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Outline of Lecture 2

Outline of Lecture 2

@ Quadratic Programming (QP) Problems

@ Nonlinear PDE Constrained Optimization
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Q ic P ing (QP) F

Quadratic Programming (QP) Problems

Topics:
@ Linear-quadratic optimal control problems
@ POD-Galerkin schemes for first-order optimality system
@ A-priori and a-posteriori error analysis
@ Basis updates
@ Regularized state constraints
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Q ic F ing (QP) F Abstract Linear-Quadratic Optimal Control Problem

Linear-Quadratic, Time-Variant Optimal Control Problem

@ Quadratic programming (QP) problem:

. 1 K [t
min J0) = 5 Iv() =vali+5 [ lu)ifat

x=(y,u)

subject to the linear evolution problem

%(y(f)>¢>H+ a(ty(t), @) = ((f+2u)(1), @)y v Ve eV ae.in (f, 1]
with y(%,) = y, in H and to bilateral control constraints
UE Ugqg ={Ue U |ua(t) <U(t) <up(t) a.e.in[f, 1]}
State: y(f) € V — H with Hilbert spaces V, H
Control (Hilbert) space: % = [2(1,, f; U) with U=RMN, U = [2(Q) or U= L3(T)
Input/control: u e %,y (boundary or distributed control)
Bilinear form: a(t;-,-) continuous and a(t;¢,9) > nll¢l2 — nllel%

Control operator: 2 : % — [(t,,1; V') linear, bounded
Applicable also for elliptic control problems «ahibacher/v: 12, Tonn/Urban/V: 11, Tréltzsch/\V:09)
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Q ic P ing (QP) F Abstract Linear-Quadratic Optimal Control Problem

First-Order Necessary and Sufficient Optimality Conditions

@ Quadratic programming (QP) problem:

. 1 K [
min J() = 5 IV ~valfi+ 5 [ luhiat

x=(y.u

s.t. %(y(f),(p),.,—i—a(f; y(1),0) = ((f+2uU)(1), @)y y Vo € V a.e. in (f,1]
y(t.)=v.inH and ug(t) <u(t) < up(t), telt,t]

@ Optimal state y, optimal control U € %qg = {U|Uag < U< Up N [fo, ]}
@ Adjoint/dual equation:

d _ _ \ _ _
— g7 P, ) +a(tie,p(f)) =0ve € Vae.inll,t), P(t)=y(f)-yad
@ Variational inequality:
t
/f f(rcCl(f) —(#p)(1),u(t)— D(T))Udf >0 YUE g v

@ Reduced cost: J(u) = J(§ +.7u,u) with J(U) = kU~ B*P e % . i.e..
(@, u(t) ~TU(H)) g =0 VUE o
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(=1 ic F ing (QP) F POD Reduced-Order Modeling for QP P

POD Galerkin for the State Variable

@ Particular solution: € W(f,, 1) solves y(f.) = y. in H and

d . N n
(), +a(t: (1), 0) = (1), @)viy Vo€V ae.in(h,f]
@ POD space: V! =span{y;,...,y} C V
@ POD Control-to-state mapping: .7 : % — W(t,, 1), w! = #‘u solves w(t,) =0in H
and
d ) . .
FW D v+ altw! (1), ) = (BU)(D). ¥y Yy eV ae.in(h,t]
= ! linear and bounded
@ POD state: y! = y+ .U
@ Previous theorem with a-priori results for the state:
a) yY(0) =y, in H,i.e.,no POD error in the initial condition
on 112
B) (- = ullw, 1) < ‘Z[l,v(u)
i>

c) Hy—ykug(%,\/) —0forf —
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(=1 ic F ing (QP) F POD Reduced-Order Modeling for QP P

POD Galerkin for the Dual Variable (Balancing POD)

@ Adjoint/dual equation:

— 2P, 9+ alti9,p(D) =0Vp € V ae. I [f, 1), P) = V(H) ~ e
@ Terminal condition: p(t) = y(t;) — ya = (¥ + 2 U) (1) — ya = V(tr) — Ya + (L U)(t)
@ Particular solution: p € W(t,, t;) solves

LB, 0 taltie ph) =0Vp e Vae. nih.t), Blh)=9(H) - Va

@ Dual solution operator: o7 : % — W(t,, 1), v = &/ u solves

d

—g\v)eptalfiev(f))=0vpeVae in[h,f), v(t)=(Lu)t)

