The Gradient Discretisation Method: framework and tools for the numerical
analysis of elliptic and parabolic models

The gradient discretisation method (GDM) is a generic framework for the design and convergence
analysis of numerical schemes for elliptic and parabolic PDEs [I]. The GDM is built on the choice of a
few discrete elements D = (Xp, Vp,IIp), together called a ‘gradient discretisation’ (GD):

e a finite dimensional space Xp,
e a gradient reconstruction Vp : Xp — L?(Q)9,
e a function reconstruction Ilp : Xp — L3(Q).

Substituting, in lieu of the corresponding continuous space and operators, these discrete elements in the
weak formulation of the PDE gives rise to a numerical scheme called the ‘gradient scheme’ (GS). Con-
sidering for example the simple diffusion model —div(AVw) = f with homogeneous Dirichlet boundary
conditions on © C R?, whose weak formulation is

Find u € H}(Q) such that [ AVu-Vu= [ fo Yo € Hy(Q),
Q Q

the corresponding GS reads
Find up € Xp such that / AVpup - Vpup = / fllpv Vup € Xp.
Q Q

Three to five properties only (depending on the model) on sequences (Dp,)men of GDs ensure that
the corresponding GSs converge for a wide range of models, from linear elliptic and parabolic PDEs to
non-linear models including p-Laplace equations, the Stokes and Navier—Stokes equations, degenerate
parabolic equations, and optimal control problems with elliptic state equations.

Specific choices of GDs correspond to specific schemes, and the GDM analysis therefore seamlessly ap-
plies to many numerical methods, from finite elements (conforming, non-conforming and mixed, including
mass-lumped versions), finite volume methods, to virtual element methods, etc.

In this talk, I will give an overview of the GDM, the numerical methods it encompasses, and the
results it yields. I will also cover some generic compactness results developed alongside the GDM to
facilitate the convergence analysis for non-linear time-dependent problems. Some of the noticeable results
stemming from the GDM include a response to a long-standing conjecture on the super-convergence of
the Two-Point Flux Approximation finite volume method (popular in petroleum engineering), and a novel
uniform-in-time convergence result for degenerate parabolic equations.
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