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Coercivity Lower

Bound’

Require a,: D — IR such that

0 < aﬁ%(“) < aN(U)a VpeD,
Ot comp (11 — (1)) i O(1)

where

>al, Vu €D).T
oixn fwlf (2 THED)

TWe consider symmetric a; extension to non-symmetric a is simple.
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Reformulation

Coercivity Lower

Bound Affine Parameter Dependence
Recall

Q

a(w, w; p) = >, O(p) a¥(w, w) ;

qg=1

hence
oV (p) = inf T (p;w)

weX

where

al(w,w)
lwll%
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Reformulation

Coercivity Lower

Bound “Pseudo”-Linear Form
Express
N — f jObj .
(87 (LL) 111 (Ua y)
yey
where
, Q
TN (3 y) = Zl O1(p) yq
q:

y={y€1RQ\EIwaXNs.t.

al(wy, wy)

yq — 2 9 1 S q S Q} °
lwy [ %
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Bounds'

Coercivity Lower
Bound Set V15 ...

Introduce

5 = 2, [ i “000) (0, )
weX |lw||% wexv |w|%k

C; = {#som €D+ Hgem € D
and, given u € D,
C)"* = {M points in C; closest to u} .

TWe consider the Successive Constraint Method (SCM). [HRSP]
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Coercivity Lower
Bound

Define Yi(p;Cy, M):

Yi(p) = {y € R?|(I) y € B,and

2 / N(,,' / M,p
(II) >, ©9(u') yq > o™ (p), V' € C;7 0.

qg=1
Lemma 3.1. Given C; C D, M € NN,

Y CVs(u;Cy, M), Y u € D. O
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Coercivity Lower
Bound

Proof: Forany y € ), 3 w, € X* such that

a9 (wq,w
yg ="y, 1<q<Q:

|wy || 5
inf ¢(ww) < 2 “(wywy) sup al(ww) . (I)
wex N wllk lwyll3 — N w3’
- N—— weX
Yq
q ad(wy,wy) — a(Wy,wy;im)
Z (1) u i lwyll%
Yq

> oaN(p), VpeD. (II)
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Coercivity Lower sounds

Bound Lower Bound...

Let

N . . obj
Q :Cr. M) = min TP (s .
LB(UJ? J s ) eV b sC.r M) (M? y) 5

a linear optimization problem (LP).

Proposition 3.2. Given C; C D, M € IN,

oy (n) < aN(p), Ve eD. 0
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Coercivity Lower

Bound

Proof:

s (p) =

VA

Rozza G.

min jobj .
yeYLB(1) (159)

min jobj .
iy (5 y)

oV () .

Bounds

...L.ower Bound

Lemma 3.1: Y C VB

Certified Reduced-Basis Methods 9



Coercivity Lower
Bound

Define
Yus(p;Cy, M) = {y* (') | 1’ € Cf;”’“}
where

y*(p) = arg inf T (u;3y) ;
yey

clearly Yup C Y.
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Coercivity Lower sounds

Bound Upper Bound
Let
oy(u;Cry, M) = min  JTP(p;y) ;

yeYuB(1;Cy,M)

a simple enumeration exercise.

Proposition 3.3. Given C; C D, M & IN,

adp(p) > oN(pn), VpeD. O
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Greedy Selection: C;

Coercivity Lower

Bound Procedure
Given Eirain(SCM), escm € [0, 1], M
N N
. aUB(LHCJ)—O‘LB(#;CJ)} :
While ugé?i:in [ A (i) > ESCM:
N N
J+1 aUB(u;CJ)—aLB(M;CJ)} ,
Hscm — arg Hreré?z:in |: a.{\JfB(M;CJ) Y
J+1
Ciy1 = CyU Msgm :
J — J+1;

end. Set Jy.x=J .
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Greedy Selection: C;

Coercivity Lower
Bound Convergence

If a Is parametrically coercive,

®I(n) > 0, YueD,
al(w,w) > 0, Vwe X, 1<qg<Q,

J = 1 suffices to ensure a¥, (1) > 0, ¥V u € D.

