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Outline

Simple Elliptic PDEs: Setting
Problem Scope: Geometry
Problem Scope: Bilinear Forms

Working Examples: TBlock
AMass
EBlock3D
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simpie Eniptic |

uPDEs

Given u € D C R”Y,
evaluate s®(u) = £(u®(p)) 1

where u°(pn) € X°() satisfies

a(u(p),v;p) = f(v), VoveX°.

THere © refers to “exact.”
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Statement

Simple Elliptic
pnPDEs Definitions and ...

p: Input parameter; P-tuple
D: parameter domain;

s output;

¢: linear bounded output functional;

u®: field variable;
Xe: function space (H;(€2))” C X°¢ C (H'(2))";
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Statement

Simple Elliptic
uPDEs ... Hypotheses

a(-,-;u): bilinear,
continuous,

symmetric, 1PDE
coercive form, V u € D;

f: linear bounded functional.

COMPLIANT case: £ = f (and a symmetric).
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Statement

Simple Elliptic

nPDEs Affine Parameter Dependence!
Definition:
Q
a(w,v;p) = Zl 01(n) a?(w, v)
q:

whereforg =1,...,Q

®%: D — IR, p-dependent functions ;
a?: X°x X°®— IR, wp-independent forms .

TIn fact, broadly applicable to many instances of
property and geometry parametric variation.
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FE Approximation

Simple Elliptic
uPDEs Galerkin Projection

Given u € D C RY,
evaluate sV (p) = f(uV(p))
where vV (n) € XV C Xe satisfies a™v

a(uV (n),v;p) = f(v), VoveXV.

"Here XV is a sequence of FE approximation spaces indexed by dim(XN) =N.
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simpie Eniptic [

uPDEs

For any eqes > 0, evaluate ACCURACY
€D — sh(p) (=sV(w))

that provably achieves desired accuracy  RELIABILITY
sV (1) — s ()] < €des

but at (very low) marginal cost Otcomp' EFFICIENCY

independent of N as N — oo.

&t eomp: time to perform one additional certified evaluation 11 — s (u).
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Goal

Simple Elliptic
uPDEs

Relevance

Real-Time Context (parameter estimation, .. .):
to: 0 —  to+ Otcomp: s%(u) :
“need” “response”

Many-Query Context (dynamic simulation, .. .):

tcomp(“’j — 8%(”7)9 .] — ]-7 e J)
= Otcomp J @S J — o0 .
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Domain Decomposition

Problem “Scope’:

Geometry Definition

Original Domain ,(u) us € X(Qo(p))
Qo(p) = Upds™ Qo (pe) 5

reference domain €2 , u® € X°(Q)
Q= Ufﬁ‘l’m Q" ; common configuration

where Q = Q,(u,.;) for p... C DT,

TConnectivity requirement: subdomain intersections
must be an entire edge, a vertex, or null.
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Domain Decomposition

Problem “Scope”:
Geometry Building Blocks

For 2%, QF(u) we choose in R2',

(Parallelograms — by hand); EBlock3D
Triangles;

Elliptical Triangles™; and

Curvy Triangles™.

TIn R3, we choose Parallelepipeds (and in theory Tetrahedra).
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Affine Mappings

Problem “Scope’:
Geometry Local

Require Vp € D

— —k
Q_(n) = TR 51) ,1 <k < Kiom

where

Taff,k(m; M) _ Caff,k(u) 4+ Gaﬂ-‘,k(u)af; .

is an invertible affine mapping from 2" onto ﬁ'j(u).
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Affine Mappings

Problem “Scope’:
Geometry Global

Further require Vu € D

Tk (2 p) = T0H (23), Ve e NQ,

1 < kak,SKdom,

to ensure a continuous piecewise-affine
global mapping 72 ( - ; ) from Q onto Q,(p)T.

fIt follows that for w, € H (Q(pt)), w, o T2 = H(Q).
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Elliptical Triangles

Outwards: Q2(p)—Z4(K)

Problem “Scope”:
Geometry

Inwards: Q}(u)
O (1) + Qror (1) S (1) (""S t)

sin t

O(p) = (x5, zs)T
_ [ cosp(p) —sing(p)
Qrot(p) = ( sin () cos p(p) )
S(p) = diag(pi(p), p2(1))
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Elliptical Triangles

Problem “Scope”:
Geometry Constraints

Given T2(p), To (), find T (n), To(p) (= TH1E2)

\

(/) produce desired elliptical arc
>V € D

(/1) satisty internal angle criterion |

conditions ensure continuous invertible mappings.

