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Dirichlet boundary condition

b(t,z) = f(t,x) =mq(t,x) = ma(t,x) =n(t,x) = c(t,x) = 0 on |0, 400) x O

Initial condition

b(0,z) = bo(x), f(0,2) = folx), m1(0,z) = myo(x),
ms(0,x) = mao(x), n(0,2) = ng(x), ¢(0,x) = ¢o(x) for x € Q.

(3)
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Dirichlet boundary condition
b(t,z) = f(t,x) =n(t,z) =00n |0,+00) x Q2 )

Initial condition

b(0,z) = bo(z), f(0,z) = fo(x), n(0,x) =ne(x), forz € Q. (6)
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H = L*(Q)*, H' = positive functions in H
V = (Hy(Q))%, Yt = positive functions in V

Theorem 1

For any initial value ug = (b, fo,n9) € VT given, there exists a unique
positive global mild solution w(t) = (b(t), f(t), n(t))of the problem (4-6).
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Sketch of proof

& Positivity preserving: Using Theorem 2.1 in

& Local Lipschitz:

[ONS

[Efendiev, M.A. and Eberl, H.J. 2007]
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Sketch of proof

& Positivity preserving: Using Theorem 2.1 in [Efendiev, M.A. and Eberl, H.J. 2007]

& Local Lipschitz:

m— - 2
o kfb kb knb kb _ _
Fu(b, f,n)—Fy (b, F,7)|22 = - _ - —ub—Db) —y(b—D
| F1(D, f,n)—Fy(b, f, )] Kot] K47 Koin Kem (b —b) —~( )L2
kb Kb | knb kb |

< c(k, p,7) <|

_2
- 4 - +(u+7y)|p-0, .
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Because
kfb kfp | kfb_kf5+kf5_kﬁ2
Ko+ f K+ fle [Ko+f K+f K+f K+Fle
ke ‘ WE(f—T) |
L b—b =
SC( 7:“7/7) <‘Kb+f( )L2+ (Kb+f)(Kb+f) L2>

< o(Ky, b, p1,7) (1o = 0l72 + [b(f = f)l12)
yields, using Holder’s inequality,

2

< (K, b, p1,7) (b= bl72 + [bl7al f — fl74)

L2

< (R, Ky, k, 11,7) (Hb — bl + 11/ = 7”%%) |

kfo kb
K+ f Ko+ f

Similarly, we also obtain the following inequality

2

knb kb
Kb+n Kb—l—ﬁ

< (R, Ky, b 1,7) (116 = Bl 3y + [l =73 )

L2
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So, we have

Bi(b, f,n) = Fi(b, 1. 70) 32 < (B, Ko by ) (116 = Bl + ILf = Tl + lln =7l )
Analogously,
Bo(b, f.n) = Ba(b, F, )3 < c(R, k, Ko, K) (11f = Flid + 1o =Bl )

Fy(b. fm) = BB, F,m) G0 < (R k. Ko, B) (lln =l + 116 = Bl13 )
Therefore,

F = (F,FF3) : XY2 =VT — X = H7* islocally Lipschitz.
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& Positivity preserving: Using Theorem 2.1 in [Efendiev, M.A. and Eberl, H.J. 2007]

& Local Lipschitz:

local non-negative mild solution + priori estimate of solutions (see later on)

=> global non-negative mild solution
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Mild solution:
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D, 0 0
A=—(0 Dy 0 |Ap
0 0 D,
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The operator

BACH KHOA

D, 0 0
A=— 0 Df 0 AD
0 0 D,

is positive and self-adjoint in H and has compact inverse. Consider an orthonormal basis in H; (2)
consisting of eigenfunctions e; € Hy(f2),7 = 1,2, ...., of the operator —Ap, corresponding to the
eigenvalues

0< )\ S)\QS,AJ —> 00 as j — 00.

For u = (b, f,n)" € V, we have

o0

(6. @) oo
g bejej,g fejej,g (n,ejye; |
j:

Z Db)\j<b, €j>€j7 Z Df)\3<f7 €j>€j, Z l)n)\‘7 (n, €j>€j
j=1 j=1 j=1
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Hence e~ : V — V defined by

6. @) oo

0
ety = (Z e PrNt(b ej)e;, Z e PIYt(f e;e;, Z e Priit(n, e,
j=1 j=1 j=1

is an analytic semigroup in V' generated by the operator A.

We denote the fractional power spaces associated to A by
X*=(D(AY),(.,.)xa), a € R.
The inner product in X is given by

(’LL, U)XO‘ — (Aaua Aav)X()? u,v < D(Aa)’

where
> 2 (b,ej)e; D it [ DyAj 2 [(b, €5)|* < o0
DA% = qu= | Ziallene | 9 255 DA P(f e)” < oo
> i (nsej)e; S0 DX P (ny )2 < o0

>€j>
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and
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ZDO‘)\O‘ (b, €; e],ZD Xf.ej ej,ZDO‘)\a n,e;)e;

In these notations,
X'=(D(=Ap))?, Xz =V, X' =H, X 2=V

The operator A in X° can be extended or restricted, respectively, to a positive sectorial operator
in X* with domain X°!, a € R, and the corresponding semigroups e~“* ¢t > 0, in X are
obtained from each other by natural restrictions and extensions. Moreover, if 5 < a we have
e~ M(XP) C X~ and

— Ca,p
le™]|zxmixe) < taa_B, t >0,

for some constant c, 3 > 0, where ||.||zv,w) denotes the norm of a linear operator between the
normed spaces V' and W (see, e.g., Section 2.1.1 in [Temam, R. 1997])
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Existence offalqlobaliattractor:

Theorem 2

The semigroup {S(¢)}:er, associated with (4-6) processes a

global attractor A in V™ provided
)\1Db—|‘,LL‘|—’Y—2k > ()

where A; > 0 is the first eigenvalue of the operator —Ap

on the domain €2 with the homogeneous Dirichlet boundary

condition.
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Sketch of proof

(a) Existence of an absorbing set in V7.
+) EIbs;)rbiﬁg set in H*
o b3 < [b0)]72e M A = —2(M\ Dy + 1+ v — 2K).