Generally, continuity of ®* ensures finite J,,.x such
that tolerance is satisfied: but J,a.x(P)?
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Offline-Online Procedure

Coercivity Lower
Bound Offline

In Greedy, perform
Jmax LP(Q? M) :> CJmax ;

2Q + Jmax €igenproblems’ over XV
= (I) Band (II) {aV (1) | i’ C Cipu} = VLB ;

Jmax Q inner products over XV = Yug .

TEigenproblems efficiently treated by Lanczos method.
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Coercivity Lower

Offline-Online Procedure

Bound Online

Given u € D, perform

Rozza G.

sort over Cj,.. = C;" ;

(M + 1) Q evaluations p/ — ©"(u’) ;

M look-ups p/ — oV (i) ;

LP (Q, M) — oan(k)

Cost independent of N/.
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.. Numerical Results
Coercivity Lower ekl

Bound
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.. Numerical Resul
Coercivity Lower

Bound

THere |E¢rain| = 500, escnv = 0.75, M = 64;
note TBlock-(3, 3) is parametrically coercive.
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.. Numerical Results
Coercivity Lower ekl

Bound

fl 1\‘A ‘

“u

O 100 200 300 400 500 600 700 800 900

THere |Eirain| = 900, escm = 0.75, M = 8 : J.x = 63.
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: EBlock3D
Computational

Performance
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FE Approximations

Computational
Performance Definitions

Introduce
XMt Mg = 106,754,
XM, AN = 26,952,
6,315 ;

S

=
2
|

assume that X¢© “=" XN,
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FE Approximations

Computational
Performance Output Errors

For “typical” u € D,

FEN; — |sM () — M (p)] "

e ’ — N ~ 0.01
|sNv ()]

FEN,. — |3N"f(N) _SNC(H’)l — )

8 wvC e N ~~ 9.10
|sNve(p)|

note the output sVt is O(1).
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COmPUtatlonaI RB Approximations

Performance

AS
Introduce A}S\’,rfflax — max — (1)
’ MEEtrain SN(l’l')

RB': uNf(u), 1< N < Nf

max ¢

choose

maX

s,rel FE,N;
‘ANmax S Zg , ‘

RBS: uhe(p), 1 < N < N¢_; choose
AS ,rel < 1 €FE’NC .

max| N,max — 4
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Cost Comparison

Computational
Define
Offline __ Offline time for RBN:: SCM & RB Greedy,
tcomp (N) i time to evaluate p—sN- ?

Online time for RBN:: 8t comp(u— s ,A%/)

Online
¢ (M’ N) time to evaluate p—sN- 1

comp

TNote the FE solver is minimum fill-in Cholesky:
for larger A/, PCG would clearly perform better.
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Cost Comparison

Computational
Performance Results

We obtain

Np: tOline (ALY — 53,72, break-even

comp

tOnline(A/‘f’ an

comp

N tOfme(Af ) — 554.4

comp

tOnline (Nca N¢

comp max

) = 0.0018 ; f

ax

) = 0.027 .

TNote roughly 70% of the Online time is associated with A%, (u).
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Components

Software : :
Offline: Symbolic

Problem Definition (User);

Geometric Transformation:
QF, QF(p), T2%%(-5n), 1 <k < Kdom ;

Affine Representation: £l
O%(p), al(w,v), 1 <q< Q.
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Components

Software
Offline: Numeric

Finite Element Matrices: f, L
al(pp®s %), 1< kK <N, 1<qg<Q;

SCM Greedy:
CJmaX9 B? {aN(l’l’,) | ll’, E CJmaX}7 JRICI
RB Greedy (Primal, Dual) {¢N " Hcn< Ny

a?(¢’,¢*)y 1 <4,5 < Nmaxy 1 <g<Q,

(£9,£7), 1<n,n' < Npaxs 1< ¢,¢ < Q.
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Components

Software
Online
1. Online_RB (probname, i, outputname, ...): *
pn— sN(p), As(u) . preload data