TExplicit recipes for admissible z!(u) (Inwards case)
and z2(p) (Outwards case) are readily obtained.
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Elliptical Triangles

Problem “Scope”:
Geometry

Qo(p): p = (1, pt2,...) C D=1[0.8,1.2]° x ...
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Problem “Scope”: Elliptical Triangles

Geometry

Q= Qo(prer = (1,1)) Qo(p = (0.8,1.2))
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Curvy Triangles

Outwards: Q2(p)—Z4(K)

Problem “Scope”:
Geometry

Inwards: 2} ()

O (11)+Qrot (1) S (1) (g:gg)

O(p) = (a5, ae)T
B COS ¢(y,) — sin Qb(ﬂ)
Qrot(p) = ( sin () cos p(p) )
S(n) = diag(pi(p), p2(m))
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Curvy Triangles

Problem “Scope”:
Geometry Constraints

Given T2(p), To(p), find T (1), To(p) (= T2H1E2)

(/) produce desired curvy arc
>V € D

(1) satisty internal angle criterion |

conditions ensure continuous invertible mappings.

TQuasi-explicit recipes for admissible z_ (1) and z2(p) can
(sometimes) be obtained in the convex/concave case.
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Curvy Triangles

Problem “Scope”:
Geometry

Qo(p): p= (H15---) CD = [G55] X ---
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. Curvy Triangles
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Transformation

Problem Scope:

Bilinear Form Original Domain (IR2)
For w,v € H'(Q(p))T us(p) € Hy(Q0(p))
NS
K 0ol
S ow ow v
CLo(wa Vs N) — kzz—:l fﬂé’”’(u,) [ O0xros1 O0xo2 o ’CI;Z](H’) 3(3302
U

where ICF: D — R3**3, SPDfor 1 < k < Kgom
(note KCF affine in x, is also permissible).

T We consider the scalar case; the vector case _
(linear elasticity) admits an analogous treatment.
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Transformation

Problem Scope:

Bilinear Form Reference Domain
For w,v € H'(Q) u(p) € Hy ()
-
Kdom Jw Ow k %
a(w,v;p) = k21 Jaur { owy Omy ¥ } Kii () )
- v

K+ (1) = | det G (1) | D (u)KCk(11) D (), and

/(Gaff,k)—l g \

\OO 1/
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Transformation

Problem Scope:

Bilinear Form Affine Form
Expand
ow 0Ov
a(w, vip) = Khy(n) [ e
~—— o1 Ox10x
el(w) S al(wlv)

with as many as Q = 4K terms.

We (Maple) can often greatly reduce the requisite Q.
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Transformation

Problem Scope:
Bilinear Form Achtung!

Many interesting problems are
not affine (or require @ very large).

For example,

ICk(x; 1) for general = dependence; and
nonzero Neumann conditions on curvy 9X2;

yield non-affine a( -, - ; u).

Rozza G. Certified Reduced-Basis Methods 26



Working
Examples

T(hermal)Block: Theory
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T(hermal)Block: Theory

Working

Examples Problem Statement...

Given Qn = (“17 e 7NP) c D= [umm max]P"'

evaluate s®(p) = f(u®(un))
where u®(p) € X° = {v € HY(Q) | V|ry,, = 0}

satisfies a(u®(u),v; ) = f(v), Vv e X°.

THere P = BB, — 1; we require 0 < p™" < p™ < oo.
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T(hermal)Block: Theory

Working
Examples ...Problem Statement
Here
o) =0 = [ v,
I‘base
and symmetric, coercive
P
a(w,v;u):Zui/ Vw-Vuv + Vw-Vuv,
i=1 Q; Qpiq

where @ = U; ' Q; .
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Working T(hermal)Block: Theory
Examples Affine Representation
We obtain P=BB,—1
Q=P+1
a(’w,v; p) — Z @q(“) aq(w,v)
qg=1
for

O (p) = pe 1 <q< P, and P+l =1,
and

al(w,v) = [ Vw:-Vu, 1<qg< P+1.
ﬂq
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T(hermal)Block: Theory

Working
Examples Representative Solutions
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A(dded)Mass: Practice

Working
Examples

elliptical arc (0, —p2)
Qo(pn = (2.0,1.2,.25)) = 72(Q; )
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Working A(dded)Mass: Practice

Examples

— QO(NJref — (2, 1, O))
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A(dded)Mass: Practice

Working

Examples Problem Statement...