@ POD dual solution operator: o7 : % — W(t,, 1), vt = o7‘u solves
d ) ) ) /
*E<V[(f)7W>H+O(7‘¢ y, V(1) =0vy e Viae. in[t,t), Vi(t)=(Lu)t)eV

= same POD basis for state and adjoint variable
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(=1 ic F ing (QP) F POD Reduced-Order Modeling for QP P

POD A-Priori Analysis for the Dual Variable

@ Continuous variant of POD: for £ € {1,...,d} solve

£t {4
min . /7]yt = X 04 wix v

2
; jdf st (Wit CX (wy) =8, 1<ij<t (PY)
k=17t i=i

Theorem (Hinze/V.' 08, Troltzsch/ V.09, Gubisch/V. 13)
X=V., ¥ =span{ykK(t)|t € [t., 1], 1 <k < @}
a) Snapshotsy! =.7u, y2 =wu, p=p+au,pl =p+u:
" ) 2 2
P =P lwt, 4y < Cn <Z7Li+ Iy} = 2V 2t vy +1VF ygnyHL?(foﬁff;V’))
i>¢
b) Snapshotsy! =.7u, y2 = a/u, y3 = (L)t y* = (u), all in [2(t,, 1; V):

)12
P =P llwt 1) < C2 XA

i>l
©) If.7T, SUeH (f,1; V) foralllie %, then Im || — o (4 ) =0
oo g

In particular, Jim lp(T) — P (T)| W(t.t;) =0 forany e«
(—yoo
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(=1 ic F ing (QP) F POD Reduced-Order Modeling for QP P

POD Approximation of the Variational Inequality

@ Variational inequality:
ot
/f ' (xU(t)— (#Z*P)(t),u(t) — D(f))udf >0 YUE g "))

@ Optimal POD solutions: T € %,q. ¥* =y +.7(T, p* = p+ ‘T’
@ POD variational inequality:

/rff (kT (1) = (BB (1), u(t) =T (1)), dt >0 YU €E Uaqg 5
@ A-priori analysis: choose u= T’ in (VI), u=Uin V1Y and add
1
0< [ (k(@=8)(1)— (#"(P—PN(1).U (1)~ TUH) o

= —xla- 1P - [ (@ BB, T - TNyt

<l )l 24, ) 10Tl
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(=1 ic F ing (QP) F POD Reduced-Order Modeling for QP P

Convergence Result for the POD Suboptimal Control

@ Continuous variant of POD: for ¢ € {1,...,d} solve

man/

dt st {witoy CX, (W, w)y =8, 1<ij<t (PL)

i~ X kv

Theorem (Hinze/V.' 08, Troltzsch/V.09, Gubisch/V. 13)
X=V.,¥v= span{yk(f)|f€ [fo, ], 1<k < @}
a) Snapshots y' = .70, y2 = /U, y3 = (ST)s, y* = (F0), allin 12(1,, 1; V):

_ 2
18— 0wty < Co X A

i>l

b) If 7L, /T e H' (1,1 V) for all G 2. then im [[G— T4, =0
[—00
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Q ic F ing (QP) F A-P iori Error Analysi

Perturbation Anolysis (Malanowski/Buskens/Maurer'97)

@ Variational inequality:

/T':f (kT(t) - (Z*B)(1),u(t) — U(H)),dt >0 VU E Uy v
@ Misfit in the variational inequality: suboptimal & € %44

/: (KD‘(I‘) — (BB (1), u(t) - D’(T))Udfzo YU € Uag

with pf = p+ T’
@ Perturbation analysis: there exists a perturbation ¢¢ € # satisfying

t .
/f ' (kT (1) = (BB ) (D) + L (1), u(t) — T (1) ydt >0 VYU € Uog o)
@ A-posteriori analysis: choose u= T in (VI), u=Tin (VI[) and add
t
KT < [ {(# /(T - )+ (T (D - BN ydf
since pf —p = o7/ (U' —0)
@ Estimate for the control: ||T— Tf||,, < lK 16401,
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Q ic P ing (QP) F A-P iori Error Analysi