2. Vis_RB (probname, p):f
p— Q, uf(x; p) forall  in Qo(u) .

TNote: The cost of Vis_RB is not independent of NV:
find Nimin to achieve [luN (u) — uf  |lx < A% (1) = X

expand uNmn(:c p) = ,,]:r ! fu,Nmnn(,u) CN"’(w) — O(NpinNV).
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exensions: [

the NONs

Noncompliant outputs, £ # f;
Nonsymmetric forms, a( -, v; p);
Noncoercive forms, a( -, v; p);

Nonaffine forms, a( - , v; p);
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exensions: [

the NONs

Nonlinear  quadratic outputs, O( -, - );
Nonbilinear trilinear forms, a( -, -, v;p);
Nonbilinear general forms, a( -, v; u);
Nonelliptic  parabolic equations;
Nonelliptic  hyperbolic equations.
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: S ;
Extensions: Noncompliant: £ £ f

the NONs

Introduce duals

a(v,p(u);p) = —L(v), Vv € X°,
a(v, PV (u);p) = —L(v), Vv e XV,
a(v, YN, (m)ip) = —£(v), Vv e W™,

to improve output convergence (af fixed cost),
output bound effectivity.

TOr a non-symmetric.
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Extensions:
the NONs

p = (p1, p2) = (Pe, L) € D = [0.1,100] X [1,100]
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Extensions:
the NONs

TIssues: stabilization; bound effectivity.
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Inf-Sup Elements

Noncoercive
Problems Supremizer

We are given a bilinear forma : X! x X? — R. Then

a(w,v)

G inf-sup — inf sup 5
weX! ye x2 ||wl| x1[[v]|x2

we can also say that for any w € X! there exists a v*
in X2 (the inner supremizer) such that

a(w,v*(w)) > Bl|w||x1||v*|]|x2-
Note that 3 > 0 (if 3 Is negative, just switch sign of v),
however it Is not necessarily true that 3 > 0.
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Inf-Sup Elements

Noncoercive
Problems Supremizer

We introduce the inner supremizing operator

T : X' — X? as the following linear operator:
(Tw,v) x2 = a(w, v), Vv € X%

why is v = T'w the supremizer of a(w, v)/||v|| x2?

Note

a(w, Tw) = (Tw, Tw) x2, w given,
so for v = Tw ,
a(w,v) Twl||%
) PR ) e
[[v]] x2 Tw]||x2
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Inf-Sup Elements

Noncoercive
Problems Supremizer

But by Cauchy-Schwarz inequality, for any v € X2

a’(wav) e (Tlfwarv)X2 < ||Tw |X2HUHX2
[|v]]x lvllx= = [lv]lx

which proves the result.

Note T'w is simply our v*(w) of earlier. Hence, for any

w e X1,

< [ITw||x2,

a(w, Tw) 2 Bl|w||x1||Tw]| x:.
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Inf-Sup Elements

Noncoercive
Problems Supremizer

We can also develop an alternative expansion for 3:

( a(w,v))
su
P S T TP N |7 [P
weX! ||w]| x1 wex! ||w]|x1
0]
9 . (T’LU,T'UJ)X2
= inf 5

which is in fact a Rayleigh quotient.
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Inf-Sup Elements

Noncoercive
Problems Singular Value

Note that 3 is just a fancy singular value. To see this,
choose X! = X? = RrR"”, and

a(w,v) = v Aw,
for A € R™*™. It follows (for the usual Euclidean inner
product) that

(Tw,v) = a(w,v)
! l
vi(Tw) = viAw
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Inf-Sup Elements

Noncoercive
Problems Singular Value

so (Tw) = Aw.
Thus

, . . wrA"Aw
B = inf ,
weR™  wlw

and hence 3 is the smallest singular value of A.
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Abstract Problem

Noncoercive
Problems Approximation

Find u(@) € X such that
a(u(p),vip) = f(v) VvelX
and
s(p) = £(u(p)),
where 3(n) > 0, YV € D, with

a(w, v;
B(p) = inf sup (w, v5 1) :
weX vex [|w||x||v]|x
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Abstract Problem

Noncoercive
Problems Approximation

We further assume that a(-, -5 ) is affine,

a(w,v; p) = Z O (p)a(w, v).