Given M= (/1’17 2, NS) cD U

evaluate s® = f(u®(u)) , ADDED MASS

where u®(p) € X© = {v € H'(Q) | v|r, = 0} satisfies

a(u®(p),vsp) = f(v), Vove Xe.

THere D = [1.5, 3] x [0.5,1.5] X [—0.35,0.35];
for Demo, D shall be further restricted.

Rozza G. Certified Reduced-Basis Methods 34



A(dded)Mass: Practice

Working
Examples ...Problem Statement
Here
fo) = [ o= [ o
ry ry
and symmetric, coercive
ow Ov
a(w,v; p) =/ . ki) e
@ O spp O

where k; () is induced by 72 ( - ; p).
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Working A(dded)Mass: Practice
Examples Affine Representation...
We obtain O — 34

a(w, v; 1) = i O%() a’(w, v)

where the

piecewise affine geometry mapping, and
bilinear form affine representation

are generated by symbolic manipulation.
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A(dded)Mass: Practice

Working
Examples ...Affine Representation
q O a’(w, v)
22 1T tEs le g_;l;g_;zdﬂ‘l' fﬂg g;u 59;:)2 f93 gsﬁuz f?;;z
25 3 f Qs g_;;;;_;zdm“ f Qg g_;:vz;_;zdﬂ
28 u1—%+u3 fm gz 6?;1 iy fﬂz gz fﬁ?;dﬂ fﬂ?, g_zf?_aidﬂ
32 2(1+p3—3zm1) Ja, gfl 5952 + Jag g;:vz 551
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Working
Examples

A(dded)Mass: Practice

2
-2-15-1-05 0 05 1 —2-15-1-050 05 1 15 2
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A(dded)Mass: Practice

Working
Examples

T(Gross) Assumptions: “small amplitude,” inviscid, incompressible flow.
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A(dded)Mass: Practice

Working
Examples ... Application: Oscillator
Given iy, pto: Many-Query
EE=0)=¢&, £EE=0)=¢,
: =N .  k ..
<1I3(M17M29M3 g))él/\ E=0, 0<t<ty.
! mpg

Note the added mass s© — 4.754 as u; — 0o, g —> 0.

TFor |¢| small, the approximation s®(u, 12, 0) is perhaps
sufficient — but also less interesting for our methods.
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E(lastic)Block3D

Working
Examples

Geometry:

pe = {1, 2, g3}

Young’'s Modulus:
pE = {pa}

Qo(pe = (0.8,0.8,0.8))
— Taﬁ(ﬂ — ﬂo(“’G,ref — (]‘7 ]" 1))’ HJG)
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E(lastic)Block3D

Working

Examples Problem Statement...

Given p = (1, p2, p3, pg) € DT
evaluate s® = f(u®(u)) , DISPLACEMENT

for  u®(n) € X° = {v € (H'())*| vlr,, = 0}

a(u(p),v;p) = f(v), VoveX°.

THere D = [0.5, 2] x [0.5,2] x [0.5,2] x [0.1,10].
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E(lastic)Block3D

Working
Examples ...Problem Statement
Here
and
27 8’11}1 8'Uk
a(w,v;u) — Z 8— Cijkl(ﬂ) .
m=1JQm OL; 8%[
where

Ciini(Mer) = AN 0;0k + AN2(8:10,1 + 8:01)".

THere A! and A% (Lameé constants) depend only on v (Poisson ratio) = 0.30
and Young mod.
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Working E(lastic)Block3D
Examples Affine Representation...
We obtain Q. =48,Q+ =9

a(w, v; 1) = Q; O%(1) a%(w, v) |

and

Qy
flosm) = 3 O(n) f1(0)

In this case f also depends (affinely) on .
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Working E(lastic)Block3D
Examples ...Affine Representation

q O%(p) a’(w, v)

Lt o (@A NDFRT + XG0+ Grion)

o  H1M314 fﬂ*((z)\z_l_)\l)@’wza’vz

owi 0 OJws 0
" T )\2( w3 0vy | Owg v3))

8&32 3:132 8:132 3:(32

Oows 0
3 HlZ;lM fﬂ*((z)\z_l_)\l)a;};a;i

2(0wi0vy | Owsz vy
A ( 3:133 8:133 8:133 3:133))

1 /0w Ov3 | Owsg 0v2 | 2 ( Owo 0v3 | Owsg 0vo
4 Hifry fﬂ*()\ (B:Bg@wg | 8:1338:132) | A (&vg@wz | 8m28m3))
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Working
Examples

0.00225

0.00200 :
0.00175 :
0.00150 :
0.00125

0.00025
0.00000

-0
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-8
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0.00100
0.00075
0.00050

E(lastic)Block3D

Voo

2]

L e A

3%

p1 = p2 = pg = 1.0
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Outline

Convergence: P =1

Convergence: P > 1

Rozza G.

