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Elliptic Optimal Control Problems Introduction

Problem Statement

Given p € D, find u*(p) € U such that
u*(p) = argmin J(y(p), u(p); 1)
uelU

where y(p) € Y satisfies’
a(y, s ) = b(¢;p)u, Vo €Y.

Assumptions:
» FE-Space: Y C Y®, dim(Y) =N, H}() CY® C HY(Q)
» Control input: u €U =R
» Bilinear form a is continuous and coercive
» Linear form b is continuous

Qa
> Affine parameter dep.: a(w,v;pu) = > O0I(u) al(w,v)
q=1

T We will often drop the dependence on p, ie., y = y(p), ...
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Elliptic Optimal Control Problems Introduction

Problem Statement

Given p € D, find u*(p) € U such that
u*(p) = argmin J(y(p), u(p); 1)
uelU

where y(p) € Y satisfies’
a(y, s ) = b(¢;p)u, Vo €Y.

Cost Functional

(i) = 3 1y — yallZamy + 5 llu— wally
where:
» D C Q (or D CT)is a measurable set
» yq and ug are the desired state and control input

» X > 0 is the regularization parameter
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Elliptic Optimal Control Problems Lagrangian Approach

Truth Problem Statement

» Cost functional
1 2 A 2
J(y,uspn) = 5 lly(n) — yd“Lz(D) + 5 llu — ud”u
» Lagrangian

L(y,u,p; p) = J(y,u; u) + a(y, p; p) — b(p; p)u

First order necessary conditions

VL(y,u,p;)(¥) =0, VIEX =Y XUXY
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Elliptic Optimal Control Problems Lagrangian Approach

Truth Problem Statement

» Cost functional
1 2 A 2
J(y,uspn) = 5 lly(n) — yd“Lz(D) + 5 llu — ud”u
» Lagrangian

L(y,u,p; p) = J(y,u; u) + a(y, p; p) — b(p; p)u

First order necessary conditions

VL(y,u,p;)(¥) =0, VIEX =Y XUXY

Given p € D, find (y*, p*,u™) € X such that

a(y*, ¢;p) = b(e;p)u®, Vo €,
a(p,p*5pn) = (Ya—Y*,¥)L2(p), Ve €Y,
—=b(p*;n) + A(u* —uqg) = 0.
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Elliptic Optimal Control Problems Lagrangian Approach

Truth Problem Statement

» Cost functional
1 2 A 2
J(y,uspn) = 5 lly(n) — yd“Lz(D) + 5 llu — ud”u
» Lagrangian

L(y,u,p; p) = J(y,u; u) + a(y, p; p) — b(p; p)u

First order necessary conditions

VL(y,u,p;)(¥) =0, VIEX =Y XUXY

Given p € D, find (y*, p*,u™) € X such that

a(y*, ¢;p) = b(e;p)u®, Vo €,
a(p,p*5pn) = (Ya—Y*,¥)L2(p), Ve €Y,
—=b(p*;n) + A(u* —uqg) = 0.

= Solution expensive (A-dependent cost)
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Elliptic Optimal Control Problems Lagrangian Approach

Motivation 1/I1

Why do we care?

» Optimization over the parameter (many-query context)

» Model Predictive Control (real-time context)
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Elliptic Optimal Control Problems Lagrangian Approach

Motivation 1/I1

Why do we care?

» Optimization over the parameter (many-query context)

» Model Predictive Control (real-time context)

Goal I/I1I:

» Efficient solution of optimal control/optimization problem governed by
parametrized partial differential equations (PDEs).
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Elliptic Optimal Control Problems Lagrangian Approach

Motivation 1/I1

Why do we care?
» Optimization over the parameter (many-query context)

» Model Predictive Control (real-time context)

Goal I/I1I:
» Efficient solution of optimal control/optimization problem governed by

parametrized partial differential equations (PDEs).