We now denote our supremlzer asTH : X — X,
where (T*w,v)x = a(w,v; p), VveX

Note from our affine assumption it follows that
Q

THw = Z O )T w,

qg=1
where (T%w,v)x = a%(w,v), Vove X.
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Approximation

Noncoercive
Problems Petrov-Galerkin

We assume we are given two subspaces
X'C X,X?C X.Thenua(u) € X! satisfies

a(@(p),v,u) = f(v), Yve X?
and
s(p) = £(u(p)).
We define
= a(w, v; )

B(p) = inf sup
weX! e x2 ||w]|x|[v][x

Rozza G. Certified Reduced-Basis Methods 10



Approximation

Noncoercive
Problems Petrov-Galerkin

Our supremizer operator is then given by
T . X1 5 X2
(T“wv v)x = a(w,v;pn), Vv € X2,
It follows that, for any w € X1,
a(w, THw; p) > B(p)||w||x|| THw|| x
We pursue here just a Primal approximation, however

we can readily extend the approach to a Primal-Dual
formulation as described for coercive problems.
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Approximation

Noncoercive
Problems A Priori Theory

We know that
a(u(p),vsp) = f(v), Vve X

a(@(p),v;p) = f(v), VYve X?
and hence
a(u —u,v;pu) =0, Vv €& XZ(C X))

which is the usual (Petrov-)Galerkin orthogonality
relationship.
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Approximation

Noncoercive
Problems A Priori Theory

We can write, for any w € Xl,

Blla—a||x||T"(a—w)||x < a(@—b, T"(a—w); p)

= a((@a — @) + (u — @), T"(@ — ®); p)

(T* must be member of X2, hence can not use stabler
TH)
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Approximation

Noncoercive
Problems A Priori Theory

= a(u — w, T*(@ — W); p)

< yl|lu — ®||x||T" (@ — ®)||x
SO
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Approximation

Noncoercive
Problems A Priori Theory

and hence

[lu —ul|x < inf (||lu — w||x + ||a — w||x)
weX!

~¥. . -
(1 4+ =) inf ||u — w||x
/B weX1
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Approximation

Noncoercive
Problems A Priori Theory

Note it is not necessarily the case that 3 > 3 or even
B >0 (B may tend to zero as X’l, X2 are refined); Iin
this sense, noncoercive problems are much more
difficult than coercive problems.

We observe that approximation is provided by X* and

stability (through 3 ) by X?2.
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RB Approximation

Noncoercive
Problems Galerkin

Xl — X2 — WN
Introduce
Wn = spa,n{u(uzr),l <n< N}, 1 < N < Nnaa

Then un(p) € Wy satisfies

a(un(p),v;p) = f(v), Vv e Wh,
and

sn(p) = £(un(p))-
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RB Approximation

Noncoercive
PrObIemS Ga|erkin

If we define

. a(w,v;u)
By(u) = inf sup
weWn vewy ||w||x||v]|x

then

7 [ )
u —un|[x < (14 ) inf ||lu —wn||x

(and |s — sn| < [[£]| xvyllu — un||x).
In practice this often works very well. In theory,

however, it is not in general possible to ensure
Rozza G. Certified Reduced-Basis Methods 17




RB Approximation

Noncoercive
PrObIemS Ga'erkin

BN > B(w) and thus in principle we could (though
typically do not) observe By — 0as N — oc.
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RB Approximation

Noncoercive
Problems Petrov-Galerkin

Xl p— WN7 XZ — V]#
Introduce
Wx = span {u(ugr), 1<n< N} 1 < N < Npaa
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RB Approximation

Noncoercive
Problems Petrov-Galerkin

and
Vi = span {T“u(u;’r), 1<n< N} , 1 < N < N,,az

Note Vy; is parameter dependent.