TBlock
AMass
EBlock3D
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1



Preliminaries

Reduced Basis

Approximation Inner Products & Norms
Define, Vw, v € X* XN C Xe
((wav))u = a(w,v; p)
energy
Hw|l, = (w,w))}/?

and, given u € D

(w,v)x = ((wav))ﬁ+7(wav)L2(ﬂ)
X .
lwllx = (w,w)y?

Rozza G. Certified Reduced-Basis Methods 10



Reduce_d Ba_SiS Formulation
Approximation

Spaces

Nested Samples:
Sy={p' €D,....,pY € D}, 1 <N < Nyax -

Hierarchical Spaces: Lagrange
W{ = span{uV(u"), 1 <n < N}, 1 <N < Ny -

Orthonormal Basis:
{CNn}lgnSNmax — G_S ({uN(Mn)}lgnSNmaX; ( B )X) ¢

Rozza G. Certified Reduced-Basis Methods 13



Formulation

Reduced Basis
ApprOX|mat|°n Galerkin Projection...

Optimality:

1wV (1) — w ()] < g‘}‘f [u? (1) — wl||

best combination of snapshots.
Note also:
sV () — sN () = [[|[u™ (p) — uN (|15

output converges as square.
Rozza G. Certified Reduced-Basis Methods 17



Formulation

Reduced Basis
ApprOX|mat|°n ...Galerkin Projection

sV (k) — sy (p) = [lluM (1) — un I3

sV (p) = F(uN(p); sh(p) = FuN(p));

sN(p) — shN(p) = F(uN(p) — F(uN(p)) =
= a(v, uV (p) — uN (p); p);

e(p) = uN(p) — uN(p);
a(v,e(pn); n) = a(e(p),vsn) = a(e(p),e(pn); p);
a(e(p), e(m); p) = [||u™N () — uN(w)|]|2.

Rozza G. Certified Reduced-Basis Methods 17



Formulation

Reduced Basis

Approximation Discrete Equations
N .
Express un(p) = > uni(p) ¢
j=1
then

sn() = Flun() = 3 un () F(&)

where well-conditioned
N . . . .
> a(¢,¢hp)un; = f(¢Y), 1<i<N.
j=1

TWe suppress V: N is fixed for computational purposes.

Rozza G. Certified Reduced-Basis Methods 18



Reduced Basis

Approximation

Evaluation of sy () — GIVEN upn j, 1 < 57 < N

OFFLINE: Compute ¢7, 1 < 57 < N;
Form/Store £(¢’), 1< 3 < N. O(WN)

ONLINE: Perform sum

sn (1) = ﬁ::l F(¢9) — O(N) .

Rozza G. Certified Reduced-Basis Methods 19



Reduced Basis

Approximation

Evaluation of un j(p), 1 <3 < N ...

For a(w, v; u) affine,

Zla(CJaCZ5M) un; = f(¢"), 1<:1<N
]:
4
N @ . ,
> (X 0 at(¢d ¢ ) uny = F(¢), 1<i< N
1=1 “q=1

fOften (re-)invented: [B], [IR], [MMOPR].

Rozza G. Certified Reduced-Basis Methods 20



Reduced Basis

Approximation

... Evaluation of upn j(p), 1 <3 < N ...

OFFLINE: Form/Store a?(¢?,¢?), 1 <i,j5 < NI |
1<q<Q. O(N)

Q .
ONLINE: Form 3 ad(¢l, ¢, 1< i, < N
qg=1
— O(QN?);
Solve forun j(p), 1 <j< N — O(N?).

T Nmax chosen to satisfy specified error tolerance.

Rozza G. Certified Reduced-Basis Methods 21



Reduced Basis

Approximation

... Evaluation of ’LLNj([J,), 1 <3< N

Note aq(Cj, Cz) 1 S Za] S Nmax
i J L FE 2 . FE
—a( 5 dop S dopr)
k=1 k'=1
A J FE . FE '
= >, >, G al(o.”, o) Cu
k=1 Ek’'=1

_ FEq
e ZNmax A ZNmaX *

Rozza G. Certified Reduced-Basis Methods 22



Preliminaries

Sample/Space
Strategles General “Reduced Model”

Given u € D,
evaluate s () = f(up (1)),
where v (n) € X¥ C X/ satisfies dim(X¥) = N

a(uf (1), vip) = f(v), Vv e X¥ .