Convergence Result for the Perturbation

@ Estimate for the control: [|T—Tf||,, < 1 111¢Y| 4, and pf = p+ /T

— (kT () — (#P")(1) if Ua(t) < T'(t) < up(t)
@ Computation of {': ¢(1) ={ —min (0, kT (1) — (#*B')(1))  If T'(1) = Ua(})
—maox (0, kT (1) — (B*P')(1) if T(1) = up(t)

i.e., ¢'=¢(U") = a-posteriori error analysis for suboptimal o'

Theorem (Tréltzsch/V. 09, Gubisch/V. 13)
X=V, ¥ =span{yX(1)|t €[t 1], 1 <k < o}

a) Snapshots y' =.70, y2 = /U, y3 = (LTt y* = (L 0)t, all in 121, 1;
2
1842 <CY A
>t

0) If 7Ty /U H (f, 1 V) for all Ge % then m ||, =0
L

V):
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Q ic P ing (QP) F A-P iori Error Analysi

Algorithm with POD A-Posteriori Analysis

@ Estimate for the control: ||T—T'||,, < 1(¢Y,, and pf = p+ Tt
— (kT ()~ (2"B")(1) if ua(f) < () < up(f)
@ Computation of 't ¢/() ={ —min (0,xT () - (B*B') (1)) i T(F) = Ua(1)

—max (0,kT () — (2*B') (1)) if T() = up(t)

Algorithmus 1 (Optimal control with a-posteriori error estimation)

(1) Choose /. and POD basis {1//, 1 for the Galerkin approximation of the LQ problem;
(2) Determine the reduced-order model for the LQ problem;
(3) Calculate suboptimal control T € %.4. €.9., by a semismooth Newton method;
(4) Compute perturbation ¢! = ¢/(T');
(5) IF ||| /x > TOL AND ¢ < {1, THEN
Enlarge ¢ and go back to (2);
ELSE
Stop;
ENDIF

@ Applicable for balanced-truncation (vossen/v:12) Or reduced-basis method onn/uman/v:1m
@ Error estimation between high- and low-dimensional discretization Gubisch/Neitzen
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(QP)F ical

Numerical Example: Problem Formulation and Optimal Control studinger/v:13)

@ Consider:

. 1 1
man(y,u):E/Q}y(ff)fyd\deJrm/of/r{u\zdxdf

st y++0.1Ay=0in Q, ﬂ+

Y

L — —vinO= 2
In ]Oofuonz,y(O)fyolnfzf(OJ)

—05<u<2onx=(0,f)xl

@ Method & Discretization: semismsnooth Newton & implizit Euler, finite elements

¥,
2
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(=1 ic F ing (QP) F ical

Numerical Example: POD Error Analysis studinger/v:13)

CusoleFE iy,

: :
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decay of normalized eigen values o semiog scale, Variant eigs X0

A-posteriori error: ||T—Tf||,, < lKHCK(CK)H% =: E£gpe

7 “h 0 £ape ~h - £ape
¢ ‘ €ape fla -l ﬁr“ ‘ €ape flah e HD%W
5 | 13100  91.107! 1.32 651071 56.107! 1.16
20 | 59-107] 32.107] 1.84 75.1073  73.1073 1.03
60 | 14.1072 12.1072 117 83.10°%  83.10°° 1.00
70 | 12.1072 1.1.10-2 1.10 30-10°5  30.1075 1.00
9 | 1.1.1072  97.10°3 113 37.1076  37.107¢ 1.00
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Q ic F ing (QP) F Optimality-System POD (OSPOD)

Optimality-System POD (OSPOD) (&rimm/v:13, Kunisch/v:08, v/ 11)

@ Original problem: minJ(u) = J(y(u), u) 8.1 U € Zyq
@ POD-Galerkin approximation:
minJ (u) = J(Y (u),u) st UE Uy D)
@ OSPOD-Problem:
y=y(u), yi=y(ufori<i<e

min _Z(u) = J(y*(u),u) s.t. oty , P o)
avi= [y y(dt =2y 1<i<e O
— more complex than the original problem
@ Numerical realization: operator splitting
e choose an inifial control u® and a corresponding POD basis {y?}._,
e improve the POD basis by applying a few gradient projection steps for (ﬁgspod>

@ compute an approximate solution to D) by Algorithm 1
@ Efficient combination with a-posteriori error estimator (rimm/v:13,v:13)
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(=1 ic P ing (QP) F Optimality-System POD (OSPOD)