Rozza G. Certified Reduced-Basis Methods 18



RB Approximation

Noncoercive
Problems Petrov-Galerkin

Then un () € Wy satisfies

a(un(p),v;p) = f(v), Vv € VE,
and
sn(p) = €un(p)).
If we define

a(w, v; p)
weWw

By(p) = inf sup ,
N veve Jwllx[v][x
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RB Approximation

Noncoercive
Problems Petrov-Galerkin

then

7 [ ]
|m—umus(1= ) inf  [|u — wnl|x,
N ’UJNEWN

(and |s — sn| < [|€]|(xny||lu — un]||x.) Butin this
case we can show that By (p) > B(n), Vu € D.
To wit

By () > a(w, TFw; p)

T : XV — XN

weWn ||w||x||THw]| x

since for any w € Wy, TFw € Vy;. But
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RB Approximation

Noncoercive
Problems Petrov-Galerkin

a(w, T'w; u) = (T*w, THw)x and hence
o | Trwl|x . [ THw|x
Bn(p) = inf >

weWn ||w||x T weX |[|lw||x
given that Wy C X.

— /8(“)9

Hence this Petrov-Galerkin scheme is guaranteed to
be stable.
Re Offline-Online, we note that if

Wn = span{¢",1 <n < N}
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RB Approximation

Noncoercive
Problems Petrov-Galerkin
then
Q
VA =span{ ) O©Y(pu)TY¢"1<n<N
qg=1
and hence

a(un(p),vsp) = -

N Q
a | uni()¢, Y OT(WTI¢u|1<i <N
Jj=1 q’'=1
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RB Approximation

Noncoercive
Problems Petrov-Galerkin
stored
N Q Q , —_—
Z D >4 @q(ﬂ)@q (M) aq(C]a T CZ)> uNj(u)
J=1 \qg=1q¢’=1

1<i< N O(Q?N?) Online operations.

(not particular onerous since there is already a
O(Q?N?) operation associated with a posteriori error
bound.)
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RB Approximation

Noncoercive
Problems A Posteriori Error Estimation

We know that
a(u — un,v; p) = r(vsp), Vo € X

= (é(p),v)x,Vv € X
where
r(vsp) = f(v) — alun, v; p)
Here upx can be either our Galerkin or Petrov-Galerkin

approximation.
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RB Approximation

Noncoercive
Problems A Posteriori Error Estimation

It thus follows that

B [lu — un||x||T" (v —un)||x <

a(u —un, T"(u — un); p) =

= (é(p), T"(u — un))x

< |le(w)||x][|T"(u — un)||x
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RB Approximation

Noncoercive
Problems A Posteriori Error Estimation
. ()|
E\U)|Ix
lu —un||x <
B(u)

Thus, for B;p(1) a positive lower bound for 3(u), and

[é()]|x
Bre(p)

An(p) =

we obtain
lu —un||x < An(p)
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RB Approximation

Noncoercive
Problems A Posteriori Error Estimation

(and also |s — sn| < ||[U]| x~yAn(p): @ Primal-Dual
approach / result is also possible).

Re Offline-Online, the calculation of ||é(u)||x is
identical to the coercive case. It only remains to
construct B p(u) by the SCM.
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RB Approximation

Noncoercive
Problems SCM for

We recall that

B2 (u) = inf L TH0)x

wexN  ||w||%
but since a is affine,
¢ L (T9w, T w)
. —~ —~ / X
B3u) = inf > > ©1(n)O7 (k)"
weX q=1 q’'=1 HwHX

(qu, Tq'w)X

Q Q
= inf ;: S: (2— 5qq’)@q(ﬂ)@q,(ﬂ)

weXN it £ %
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RB Approximation

Noncoercive
Problems SCM for

Hence

apply standard SCM
where
(2 — 5q’q”)@q,(ﬂ)@q”(ﬂ) RN @qSN)
1<¢<q"<Q il ) () =
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RB Approximation

Noncoercive
Problems SCM for Br5(u)

]- / /7 / /7
> ((Tq w, T v)x + (T? v, T1 w)X)
1<q<q"<Q

al(w,v)
1<q< Q=Yg
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