THere XJQ,/ may be a hierarchical or non-hierarchical Lagrange (Wj\\/) or
non-Lagrange RB space (Taylor, Hermite), or even a “non-RB” (non- M%)

space (Kolmogorov).

Rozza G. Certified Reduced-Basis Methods 24



Preliminaries

Sample/Space
Strategies Train & Test Samples

“Train” sample:

Etrain CDC ]RP§ |Etrain| — Tltrain (>> 1) °

“Test” sample:

E:test C D C IRP; |Etest| — Nest (>> ]-) o

Rozza G. Certified Reduced-Basis Methods 25



Sample/Space
Strategies

Preliminaries

Norms

Given 2 C D, y: D — R,
esssup |y(p)| ,

|yl Loo (=)

||y||L2(E)

pHEE

(> yz(u))m-

Given z: D — XV (or X°®)

esssup || z(p) ] x

Rozza G.

| 2|| Loo(z;x)

IE HLz(E;X)

peE=

(1=

pPEE

> l=lz)”

peE=

Certified Reduced-Basis Methods 26



3. Greedy

Sample/Space
Strategies ...Actual Method

Here, for N =1,...
|u? (1) — un (W)llx < An(n), Vp€D:

An () is a sharp, inexpensive'
a posteriori error bound for [|u (1) — uf¥ (1)l x.
Y

Greedy only computes actual (winning candidate) snapshots.

TMarginal cost ( = average asymptotic cost) is independent of N

Rozza G. Certified Reduced-Basis Methods 32



Sample/Space

Strategies

Given Etrain9 Sl — {“1}7 Wi/v — Span{uN(u’l)} ?

[for N = 2,..., Npmax:

pN = arg max wyb,(n) AR, ()

MEEirain

Sy = Sn_iup?

Wi = W, + span{uV (u™)}.]

Mypically, wn (k) = [|lup ()|l (Or wnv(p) = 1).

Rozza G. Certified Reduced-Basis Methods 33



Sample/Space

Strategies

Here,for N =1,...
1w (1) — uy (W)l < AR(1), V1 € D:

A% () is a sharp, inexpensive!
a posteriori error bound for |||u™ (p) — u%ﬁ(u) ],

Greedy*" only computes actual (winning candidate) snapshots.

TMarginal cost ( = average asymptotic cost) is independent of N

Rozza G. Certified Reduced-Basis Methods 34



Numerics: TBlock-

Convergence:
P>1

Certified Reduced-Basis Methods 52



Convergence: Numerics: TBlock-
P > 1 €en

AR (1)
max ———jxf——————_
HEEtrain I | |,u’N(l“l') | | |/Jf

10 20 30 40 50 60 70 80 90 100 110

N

THere Zi,.in is @ Monte Carlo sample in In g of Size nrain = 5000 (> N);
note [||uN (k) — wN ()||]n < A (w), and [||uh ()]l < [[|JuN (1)]]] .-
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Convergence: Numerics: TBlock-

P>1 .

max _AN#)
€S train || |uN (1) |||,

137 < N < 6808

O 10 20 30 40 50 60 70 80 90100110

N
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Numerics: AMass
Convergence:

P>1

elliptical arc (0, —p12)

Qo(p = (2.0,1.2,.25)) = T(Q; p)
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Numerics: AMass
Convergence: _

P>1 en

© po DIAM
0.5 S H2 S 1.5
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Numerics: AMass
Convergence: _

P>]_ en

AR (1)

max

€S train ||| N (10)|]]
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Numerics: AMass
Convergence: _

P>1 en

"Note |sV (1) — s¥ ()| < Afy(p) and s (p) < sV ().
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Numerics: EBlock3D

Convergence:
P>1

Geometry:

e = {p1s B2, 3}

Young’'s Modulus:
pE = {4}

Qo(pg = (0.8,0.8,0.8))
— Taﬂ(ﬂ — QO(“’G,ref — (17 ]-7 1)); H’G)
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Convergence: Numerics: EBlock3D

P>]_ en

o ANG)
HEEtrain | | |u._;\\f/(l’l’) | | |P'

TWe discuss computational details and performance subsequently.
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Convergence: Numerics: EBlock3D

P>1 en

10-10
0O 10 20 30 40 50 60 70 80 90

N

"Note |sV (1) — s¥ (1) < Aiy(p), and s¥ (u) < sV (p).
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