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PART A: POD FOR DYNAMICAL SYSTEMS

POD Galerkin ansatz. Consider the linear parabolic differential equation
My(t) + Ay(t) = f(t) + Bu(t),  My(0) = ys.
1. Find a linear and bounded operator S': U — Y and gy € Y such that y = Su + 3.

2. Complete line 7 and implement the function Rom in the algorithm

Algorithm 1 (PodGalerkin)
Require: M, A, f,yo, B, u, At, liax-

1: Solve § = State(M, A, f,yo, At)

2: Solve y; = State(M, A, Bu,0, At) and yo = State(M, A, f + Bu, yo, At)

3: Solve Wy = Pod(At, M, y1, lmax) and Yo = Pod(At, M, ya, brax)

4: for £ =1, ..., .y doO

5. Determine [M{, A{, Bf] = Rom(¥%, M, A, B) and [M4, AS, B, f£,vy,] = Rom(¥5, M, A, B, f,y,)
6: Compute z¢ = State(M{, A{, Bfu,0, At) and x5 = State(M%, A, f5 + BSu,y’y, At)

7. Determine the corresponding high-dimensional states ¢} = ..., y5 =

s:  Compute ef = [lyo — y{[ly and e = [ly2 — v5 v

9: end for

3. Visualize eq, e and the first few Pod elements of Wy, s,

PART B: OPTIMAL CONTROL OF PDESs

Optimization problem. We consider the pde-constrained optimal control problem

g
min J(y,u / I (e) — v+ 3 19(T) — gl + 5l

subject to
My(t) + Ay(t) = f(t) + Bu(t) & My(0) =yo,  wa(t) <u(t) < up(?).
Optimality system. An optimal control-state pair (g,%) € Y x U is given by
My(t) + Ay(t) — f(t) — Bu(t) =0,  y(0) =y
—Mp(t) + Ap(t) + My(t) —yq(t) =0,  Mp(T) = yo — My(T)
u(t) —P(c"'B*p(t)) =0

where P(u) = min(max(u, u, ), up) is the canonical projection of U onto [ug, up)].

4. Find a linear and bounded operator T : U — Y and p € Y such that p = Tu + p.
5. Define a selfmapping F' on U such that the optimal control @ is a fixpoint of F.

6. Formulate a condition of the regularisation parameter ¢ such that the corresponding Banach fixpoint iteration
admits a unique solution.




PART C: REDUCED ORDER MODELLUNG FOR OPTIMIZATION PROBLEMS

Optimization algorithm. We provide the following fixpoint strategy:

Algorithm 2 (SolverOpt)

Require: initial control u., desired exactness £, maximal iterations kpax, inhomogeneous component B*p
1: Set k=0, u = u,
2: repeat

3:  Compute y, = Su = State(M, A, Bu, 0, At)

4:  Compute pp, = Tu = fliplr(State(M, A, —fliplr(Muyy), —My(T), At))

5. Evaluate uy = P(c~1(B*p;, + B*p))
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s until |luy —ully < e or k = knax.
:Setu=uyand k=k+1
: Return optimal control u.

7. Design an algorithm which combines the model order reduction via POD with the provided optimization
strategy.

8. Compute the error between the suboptimal controls u* and the optimal control u for ¢ =1, ...,15. Visualize
the result.