One possible solution: Surrogate model approach

» Introduce reduced basis space Yy C Y.

» Replace high-dimensional problem, y € Y, by reduced basis
approximation, yny € YnN.
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Elliptic Optimal Control Problems Surrogate Model Approach

RB Problem Statement

» Cost functional
1 2 A 2
IN(nsuns ) = o llyn (1) — vallzepy + 5 llun — uall
» Lagrangian

Ln(yn,un,pn; ) = In(yn,un; p) + a(yn, pn; p) — b(pns p)un

First order necessary conditions Y9 = (o, ¢, @)
VEN(yN,uN,pN;u)(ﬂ) =0, Ve XnN=YNvXUXYnNn

Given pu € D, find (y3», Pr>uN) € X such that

a(yy, o p) = blosp)uy, V¢ € Yn,
a(p,PNi) = (Yd — Yns CP)L2(D), Ve € Yn,
—b(pis ) + A(uly —uqg) = O.
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Elliptic Optimal Control Problems Surrogate Model Approach

RB Problem Statement

» Cost functional
1 2 A 2
IN(nsuns ) = o llyn (1) — vallzepy + 5 llun — uall
» Lagrangian

Ln(yn,un,pn; ) = In(yn,un; p) + a(yn, pn; p) — b(pns p)un

First order necessary conditions Y9 = (o, ¢, @)
VEN(yN,uN,pN;u)(ﬂ) =0, Ve XnN=YNvXUXYnNn

Given pu € D, find (y3», Pr>uN) € X such that

a(yy, o p) = blosp)uy, V¢ € Yn,
a(p,PNi) = (Yd — Yns CP)L2(D), Ve € Yn,
—b(pis ) + A(uly —uqg) = O.

= Solution inexpensive (IN-dependent cost), but suboptimal
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Elliptic Optimal Control Problems = A Posteriori Error Estimation

Motivation II/II

Question:

» How large is the error introduced by the surrogate model approach?

Goal 11/11

Develop a posteriori error bounds for the

» optimal control
|lu* () — un (W llu < A¥(p), Vi € D,
» cost functional
|7 (y*, w*s ) — TN (yn, uns )| < A (), VY € D,

which are rigorous and (online-)efficient.
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Elliptic Optimal Control Problems = A Posteriori Error Estimation

Motivation II/II

Question:

» How large is the error introduced by the surrogate model approach?

Goal 11/11

Develop a posteriori error bounds for the

» optimal control
lu* () — upy (W) llu < AR (w), Vu € D,
» cost functional
|7 (y*, w*s ) — TN (yn, uns )| < A (), VY € D,

which are rigorous and (online-)efficient.

Other Work: — POD a-posteriori error bounds [TV09]
— RB: parabolic [Ded10, Ded12], elliptic (SPP) [NRMQ12]
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Elliptic Optimal Control Problems

Error Definitions

VL(y*,u*,p*;p) =0
l
{
y*(u*)
l
p* (y*(u"))

A Posteriori Error Estimation

VLN(yn>uns PN 1) =0
1
uy
l
yn(uny)
l
pr (yn(un))

Given p € D, find y*(u*) € Y such that
a(y®, ¢; n) = b(d)u*, Vo e,

and p* (y*(u*)) € Y such that

a(p,p* ;1) = (Y —Ya, P)r2()s Ve €Y.
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Elliptic Optimal Control Problems = A Posteriori Error Estimation

Error Definitions

VL(y*,u*,p*;spu) =0 VLN(yNs uns PN ) =0
i 4
u* UuN
4 4
y*(u”) yn (un)
A 4
P* (y*(u*)) PN (Un (uX))

» Optimality error
state: e¥* = y*(u*) — yy(uy)
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Elliptic Optimal Control Problems = A Posteriori Error Estimation

Error Definitions

VL(y*,u*,p*;spu) =0 VLN(yNs uns PN ) =0
i 4
u* UuN
4 4
y*(u”) yn (un)
A 4
p* (y*(u*)) PN (Ux (uR))