) Ol < (IF0)7: —c) e P o1, o =

Co

i 2 < 2 _ 2 | g~ MDnt C2 2 oM
) ) < (1O = 552 OB ) e+ 2 O

=> the ball By+ (0, R) is a bounded absorbing set in H*.
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Existence offalqlobaliattractor:

Sketch of proof

(a) Existence of an absorbing set in V7.
+) absorbing set in V*

2% — 11 — R (2k 2
( 1 7)R2+ +( + 1+ )

RZ Wt >T+1.
2Dy 2Dy 4D, ’ =4

) IOy < o, e =

) FOI < 6 s = (ea+cs)e™, Ve > T+ 2.

) @I < cor co = cs+er, VE =T +1.

We choose Ry, = max{2cs, 2¢g, 2¢9 }, it implies that By+ (0, Ry ) is a bounded absorbing set in
VT for the semigroup S(t).
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(a) Existence of an absorbing set in V7.

(b) Asymptotic compactness of the semigroup.

Lemma 1 Let B C X2 be a bounded set. Then, for every T™ > 0 there exists a constant r such
that
ST )u = S(T7)v|| 3 < Ellu—v]|x0, Yu,v € B.
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Now, we assume that the set B C X > is bounded.

LetT > 0and x,, € B,t, > Q,n € N, be sequences such that t, — oo.
— {S(t, — T)z, : t, > T,n € N} is bounded in X
= v = S(tn, — T)x,, converging weakly to v in X 2 and strongly to v in X"

Lemma 1 => [[S(T)vx — S(T)v|| 1 < Kl[vr — v|x0,

=> asymptotic compactness of the semigroup.

08-11/Sept/2014 Asymptotic Behavior of Microbial Degradation Dynamics



SUMMER SCHOOL: ANALYSIS AND APPLICATION

OF PARITIAL DIFFERENTIAL €EQUATIONS
Existence offalqlobaliattractor:

Fractal dimension estimates of the global attractor

BACH KHOA

The global attractor A has finite fractal dimension

[Efendiev et al. 2005]

Lemma 2 Let V and W be Banach spaces such that the embedding V' — W is dense and
compact, and let S(t),t > 0, be a semigroup in V. We assume A C V is a compact invariant set
and the semigroup satisfies the smoothing property: There exist T > 0 and a constant k > 0 such
that

S(T*)u — S(T*)v||ly < kl|lu—vl|lw, Yu,v € A.
Then, the fractal dimension of A in'V is finite.

We now can apply Lemma 2 to the semigroup S(t),¢ > 0, with V' = X 2 and W = X° to get
the finiteness of the fractal dimension of the global attractor. ]
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Local ultimate’boundednessioniglohaliSolutions

Theorem 3

The semigroup {S(¢)}:er, associated with (4-6) processes local

absorbing sets in V*

Idea of proof

+) |b + f _|_ n|L1 S C(K, |b0|L17 |fO|L17 |n0|L1).
+) b7 < e|Vbl3, + c(e)|b]31, Vb € Hy(Q), Ve > 0. seein [Robinson J.C. 2001]

+) ‘b(t)‘%ﬂ S ‘bo‘%Qe_(AlDb_F'LH_’Y)t + C, C— C(K7 Kba ka ’b0’L17 ‘f0|L17 ‘nOILl)‘
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Idea of proof

+) [b+ f+nlp < oK |bolrr, | folzr, [nolrr).

(2

d
%\b+f+n|u—/

(DyAb+ DA f 4+ D, An)dx = (B — 1 — ¥)|b| 1 +r/fda:—%/f2d:c
Q Q 0

gr/Qfd:U—%/Qdex.

In addition, using Stokes’ formula, we have

ob O0f On
- - <
/Q(DbAb + DfAz‘ + DnAn)d:E = /a ( > + y + V) ds <0,

d r
“ L < — 2dz.
dt|b+f+n|L _T/ngdﬂf K/Qf dx

Hence,
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Idea of proof

Using Cauchy’s inequality, we have

K2
—fP<-Kf+ R
Hence,
d K?
—1b < —
o+ ftnln < -
which yields

b+ f+n|p < (K, |bo|t, | folor, [nolrr)-
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& M\ D, + p+ v — 2k > 0: existence of a finite-dimensional global attractor

1

& When the condition is invalid: local ultimate boundedness of global
solutions

1

& Optimal control, other biological systems...
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Sketch of proof

(a) Existence of an absorbing set in V7.
+) EIbs;)rbiﬁg set in H*
o b3 < [b0)]72e M A = —2(M\ Dy + 1+ v — 2K).

) Ol < (IF0)7: —c) e P o1, o =

Co

i 2 < 2 _ 2 | g~ MDnt C2 2 oM
) ) < (1O = 552 OB ) e+ 2 O

=> the ball By+ (0, R) is a bounded absorbing set in H*.
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Thank you very much for your attention!
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