Numerical example for A-Posteriori Error with OSPOD Basis Update @rimm/v:13)

Algorithmus 1 (Optimal control with a-posteriori error estimation)

(1) Choose lmax and POD basis {y; f:1 for the Galerkin approximation of the LQ problem;
(2) Determine the reduced-order model for the LQ problem;
(3) Calculate suboptimal control T € %,4. €.9., by a semismooth Newton method;
(4) Compute perturbation £ = ¢/(T');
(5) IF ||Z"|4 /x > TOL AND ¢ < £;,x THEN
Enlarge ¢ and go back to (2);
ELSE
Stop;
ENDIF

@ Algorithm: apply a few gradient steps for (f’ﬁspod) and continue by Algorithm 1

@ Stopping criterium: [|£¢] 4 /x < TOL = min(At, Ax2) = 1€-4, lpax = 30

@ No basis update: ¢ =10 30, ||£30||4, /x ~ 1.2e-2, 485 for Alg. 1

@ 1 0SPOD gradient step: £= 10,730, [|£30|| 4, /x ~ 5e-3, 4.05 (OSPOD) + 47s for Alg. 1
@ 2 OSPOD gradient steps: /=10 13, ||£'3||4 /x < TOL, 6.35 (OSPOD) + 8.1 for Alg. 1
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(=1 ic F ing (QP) F L

Problem with Mixed Control-State Constraints reitzschos)

@ (Abstract) linear-quadratic problem:

. 1 K [
min, J0) = 5 Iyt - valli + 5 [ luhifat

x=(y.u)
s.t. %<y(7‘)7fp>H+ a(ty(1),e) = ((F+2u)(1),@)y v Ve € Vae. in (f, 1]

y(f)=YoinH and ug(f) <eu(t)+(Fy)(F) <up(t), t€[t, 1]
@ Control space: % = [2(t,,1; U) with U =RM
N,
Input/control operator: (Zu)(t,x) = Zu ui(H e, (%)
=1

State operator: (Zy)(f) = (Jo, y(F,X) dX/|QU)1<i<n,
State constraints: ¢ — 0
Particular solution: § € W(f,,f) solves y(t,) =y, in H and

d . % ;
V(D) @)+ altiy(t),0) = (f(1). 0)v,y Vo eV a.e.in (fo,1]
Control-to-state mapping: .77 : % — W(f,, 1), w = .2 u solves w(f,) =0in H and

%<W(f),<0>H+O(f: w(f),9) = ((BU)(1). @)y Vo Vae. in (fo,f]
@ Inequality constraints: vo(1) := (Ug — 2 ) (1)< (eu+ £ 7u)(t) <(Up — FY) =: V(1)
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(=1 ic F ing (QP) F L

Formulation as a Control Constrained Problem

Solution representation: u+— y(u) =y +.%u

Inequality constraints: vo(1) := (ug— FY)(1)< (eu+ 2L u)(t) <(up — FY) =: vp(T)
Transformation of variables: v := Zuwith . Z = e+ .., ie. y =)+ Su=y+.7F v
Transformed, linear-quadratic problem:

man(y+5&7 v,.Z7 )= +g F |

st ve Vog={V|va(t) < V(1) < vp(t) for t € [1, 1]}
= form of the previous linear-quadratic optimal control problem
Variational inequality:

<w = ZVY(1) — BB(1), V() — v(f)>%20 YV e Vog

POD Galerkin scheme: additional analysis for #! ~ .7

@ A-posteriori error estimate: |[T—T'|| < £ [|.Z| () 1541 with computable ¢

@ Convergence result: ||¢¢|| — O for £ — oo
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P ing (QP) F ical Example

Numerical Example: POD basis update afanasiev/Hinze'01, Gubisch/V: 13)

@ Optimal control problem: heat equation, control space # = [2(0,3;R'0), e =1e-5

optimal control optimal state . Rom error and Aposti error bound

R poseriort ol

IR
\\\“\“‘\:{{{{\\“‘\\\\\\\\\\\\\

Baft,x)

