p=12.5 p=12.6

Output, p =125 Output, p = 12.6
4 4
. s‘(u,t): Temperature — s|(p,t):Temperature
350 _ sz(u,t): Concentration 350 _ sz(uﬂ): Concentration
3t 1 3t 1
2.5F 1 2.5F 1
S 2
5 2f 5 2r B
o o
151 1 1.5r 1
1 1
05/1/v\AA/\/\/\/\/\/\/\/V\/\/\/wf O'Sq/\/\/\/\/\/\/\/\/\/\/\/%
GO 1 2 4 5 6 00 1 2 3 4 5 6
time t time t
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Concentration

Phase Plane plot for
p=12.5 p=12.6

Phase Plot:p = 12.5 Phase Plot:p = 12.6
0.4 0.4
0.351 1 0.351
0.3f 1 0.3f
0.251 1 5 0.251
s
0.21 E S 0.2}
g
S
0.151 1 O 0.151
0.1 1 0.1F
0.05- 1 0.05-
q 2 1.4 1.6 1.8 2 22 24 26 9.2 14 1.6 1.8 2 22 24 2.6
Temperature Temperature
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Reduced Basis Approximation

RB: Np = 20,N. = 22, M = 44.
Truth and RB Approximation for p = 12.6

Temperature Concentration

Temperature,u = 12.6 Concentration, 1 = 12.6

Output 1

3 3
time t time t
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