» Optimality error
state: e¥* = y*(u*) — yy(uy)
adjoint:  eP* = p* (y*(u*)) — P (yi (un))

M.A.Grepl (RWTH Aachen) RB for Optimal Control Problems September 19, 2013 7/ 23



Elliptic Optimal Control Problems = A Posteriori Error Estimation

Error Definitions

VL(y*,u*,p*;spu) =0 VLN(yNs uns PN ) =0
i 4
u* UuN
! — |
y*(u”) y(uy) yn (uyy)
A 4 i
p* (y*(u*)) p(y(uy)) PN (yn(un))

» Optimality error
state: e¥* = y*(u*) — yn(un)
adjoint:  eP* = p* (y*(u*)) — pi (¥i (uX))

» Predictability error
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Elliptic Optimal Control Problems = A Posteriori Error Estimation

Error Definitions

VL(y*,u*,p*;spu) =0 VLN(yNs uns PN ) =0
i 4
u* UuN
! — |
y*(u”) y(uly) yn(uy)
A 4 i
p* (y*(u*)) p(y(uy)) PN (yn(un))

» Optimality error

state: e¥* = y*(u*) — yy(uy)

adjoint:  eP* = p* (y*(u*)) — Py (YA (uX))
» Predictability error

state: e¥ = yN(uy) — y(uy),
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Elliptic Optimal Control Problems = A Posteriori Error Estimation

Error Definitions

VL(y*,u*,p*;spu) =0 VLN(yNs uns PN ) =0
i 4
u* UuN
! — |
y*(u”) y(uly) yn(uy)
A 4 i
p* (y*(u*)) p(y(uy)) PN (yn(un))

» Optimality error

state: e¥* = y*(u*) — yy(uy)

adjoint: P = p* (y*(u*)) — Pi (YA (ui))
» Predictability error

state: e¥ = yN(uy) — y(uy),

adjoint:  €P = p¥; (yn(ul)) — p (y(uy))
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Elliptic Optimal Control Problems = A Posteriori Error Estimation

Control Error Bound — Main Idea [GK11]

Given u};, the error in the optimal control satisfies [TV09]

lu* — ulyllu < % [A(ur — ua) = b (p (y(uy)); p)lly,

where y(u};) € Y is the solution of

a(y, ¢; u) = b(d; wuy, Vo €Y,
and p (y(u%)) € Y is the solution of

a(p,p*sp) = (Ya — y(un), P)r2(p)s Vo €Y.
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Elliptic Optimal Control Problems = A Posteriori Error Estimation

Control Error Bound — Main Idea [GK11]

Given u};, the error in the optimal control satisfies [TV09]

lu* — ulyllu < % [A(ur — ua) = b (p (y(uy)); p)lly,

where y(u};) € Y is the solution of
a(y, s p) = b(¢s puy, Vo €Y,
and p (y(u%)) € Y is the solution of
a(p,p*sp) = (Ya — y(un), P)r2(p)s Vo €Y.

» Provides rigorous bound for error in the optimal control,

» Evaluation of bound requires a forward /backward “truth” solve
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Elliptic Optimal Control Problems = A Posteriori Error Estimation

Control Error Bound — Main Idea [GK11]

Given u}, the error in the optimal control satisfies

et — iyl < 5 [ Ay = wa) = b (2 (u(u3)) 5 1)

+b (P& (i (uh)) 5 )|l
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Elliptic Optimal Control Problems = A Posteriori Error Estimation

Control Error Bound — Main Idea [GK11]

Given u}, the error in the optimal control satisfies

et — iyl < 5 [ Ay = wa) = b (2 (u(u3)) 5 1)