AR

AR
R

S
\

N\ o
S

10
dirction 2 0o et direction « 0o time ¢ con

20 25 30 35 40 45 50
Pod basis rank ¢

Optimal control

. Rom error and Aposti erra

Optimal state

Rom error and Aposti erra

POD basis with u

Rom error and Aposti erro

10 10
107 107° 107
5 G0 15 20 25 30 35 40 45 50 5 0 15 20 2 30 a5 40 45 50 5 0 15 20 25 30 a5 40 45 %0
Pou basia rank ¢ Pod busis rank ¢ Pod basis rau £
POD basis update POD basis with u= T POD basis update (e =1e-3)
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Quadratic Pi ing (QP) F Li on Red d-Order Models for QP Problems
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PDE C; (e]

Nonlinear PDE Constrained Optimization

Topics:
@ Inexact sequential quadratic programming (SQP)
@ A-posteriori error control for nonlinear problems
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ined Obtimi

PDE C;

Sequential Quadratic Programming (SQP)

@ Infinite dimensional optimization:
minJ(x) s.t. e(x)=0

@ Lagrange functional for (P): £ (x,p) = J(x) + (e(x),p)
@ (Local) SQP method: at z, = (X, py) solve
. 1
{ MINL4(2)%5 + 5 Lio(2) (X5 X5)

s.t. e(x )+ € (x)xs =0
@ KKT system: solution X5 to (@PX) is characterized by

Ps

( Lo 2k) 9’(6%)* >< Xs >:7< i)&is) )
_— —

€' (X)

Ax - Zy = by
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PDE C; i Optimizati Inexact ial Q ic Prog! ing (i

Inexact SQP by Using POD or RB

@ KKT system: inexact solve of A,zs = by by discretization
@ Discretization: (POD or RB or BT or...) model reduction
AlZs = bl eR", n=n()

@ Convergence of (local) SQP method: Z§ reduced-order solution

1A« 225 — bl = (12" (2)119), qell,2]

with prolongation &
@ Rate of convergence: superlinear (1 < g < 2), quadratic (g =2)
@ Control of reduced-order approach:
A 225 — bil| ~ 125 — 2Z5]| ~ 1" (2) 117
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PDE C: ined Optimizati Inexact Sequential Quadratic Programming (inexact SQP)

Convergence Result

@ Variables in optimal control: x = (y,u)., y = y(u)
@ KKT system: z, = (xk, k). Xk = (Vi Uk)

Ly(z)  Lyul2) ‘ ey (X)* Ys ~Zy(2)
Luy(z)  ZLuu(Z) QU(gk)* us | = —“u(z)

ey(x)  eulx) | Ps —e(xk)

@ Suboptimal solution to KKT system: z§ = (¥, U5, 05%)
@ Prolongation 7: Z§ — 22§ = (5, U, Ps) with
ey(X)Vs = —e(x) — eu(x)Ts

&y ()" Ps = —Zy(2) = L (2)V — Lyu(2) T
— a-posteriori error computable

Theorem (Kahlbacher/V. 12)

Second-order sufficient optimality implies

Jim 2+ PZs=7 if ||AcPZ5— byl ~|Ts — Us| < TOL
o
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PDE C; i Optimizati Inexact ial Q ic P ing (i SQP)

Multilevel Approach with Reduced-Order Models

@ Convergence criterium: || Ay 2z§ — by || ~ ||Us — Uj|| < TOL
@ A-posteriori error qrsitzsch/v:09):

1Ts — TS|l = | Luy (2) Vs + -Luu(2k) T + €u(Xi)*Bs +ZLu(Z) |

=—g¢
with [|Z/]| = O for £ — oo
@ Convergence of ||C!||: no rate, basis dependent cinzevos)
POD basis: combination with Optimality-System POD w11

@ Nonlinear optimization approach: Trust-Region POD
(Arian/Fahl/Sachs’00, Schu/Sachs’07)

@ Combination with FE adaptivity: (Clever/Lang/Ulbrich/Ziems)
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PDE Constrained Optimi

Numerical experiments «anhibacher/v:12)

@ Optimal control problem:
o | 2 K 3 02
m'ni/nm\y—y | dx+§,;‘ﬂl|‘ul_ui‘

N ) 3)/
stou >0, —Ay+y;u,-xn,.:fm Q, S-+y=gonm

1=
@ Givendata: y9, up, k>0,f. g
@ Globalisation of SQP:

- modification of the hessian
- Armijo linesearch with ¢; merit function

@ Equality constraint case: x = (¥, u) with inactive t >0
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PDE C: ined Optimizati Numerical example

Numerical examples «ahibacher/v:12)

Domain © and subdomains ©,, 0,

05

) Reference control: u°®

§ o £ Desired state: y(u®)+ noise

x Measurement domain: Qm ¢ Q
0.5

SQPit. | £ (z)|  a-post.

1.38e-0 1.16e—-3
8.53e-1 8.36e—-2
2.57e-1 7.87e-5
4.65e-3  5.67e-6
3.05e-5 1.90e-6
4.66e-9 —

XXX XXX
[ |
ORNWN—O

Domain © and subdomains Q......Q;

0.5
% D ]

0.5

it 05 0 05 1
SQPit. | £ (z)| a-post.
k=0 3.01e-2 1.58e-3
k=1 4.48e-1 7.44e-4
k=2 3.63e-1 3.46e-4
k=3 5.16e-2 4.04e-5
k=4 1.48e-2 4.98e-4
k=5 1.62e-3 6.56e-4
k=6 7.51e-7 —
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PDE C: i Optimizati Elliptic-Parabolic Systems Arising in Battery Models

Elliptic-Parabolic Systems Arising in Battery Models o os, wxz:os)

@ Coupled nonlinear parameterized PDE system: Q = (0, L)

y1—=V-(DVy)=Z(y,p,q;u) =0 in Q= (f,#)xQ
-V (k(y;u)Vp) - Z(y,p,q:n) =0 inQ
—V-(oVa)+Z(y,p,q;u) =0 inQ

— concentration y and potentials p, g
@ Parameterized nonlinearities: u = (i1, 1y, 3, 1,) € R
0 o Vysnh(uy (@-p-Iny)) il
k(yiw) = (1+u4y)°, Z(.p.qiu)=4 0 in Qe
u3Vysnh(uy(@-p-Iny))  inQ3

@ Boundary conditions: yx(t,-) = px(t,-) =0, g(1,0) = 0 (uniqueness), oqgx(f,L) = I(1)

[Rpe—— c

time
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PDE C; i Optimizati iati F ion of the PDEs

Variational Formulation of the PDEs

@ Coupled nonlinear parameterized PDE system: Q = (0, L)

yt—=V-(DVy)-Z(y,p,q;n) =0 in Q= (f,1)xQ
=V (x(y;n)VP) = F(y,p,q; ) =0 in Q
=V-(eVa)+Z(y,p,q;n) =0 in Q

and boundary conditions
@ Variational formulation: Vo ={pc V : (0) =0} c V=H'(Q)

/Qyf<p+DVy-V<ofeﬁ(y,p,q:u)wdx=0 VoeV
/Q k(y;u)Vp-Vo—F(y.p,qin)edx =0 VpeV
/Qqu-Ver?(%mq:u)xdx:lx(L) Vx € Vo
14, - [ § 4 51 \.\\
R _— . \\ -
: N P
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PDE C; ined Optimizati Finite (FE) in Model

Finite Element (FE) Galerkin Model wass/v13)

N
@ Nonlinear FE-Galerkin scheme: y-*' (1) = ij(f)q)j”/ etc.
=1

/Q yi'e" +DVy" Vo' —F(y" . p".q" e dx=0 v e v’
/Q k(y"im)vp” Vo —F(y".p" .a”im)e” dx=0 Yo e v
/ ovg? Vil + Z(v" .o " ) dx =1y (L) vy e vy

Q

@ High-dimensional (large /") nonlinear ODE system:

My'(1)+Spy(H) —F(y(1).p(*). a(t): 1) =0, te (fo, 1]
Sk(y(Nim)p(t) —F(y(1).p(1),a(1)in) =0, te(fo, ]
Sea(h)+F(y(1).p(1),a(h):n) = I(1), te (fo, fr]

M ... mass matrix, Sx ... stiffness matrices depending on the diffusion parameters D, k(y; u). ¢
Fz(tiw) = (Jo Z (v (.07 (1), qﬂ"(f);u)(pj’ dx) with coeffizient vector z = (y.p,q)

@ Model reduction: replace {¢;" }/, by {wi}{_, with ¢ < .4
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Nonli PDE C fi Obtimizati P ter Esti