+b (P (vn (ui) 3 ) [y
where y3;(u},) € Y is the solution of

a(yn, ¢ ) = b(; p)uy;, Vo € Y.
and p%; (yn (u*)) € Y is the solution of

a(p,pas ) = (Ya — yn(un ) P)L2(p)y, Ve € YN
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Elliptic Optimal Control Problems = A Posteriori Error Estimation

Control Error Bound — Main Idea [GK11]

Given u}, the error in the optimal control satisfies

ot — i le < 5 [ Ak — wa) = b (03 (v () 10

+b (Piv (yiv (un)) =P () 5 1)l
where y3;(u};) € YN is the solution of

a(yn, ¢ ) = b(p; w)uy;, Vo € Y.
and p%; (yn (u*)) € Y is the solution of

a(p,pns ) = (Ya — yn(un), P)r2(p)y, Ve € YN
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Elliptic Optimal Control Problems = A Posteriori Error Estimation

Control Error Bound — Main Idea [GK11]

Given u}, the error in the optimal control satisfies

ot — b le < 5| Ay = wa) = b (03 (v (3)) 1 19)

>

0 from ;;timality
+b (piv (YR (i) = P (¥(uR)) 5 1) Iy,
where y3;(u},) € Y is the solution of
a(yn, ¢s 1) = b(P; p)uy, Vo € Yn.
and p%; (yn (u*)) € Y is the solution of

a(p,pns ) = (Ya — yn(un), P)L2(p)y, Ve € YN
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Elliptic Optimal Control Problems = A Posteriori Error Estimation

Control Error Bound — Main Idea [GK11]

Given u}, the error in the optimal control satisfies

1
le* = wille < SH1BCs )iy Pk (v (un) = P (y(un)lly,

where y3;(u};) € Y is the solution of

a(yn, ¢ ) = b(p; p)uy;, Vo € Y.
and p%; (yn (u*)) € Y is the solution of

a(p,pns ) = (Ya — yn(un ) P)r2(p)y, Ve € YN.
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Elliptic Optimal Control Problems = A Posteriori Error Estimation

Predictability Error Bounds

Recall: y(u}j;) € Y is the solution of
a(y, s p) = b(¢s puy, Vo €Y,
and y3, (uy;) € Y is the solution of

a(yy, ;1) = b(d; p)uy, Vo € Yn.

Lemma 1 — State
The primal predictability error, €¥ = y%, (u},) — y(u},), is bounded by

= Gl
arp(p)

where 7y (¢; 1) = b(d; p)uny — a(yn, ds 1), Vo €Y.

levlly < A%
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Elliptic Optimal Control Problems = A Posteriori Error Estimation

Predictability Error Bounds

Recall: p (y(u})) € Y is the solution of
a(p,p; ) = (Y(uy) — Ya, ©) 2Dy, Ve €Y,
and p%; (yi (u*)) € Yn is the solution of
a(p,pii i) = (ya — yn(un)s )LDy, Ve € YN

Lemma 2 — Adjoint

The dual predictability error, €P = p}; (yx (ul)) — p (y(uy)). is
bounded by

~ 1 ~
eP|ly < AR (p) = e ,+ C2AY , Vu €D
I&#lly < AR () = 5 (I )y + CBAK (1)), Vi

where
rp(p; ) = (Ya — Yn» ) 2(p) — ales P ), Ve €Y,

and Cp = SUPyey ||U||L2(D)/||’U||Y-
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Elliptic Optimal Control Problems = A Posteriori Error Estimation

Control Error Bound

Given u}y, the error in the optimal control satisfies
1
lu* —uillu < L1603 0)lly Pk (x (un)) = p (y(ui)) lly,

* 1 e
< AR () = 5 160 wllys AR ().
where y7;(u};) € Y is the solution of
a(y}k\]’ ¢; H) = b(¢a “)uf\]’ V¢ S YN-
and py (yx (u*)) € Yy is the solution of
a(p, PN ) = (Ya — yn(un)s P)Lz(p)s Ve € Yn.
» Derive error bound A%(u) (“standard” error bound + propagation)
» Allows offline/online decomposition
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Elliptic Optimal Control Problems = A Posteriori Error Estimation