Parameter Estimation without Noise (ass13)
@ Optmization problem: estimate u = (u,,...,u,) from boundary potential data g9(1)
N ff
@ Cost functional: J(u) = & [|q(t,L; 1) — g%(t)|? dx
fo

@ Subset selection method: determine parameters, which can be identified «appel et ai12)

a*(t) vs. q°(L,b) vs. q*(£.b) (FEM) 4(8) v, 4"(1,0) vs. q"(1,b) (ROM)

@ Numerical algorithm: Gauss-Newton method (regularisation by subset selection)
@ Computation times (Noise: 0%):

CPU time optimal parameters
FE 358.85 (0.80000, —0.90000, —0.20000,0.10000)
POD 9.9s (0.79995, —0.90000, —0.20003,0.10001)
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Nonli PDE C fi Obtimizati P ter Esti

Parameter Estimation with Noise (ass'13)
@ Optmization problem: estimate u = (u,,...,u,) from boundary potential data g9(1)
N ff
@ Cost functional: J(u) = & [|q(t,L; 1) — g%(t)|? dx
fo

@ Subset selection method: determine parameters, which can be identified «appel et ai12)

a*(t) vs. q%(L,b) vs. q*(£.b) (FEM) 4(t) v. 4"(1,0) vs. q"(1,0) (ROM)

@ Numerical algorithm: Gauss-Newton method (regularisation by subset selection)
@ Computation times (Noise: 5%):

CPU time optimal parameters
FE 314.6s (0.77324,-0.90000, -0.19157,0.15786)
POD 9.3s (0.77310,—0.90000, —0.19156,0.158006)
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PDE C: i Optimizati A-P iori Analysis for Nonlinear Optimal Control Problems

A-Posteriori Analysis for Nonlinear Optimal Control Problems «ammann/tréttzsch/v: 12, DFG grant)

@ Reduced problem: mig J(u) with hessian V2J(u)
ue

@ First-order optimality conditions: VJ(fi)" (1 — i) > Oforall g € ®
@ Second-order sufficient optimality conditions: there is a constant n = n(ji) > 0 with

pT (@ =>n|pl3 vueRr?
= uV2I(f)u > T ||ull3 Yu € R, Vi € © oq provided ||fi — fi]|; sufficiently small

Theorem (Kammann/Trolizsch/V. 13)
[i optimal control, it suboptimal control. Then, second-order sufficient optimality implies
_ . 2 _
-l < €ope With  eape = 5 [I4EB] P

provided || — i’||, is sufficiently small

@ Problem: n =n(f)
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Nonli PDE C; ined Optimizati A-P iori Error Analysi

A-Posteriori Error Analysis wass/v:13)

@ Theory: | — ‘2 < €ape With €ape = 2[|S(B*)ll2/1 ANA 1 = Amin(V2I(2))
@ A-posteriori error:

A" =R, < IVIE )l = A7 (B")

_ &
Aonin (V2J())

@ Results (CPU time ~ 30 seconds):

Nose o —a'ls A" (&)

0% 5.10e-5 8.94e-2
5% 2.53e-4 3.70e-2

@ CPU times for the optimization:

0% noise 5% noise

FE 358.8 seconds  314.6 seconds
POD 9.9 seconds 9.3 seconds

@ Different approach: utilize Kantorovich theory oinmann/Haasdonk’13)
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PDE C: ined Optimizati Li on Nonlinear PDE Constrained Optimization

Related Literature

Alla, Dihimann, Haasdonk, Heinkenschloss, Hinze, Manzoni, Quarteroni, Rozza, Sachs,
Ulbrich, Ziems...

M. Gubisch, S.V.: POD a-posteriori error analysis for optimal control problems with
mixed confrol-state constraints, 2012

M. Kahlbacher, S.V. POD a-posteriori error based inexact SQP method for bilinear
elliptic optimal control problems, 2012

E. Kammann, F. Troltzsch, S.V.: A method of a-posteriori error estimation with
application to POD, 2013

K. Kunisch, S.V.: POD for optimality systems, 2008
E.W. Sachs, S.V.: POD-Galerkin approximations in PDE-constrained optimization, 2010

A. Studinger, S.V.: Numerical analysis of POD a-posteriori error estimation for optimal
control, 2013
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