Extensions and Remarks

> The error bounds can be extended to [KG13a, KG13b, Ki1]

» multiple control inputs: 4 = R™, m > 1

» control constraints: urg < u < uysn

» time-varying (parabolic) problems: w € L?(0,T)
» distributed controls: w € L?(D)

» We construct integrated spaces Y using a Greedy procedure on the
control error bound

» Dual approach [KG13a] to obtain superconvergent error bounds for

» the control (U = R™), and
» general (linear) output functionals of state and adjoint

» We can develop error bounds for the cost functional [BKR0O]
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Parabolic Optimal Control Problems Problem Statement

Problem Statement

Given p € D, find u*(t) € U® = L?(0,T;R) such that
u*(t) = arg min J(y(p), u(p); 1)
where y®(t; u) € W(0,T; Y®) satisfies
#mY°(1), ) + a(y®, ¢3 ) = b(p)u(t), Vo € Y*, faa t€[0,T)
Cost Functional

1 T
J(y, u; p) = 2/0 ly — yallZ2(pydt

A
+NY(T) = ya( D)2, + 5 llu = ualle

where A > 0, o > 0, and yq4 (uq) is the desired state (control input).
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Parabolic Optimal Control Problems Numerical Results

Model Problem

X9 FN
3 03
Q K=
o i ' o
Q) w Qy u2 O w
0 k=1 k=1 k=1
0 I_\N 7 Xy

Unsteady heat conduction in [0,4]: K = 200

Control u(t) = (u1(t), u2(t)) € U = L%(0,T;R?)

Control uqg = 0, state yg = (1.2 + sin(wt))xp(x), D = Q3
Regularization parameter: o = 0

Input parameter: p = (k,A) € D = [0.5,5] X [0.1;1].

vV v v v Yy
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Parabolic Optimal Control Problems Numerical Results

State Predictability Error and Bound

We present |Etest| = 40

. . . e y
> Maximum relative predictability error €y o el

. . L Yy
» Maximum relative error bound AN,maX,rel

> Average effectivity 7%

‘ N H 6:;J\J',max,rel Aal\f,max,rel ﬁ]y\f

8 2.10E—-1 | 2.99E—-1 | 1.29E+0
16 || 1.32E—-2 | 1.69E—-2 | 1.24E+0
24 || 3.37TE—-3 | 4.39E—-3 | 1.26E+0
32 || 5.94FE—4 | 8.09E—4 | 1.23E+40
40 || 3.81E—4 | 5.22E—4 | 1.28E+40
48 || T.40E—-5 | 1.10E—4 | 1.26E40
56 || 4.72E—-5 | 7.24E—-5 | 1.2TE+0
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Parabolic Optimal Control Problems Numerical Results

Adjoint Predictability Error and Bound

We present |Etest| = 40

. . . e p
> Maximum relative predictability error €y o el

. . L P
» Maximum relative error bound AN,maX,rel

> Average effectivity 77k,

‘ N H 6?V,max,rel Agj\f,max,rel ﬁ%’

8 1.67TE—1 | 447E—1 | 3.03E+0
16 || 9.0TE—-3 | 3.02E—2 | 4.01E+0
24 || 1.78E—-3 | 7.90E—-3 | 4.59E40
32 || 3.56E—4 | 1.33E—-3 | 3.83E40
40 || 1.59E—4 | 8.4TE—4 | 4.08E+4+0
48 || 3.33E—-5 | 1.72E—4 | 3.87TE40
56 || 1.67TE—5 | 9.24E—5 | 3.80E+0
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Parabolic Optimal Control Problems Numerical Results

Control Error and Bound

We present |Etest| = 40

» Maximum relative control error eN max,rel and bound AN max,rel

> Average effectivity fn;

’ N H 6’;J'V*max rel ‘ A’l]l\‘}jkmax,rel ‘ ﬁ;(f* ‘
8 6.26E—2 | 1.89E+4+0 | 5.01E+1
16 || 5.0TE—-3 | 1.28E—1 | 1.10E+2
24 || 5.58E—4 | 349FE—2 | 2.47TE+2
32 || 1.99E—-5 | 8.67TE—3 | 5.43FE+2
40 || 6.04E—6 | 3.58E—3 | 2.49FE+43
48 || 2.55E—-7 | 1.06E—3 | 5.60E43
56 || 1.52E—7 | 4.91E—4 | 4.86E+3

Speed-up truth/RB (N = 32):
» OCP solution & bounds: ~ 90
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Elliptic Distributed OCP Problem Statement

Problem Statement

Given p € D, find u* € U® = L3(R) such that
u* = arg min J(y(p), u(p); p)
ueue
where y®(p) € Y'© satisfies
a(y®, ¢; p) = b(¢p,u), Vo € Y.

) 1 A
Cost Functional: J(y,u; p) = 5||y — yd”%ﬂ(D) + 5 ||w — Ud||ae

Note: Additional reduction of control space Ups C U
» Set Ups = span{u*(pn™), 1 < m < M} and
Yn = span{y*(p™),p*(1™),1 < m < M}, where
the parameters u™, 1 < m < M, are picked by Greedy
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Elliptic Distributed OCP Problem Statement

Problem Statement

Given p € D, find u* € U® = L3(R) such that
u* = arg min J(y(p), u(p); p)
ueue
where y®(p) € Y'© satisfies
a(y®, ¢; p) = b(¢p,u), Vo € Y.

) 1 A
Cost Functional: J(y,u; p) = 5||y — yd”%ﬂ(D) + 5 ||w — ud||§te

Note: Additional reduction of control space Ups C U
» Set Ups = span{u*(pn™), 1 < m < M} and
Yn = span{y*(p™),p*(1™),1 < m < M}, where
the parameters u™, 1 < m < M, are picked by Greedy
Disclaimer: Distributed OCP with control constraints

= evaluation of AN () incurs A-dependent cost.
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Elliptic Distributed OCP Numerical Results

Model Problem

T2 A
5
4/- i (‘Illlvu/Z)‘
X
3 e
2t
QZ?”Z
14
3?1,'@1 o
0 1777277787774 =
» Steady heat conduction with k3 = 1, k3 = 0.2, k3 =5
»Y CY®={ve H(N),v|sq = 0}, dim(Y) = 18,117
» Control ug = 0, state yg = 1 in 25 and yg = 0 in N3
>

Input parameter: g = (p1, 2, A) € D = [3,4]? x [0.1;1].
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Elliptic Distributed OCP Numerical Results

Sample Solutions (A = 0.1)

: : 1.2

1

s

o

control - N
0.2

0

-0.2

D:* |
. 1

M.A.Grepl (RWTH Aachen) RB for Optimal Control Problems September 19, 2013 20 / 23

state 06

0.4




Elliptic Distributed OCP Numerical Results

Control Error and Bound

We present |Etest| = 20

» Maximum relative control error eN max,rel and bound AN max,rel

> Average effectivity a7

‘ N ‘ M H 6Jli;:kmax,rel Aiﬁfmax,rel ‘ ﬁXT* ‘
211 ||4.89E-01 | 4.48E+01|29.9
10| 5 || 9.69FE-02 | 1.65E+00 | 47.3
30 | 15 || 3.98E-03 | 1.52E-01 | 43.7
60| 30 || 3.32E-04 | 1.77TE-02 | 75.0

90| 45 || 7T9TE-05| 3.96 E-03 | 77.0

Speed-up truth/RB (N = 90):
» OCP solution & bounds: = 100 (75% of dta for ars(p) via SCM)
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